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ABSTRACT Cellular migration is a tightly regulated process that involves actin cytoskeleton, adaptor proteins, and integrin re-
ceptors. Forces are transmitted extracellularly through protein complexes of these molecules, called adhesions. Adhesions an-
chor the cell to its substrate, allowing it to migrate. In Chinese hamster ovary cells, three classes of adhesion can be identified:
nascent adhesions (NAs), focal complexes, and focal adhesions, ranked here ascendingly based on size and stability. To un-
derstand the dynamics and mechanosensitive properties of NAs, a biophysical model of these NAs as colocalized clusters of
integrins and adaptor proteins is developed. The model is then analyzed to characterize the dependence of NA area on biophys-
ical parameters that regulate the number of integrins and adaptor proteins within NAs through a mechanosensitive coaggrega-
tion mechanism. Our results reveal that NA formation is triggered beyond a threshold of adaptor protein, integrin, or extracellular
ligand densities, with these three factors listed in descending order of their relative influence on NA area. Further analysis of the
model also reveals that an increase in coaggregation or reductions in integrin mobility inside the adhesion potentiate NA forma-
tion. By extending the model to consider the mechanosensitivity of the integrin bond, we identify mechanical stress, rather than
mechanical load, as a permissive mechanical parameter that allows for noise-dependent and independent NA assembly, despite
both parameters producing a bistable switch possessing a hysteresis. Stochastic simulations of the model confirm these results
computationally. This study thus provides insight into the mechanical conditions defining NA dynamics.
SIGNIFICANCE This manuscript makes valuable contributions in deciphering the dynamics of nascent adhesions (NAs).
It presents a novel mathematical model that determines how mechanical stress applied to these adhesions governs their
assembly and disassembly. The model is biophysically relevant; it provides a framework that links NA area to the number
of mobile or immobile integrins along with adaptor proteins and considers amultitude of experimental observations defining
their mechanosensitive properties. The model is then examined to uncover how four components of this systems interact:
NA area, integrin and adaptor proteins coaggregation, number of integrins and adaptor proteins within NAs, and force
exerted on NAs. It is the first study that uniquely identifies adhesion stress, rather than its total load, as the mechanical
parameter conserved during NA formation.
INTRODUCTION

Cellular migration plays a fundamental role in many physi-
ological and pathophysiological systems, including embry-
onic morphogenesis and continual tissue regeneration (1),
immune responses (2), tissue repair (3), and the metastatic
properties of cancers (4). Typically, cellular migration oc-
curs in response to an extracellular signal in the form of a
chemical or mechanical gradient (5,6), leading to cellular
polarization through nonlinear processes governing
biochemical pathways that internally amplify the extracel-
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lular gradients to establish a front and rear of the cell
(7,8). Cells attach themselves to their external environment
by forming integrin-based adhesion complexes that anchor
to the substrate and act as an extension of the cytoskeleton.
This results in an active remodeling of the cytoskeleton and
causes a net displacement of the cell along the substrate
(9,10).

Adhesions serve as a point of force transmission to the
external environment for motile cells. This force transmis-
sion is primarily mediated through integrin receptors, which
span the cellular membrane and bind to their extracellular
ligands (e.g., collagen and fibronectin). They form partially
immobilized traction points that a cell can use to move itself
or to deform the external environment. The cytoplasmic do-
mains of integrins are linked to the actin cytoskeleton
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through a variety of adaptor proteins that interact through
biochemical signaling pathways (11–13), creating a biolog-
ically regulated mechanical coupling system that links the
actin cytoskeleton with the extracellular matrix (ECM).
The interactions between these proteins, along with me-
chanical forces arising from active processes in the cyto-
skeleton, establish complex spatiotemporal patterns of
activity (7,8). These patterns regulate the dynamics of adhe-
sion assembly and disassembly (14,15) and cytoskeletal
organization (9,16,17), producing cellular migration in
response to extracellular cues (10).

Adhesions are formed in a stepwise manner, starting as
nascent adhesions (NAs), a class of dynamic nanoscale clus-
ters of integrin receptors (referred to hereafter as integrins)
that contain on average 20–50 integrins (18,19). Many
mechanisms, such as increases in the long-range lateral
mobility of integrins (e.g., reduced corralling by actin cyto-
skeleton), local changes in their free diffusivity, and modu-
lation of their binding affinity through interactions with the
adaptor protein talin, have been found to be relevant in the
formation and regulation of integrin clusters (20–26).
Experimentally dissecting the effect of each mechanism
on adhesion formation has often been obscured by the fact
that all these effects are simultaneously present in physio-
logical conditions (21,24,27). Theoretical models of
adhesions allow for independent modulation of these mech-
anisms to study their effects. Existing models of adhesions
either have idealized their physical model of an adhesion
(10,28–31) or have focused on certain phenomenological
aspects of the system (30,32–34) that are not applicable dur-
ing the formation of NAs. Others are more biologically real-
istic with many variables, making it difficult to understand
the underlying dynamics (35–41).

Integrins are intrinsically mechanosensitive, capable of
exhibiting a catch-bond behavior (42). In contrast to the
more common slip bonds (43), catch bonds exhibit a non-
monotonic profile in their lifetime when plotted as a func-
tion of the applied force. This profile suggests that there
exists a nonzero optimal applied force that maximizes the
bond lifetime, for which the increase in bond lifetime is
associated with a conformational change to a long-lived
bound state (44,45). It has been proposed that this phenom-
enon may reflect the activation of integrins (i.e., the induc-
tion of a high-affinity bound state) by mechanical forces
(45,46). Because of their position in the mechanical linkage
between the cell and its environment, the mechanosensitiv-
ity of integrins is likely to be implicated in adhesion
dynamics. This has been investigated thoroughly from a
theoretical perspective by considering a finite number of
bonds that may rupture because of force and rebinding
(28,29,34,47). These studies have reported disassembly of
clusters of bonds but have not yet examined how assembly
is manifested in the presence of applied force. Thus, deter-
mining the effect(s) of force on NA dynamics during assem-
bly and disassembly remains incomplete.
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The process of adhesion assembly into a cluster contain-
ing tens of molecules starting from a single molecular-com-
plex initial condition (e.g., a single integrin-adaptor protein
complex) was previously demonstrated through stochastic
simulations of a molecular model that considered many
possible state transitions (41). However, mean-field analysis
of this molecular model was performed using a simplified
one-variable ordinary differential equation (ODE) model,
predicting an unstable steady state that blocks the assembly
of very small adhesions (41). In theory, it should be possible
to jump over this unstable state because of stochastic effects
even in one dimension. However, the conditions necessary
to produce such a jump remain unexplored. Moreover, other
studies that produce similar configurations of steady states
also predict a net loss in both the number of bound integrins
and adaptor proteins when adhesions are very small
(39,40,47). On the one hand, this is congruent with the prop-
osition that NAs are thermodynamically unfavorable struc-
tures and thus are the product of stochastic fluctuations
(30,48,49). On the other hand, NAs have been shown to
be stable for hundreds of seconds in appropriate mechanical
conditions, suggesting that they are, in fact, thermodynam-
ically favorable structures (18,49). To further investigate
this, we develop here a mathematical model that possesses
an elevated equilibrium representing NAs that can either
1) allow for NA assembly independently of stochastic
effects or 2) be used to understand in more detail the condi-
tions required for noise-induced NA formation.

Because of the limited understanding of NA assembly
dynamics, we present in this study this biophysically based
mathematical model of NA formation and stabilization,
which considers a multitude of experimental observations
and provides precise characterization of their underlying
behavior in various conditions. We then use the model,
which not only considers the integrin bonds but also the
adhesion plaque formed by adaptor proteins, to demonstrate
how assembly and disassembly are affected by force and
their dynamics are manifested under various physiologically
relevant contexts.
METHODS

Mathematical model of NA formation

We propose a biophysical model of NA formation based on a mechanism

we term coaggregation, in which the interaction of integrins in the mem-

brane with adaptor proteins in the cytoplasm leads to the colocalized aggre-

gation of both into discrete structures (see Supporting Materials and

Methods for a detailed derivation of the model). This model is constructed

to incorporate a number of experimental observations:

O1. NAs have a circular geometry, and they grow isotropically (50). This

is in contrast to the growth of larger and typically elongated focal ad-

hesions, which is highly anisotropic (48,50).

O2. Adaptor proteins exhibit a wide range of mobilities that vary in a

location-dependent manner.
(a) Adaptor proteins diffuse rapidly in the cytosol, whereas they

diffuse more slowly inside adhesions (51).
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(b) Their mobility within adhesions is highly heterogeneous, sug-

gesting that they exist in more than one state in the adhesion

plaque (52,53).

(c) Some adaptor proteins have a longer residency time in adhe-

sions containing a higher density of integrins, suggesting that

a reduction in adaptor mobility is due to interactions (binding

or tethering) with integrin (54).

O3. Integrins diffuse laterally along the membrane. Their free

diffusion is slower within the adhesion, and this effect is likely due

to interactions with adaptor proteins on the cytoplasmic side of the

membrane (25).

O4. Integrins become immobilized for extended periods of time upon

binding to ligand, and this process is favored inside adhesions (55).

O5. The integrin-ligand bond lifetime varies with force (42), exhibiting a

biphasic profilewith amaximalvalue atnonzero applied force (�37pN).

Furthermore, in the derivation of model equations, we have also made a

number of assumptions that are primarily based on experimental

observations:

M1. As suggested in O1, the model defines an NA as a two-dimensional

region of space on the membrane demarcated by the boundary of

a membrane-proximal circular adhesion plaque with area A

(see Fig. 1).

M2. The adhesion plaque is a condensed phase of interacting adaptor

proteins tethered to the membrane by integrins. Adaptor proteins

are assumed to be incorporated with a fixed density through adsorp-

tion. The density, r, is determined by the mean volume of all adaptor

proteins in the plaque, and the length of the bonds between them.
FIGURE 1 Schematic of the model describing adhesion formation. (A)

Integrins and adaptor proteins coaggregate to form a membrane-proximal

adhesion plaque, under which sits a cluster of integrins that exhibit a

decreased diffusion coefficient (Din % Dout) and become immobilized

upon binding to ligand. Adaptor proteins that are in the proximity of integ-

rins are assumed to be reversibly tethered to the membrane. Untethered

adaptor proteins leave the plaque with a rate koff, whereas tethered ones

leave at a rate (1 � d)koff. (B) Geometry of the h � h-square lattice contain-

ing the adhesion domain U is shown. NAs possess a circular geometry

confined to grow in this square lattice cell. The area of the adhesion plaque

(A(t)) and the number of integrins it contains (Nin(t)) are dynamic variables

that vary because of adsorption and diffusion, respectively. To see this

figure in color, go online.
(a) According to O2a, we assume that the cytoplasmic pool of

adaptor proteins is well-mixed (see Eq. S6), whereas adaptor

proteins in the adhesion plaque exhibit reduced mobility

because of interactions with other adaptor proteins in the plaque

and integrins in the membrane.

(b) The adhesion-plaque dynamics are derived based on the

assumption that it can grow or shrink because of the adsorption

or loss of adaptor proteins to or from any point in its interior,

respectively; this assumption corresponds to the ‘‘bulk-on/

bulk-off’’ formalism considered previously (30). The choice

of this formalism is motivated by the notion that NAs are not

strongly associated with the actin cytoskeleton during their as-

sembly (56,57), allowing for the adsorption or loss of adaptor

proteins through the dorsal face of the adhesion. This assump-

tion would not be appropriate for models dealing with the matu-

ration of NAs, as that process seems to be intrinsically tied to an

increased association with organized actin filaments (50,56,58)

that protect the adhesion from degradation by loss of matter

through its dorsal face (30).

(c) From O2b and O2c, the multiple mobility states of adaptor pro-

teins in the adhesion are interpreted as being due to their teth-

ering to the membrane by integrin receptors (i.e., in a state

with lower mobility if the adaptor protein is tethered to the

membrane but in a state with higher mobility if it is only asso-

ciated with other adaptor proteins). This implies that a nonlinear

relation between the adhesion’s disassembly rate and its integrin

content exists (see Eq. S7).

M3. Underneath the adhesion plaque, there are a total of Nin integrins.

Lin of these integrins are liganded and immobilized whileMin are mo-

bile and diffuse freely (i.e., Nin ¼ Lin þ Min; see Fig. 1).

(a) Per O3, we use a position-dependent diffusion coefficient to

abruptly change the diffusivity of integrins from Dout to Din

when they pass from the outside to the inside of the adhesion

(Dout > Din; see Eq. S2).

(b) Per O4, integrins inside the adhesion bind to their ligands with a

rate kbind. Furthermore, we assume that bound integrins are

completely immobile. To account for the density of extracel-
B

lular ligand, we take the binding rate to be proportional to ligand

density (i.e., kbind ¼ kbind½Ligand�).
(c) Per O5, bound integrins inside the adhesion unbind from their

ligands with a rate kunbind(f), where f is the force applied to a sin-

gle integrin (see Eq. S14 for details on the form of kunbind(f) and

assumption M4a for the determination of f). Bound integrins

outside the adhesion unbind with a rate kunbind(0), with this sit-

uation only occurring when the adhesion plaque is shrinking.

M4. The total load applied to the adhesion is distributed evenly among

all bound integrins. Therefore, when an integrin unbinds, the load is

distributed over the (fewer) remaining bound integrins such that each

receptor feels an increase in applied force.

(a) The force, f, applied to each integrin is computed by assuming

that the NA is under fixed stress, s ¼ ðfLin =AÞ, and that each

bound integrin bears an equal load (see Eq. S17).
iophysical Journal 117, 1057–1073, September 17, 2019 1059



MacKay and Khadra
M5. For simplicity, we consider a periodic square lattice of adhesions

with an interadhesion spacing of h (see Fig. 1). The flux of matter be-

tween the square lattices is at equilibrium and thus the total matter in

each square is assumed to be conserved. Model parameters are cho-

sen in such a way that to prevent the adhesion from extending beyond

the dimension of a single lattice cell (see Geometric Constraints).

Mathematically, the coaggregation mechanism discussed above is imple-

mented through the interaction of the integrin-dependent tethering mecha-

nism (M2c) and the reduced integrin mobility inside the adhesions (M3a

and M3b).

The behavior of the model is investigated through two complementary

approaches: 1) by investigating its full spatiotemporal dynamics using sto-

chastic simulations and 2) by characterizing the outcomes of the stochastic

simulations using a simplified differential equation model of NAs

describing the dynamics near equilibrium. The simplified model is given

by the following set of ODEs:
_A ¼ A

2
66666664
�
k0on

�
CP

r
� A

h2

��
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Plaque growth

� koff

0
BB@ð1� dÞ þ d

bn

bn þ �
MinþLin

A

�n
1
CCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Plaque shrinking

3
77777775
; (1a)

_Min ¼ 2
ffiffiffiffiffiffi
pA

p �
DoutðCIh

2 �Min � LinÞ
h2 � A

� DinMin

A

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Mobile integrin net diffusion

� ðkbindMin � kunbindðf ÞLinÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Integrin�ligand binding kinetics

; (1b)
_Lin ¼ kbindMin � kunbindðf ÞLin; (1c)

where k0on is a kinetic parameter related to the rate of adsorption of adaptor

proteins into the adhesion (see Parameter Estimation for more details), koff
is the off-rate of adaptor proteins from the adhesion in the absence of integ-

rins, d is the fractional reduction in the off-rate of adaptor proteins when

tethered to the membrane by integrins, b is the concentration of integrin in-

side the adhesion that results in the tethering of 50% of adaptor proteins in

the adhesion plaque, n is the degree of cooperativity between integrins for

the tethering of adaptor proteins, and CI (CP) is the mean density of integ-

rins (adaptor proteins) taken by averaging over the h � h lattice cell. For

detailed description and derivation of the model, see Supporting Materials

and Methods.
Conditional expectation analysis

We have developed a computational method to infer the conditional mean

of one physical variable given the value of another dependent physical var-

iable. This technique is used to assess the relation between NA area, A, and

the number of integrins it contains, Nin, by using only the two terms PA and

PNin
, representing the marginal distributions of these quantities, respec-
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tively. Briefly, we assume A ¼ f ðNinÞ ¼ EðA jNinÞ, where Eðx j yÞ denotes
the conditional expectation of the variable x given the value of another var-

iable y, and then use Bayesian methods to quantitatively estimate f(,)using
the change-of-variable formula given by PA ¼ PNin

=f 0ðNinÞ. See Supporting
Materials and Methods for further details.
Model parameters

We have used a complex systems approach to parameter determination,

applying different estimation techniques to guarantee that our model pro-

duces predictions that are consistent with experimental findings while

also exhibiting the emergent behavior of the system under consideration

(i.e., NAs). This is accomplished by deriving analytical expressions (e.g.,

steady states of the model) that can be equated to experimental measure-

ments (18,25,42,51) and then solving the resulting set of nonlinear equa-

tions to quantify model parameters. This approach is used to determine
the parameters b, h, CI, Kin ¼ Dout/Din, Kon ¼ k0on=koff , and Kbind ¼ kbind/

kunbind. Furthermore, the previously published data describing the distribu-

tions of protein cluster sizes and number of integrins within these protein

clusters (18) are digitized and utilized to derive a relation between A and

Nin using conditional expectation analysis (described above). The nonzero

A-nullcline, obtained by setting Eq. 1a to zero while assuming no coopera-

tivity (i.e., by letting n ¼ 1), is then fitted to this relation using a nonlinear

least-squares fitting procedure that yields estimates for the two identifiable

parameters

A0 ¼ h2
�
CP

r
� 1

Kon

�

and

AN ¼ h2
�
CP

r
� 1� d

Kon

�
:

Estimating these identifiable parameters is necessary to determine the

values of b and Kon (see Supporting Materials and Methods). The parame-

ters d, Dout, kunbind, and CP are estimated directly from experimental data

(25,42,55,59). Finally, the remaining two parameters koff (or k0on) and r

are manually tuned to obtain stochastic simulations that are comparable
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to experimental recordings of adhesion assembly and disassembly (50).

Parameter values are used to explain how the analytical results of our model

manifest themselves numerically when constrained by experimental data.

The qualitative behavior of the model does not depend critically on param-

eter choices made; this is to be expected because almost all results pre-

sented here have been obtained analytically. For more details about

parameter estimation, see Supporting Materials and Methods.
B

Software

Stability analysis for fixed protein density and binding affinity is per-

formed symbolically using Mathematica Version 11.3 (Wolfram

Research, Champaign, IL). On the other hand, for fixed adhesion stress,

stability analysis is conducted numerically using the continuation soft-

ware AUTO-07p to obtain the location of bifurcation points (60), The sta-

bility of branches obtained are then cross-validated using Mathematica

and MATLAB (The MathWorks, Natick, MA). Stochastic simulations

and nonlinear least-squares fitting are performed using MATLAB. Param-

eter estimation is also done using Mathematica. The code used for ODE

analysis, numerical continuation, and stochastic simulations can be

obtained online (61).
C

FIGURE 2 (A) Inferred relation between NA areaA and its integrin content

Nin as determined by conditional expectation analysis. Bayesian inference is

used to determine an empirical relation between A and Nin under the assump-

tion that NAs are circular. After digitizing the distributions of NA diameters

and their integrin contents published in (18), a relation between them is quan-

tified. A 99.95% confidence interval is plotted in gray, demonstrating that the

data generally exhibits a nonlinear relation between the two variables. The

maximal a posteriori (MAP) estimate of this relation is also plotted as a dotted

line, suggesting that NA area depends sigmoidally on Nin for small adhesions,

whereas this dependence is linear for large adhesions (compare todashed line).

The nontrivial A-nullcline of the model, describing the relation between the

two variables near equilibrium as defined by Eq. 2 (solid line), is fitted to the

MAP estimate in the nonlinear phase and found to be in agreement. (B) The

computed integrin density inside the adhesion, Nin/A(Nin), is given. Estimates

are computed from the data-derivedMAP estimate of A(Nin) (dotted line) and

from the model prediction for A(Nin) given by Eq. 2 (solid line). Both curves

exhibit a linear increase in integrin density with respect to Nin for Nin ˛
[50, 190]. (C) The probability distribution of integrin densities is shown. Black

line: probability density function P(Nin/A) ¼ P(Nin)[d(Nin/A(Nin))/dNin]
�1,

where A(Nin) is given by Eq. 2; gray line: cumulative density function.
RESULTS

The relation between NA area and its integrin
content

To understand NA dynamics, we first aim to establish how
their area and integrin content are related. If this relation
is linear, then the density of integrins inside the adhesion
is constant, and the area of the adhesion can be explained
by Nin alone. Such a relation could be used to estimate the
effective membrane area of a single integrin and motivates
the theoretical assumption of a fixed ratio of integrin/
adaptor proteins (32–34,36). If this relation is nonlinear,
on the other hand, then the area of the adhesion cannot be
explained solely by the number of integrins and their phys-
ical dimensions. In such a case, it would be inaccurate to use
models that assume a fixed ratio of integrin/adaptor proteins.

To investigate this, we have digitized previously pub-
lished distributions of NA diameter and their integrin con-
tent (18). The distribution of NA diameter is first
converted to a distribution of NA area A by assuming a cir-
cular geometry, followed by applying conditional expecta-
tion analysis (see Methods) to quantify the relation
between the two random variables A and Nin. This analysis
is motivated by the significant differences in skewness
between the distributions, suggesting the possibility of a
nonlinear relation. Indeed, our results (see Fig. 2 A) reveal
that this relation appears to have a saturating ‘‘sigmoidal’’
phase for NAs containing up to �190 integrins, followed
by a linear phase for larger adhesions. This indicates that
the integrin density inside the adhesion, Nin/A, is not fixed
in small NAs (see dotted line in Fig. 2 B), and therefore,
the size of these NAs cannot be explained by the number
of integrins it contains. This sigmoid relation thus must
be taken into consideration when formulating the model
for NAs.
Biophysical Journal 117, 1057–1073, September 17, 2019 1061
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To account for this, we have incorporated assumption
M2c into the model. By setting the left-hand side of
Eq. 1a to zero, we solve for the nonzero A-nullcline. This
is equivalent to assuming that the observed differences in
NA area are due to local variations in integrin availability
(i.e., differences in CI). For simplicity, we consider the
absence of cooperativity between integrins in the tethering
of adaptor proteins (n ¼ 1). The resulting expression for
the A-nullcline is given by

AðNinÞ ¼ ð4ANbNin þ ðNin � A0bÞÞ1=2 � ðNin � A0bÞ
2b

; (2)
where A0 ¼ h2[(CP/r) � (1/Kon)] is the (possibly negative)
area of the adhesion plaque in the absence of coaggregation
(i.e., when d / 0) with Kon ¼ k0on=koff and AN ¼ h2[(CP/r)
� (1 � d)/Kon] is the maximal area of the adhesion plaque
(attained when the mean integrin density in the membrane
is arbitrarily high; see Geometric Constraints). The shape
of the curve described by Eq. 2. is in agreement with the pro-
file of the relation inferred by conditional expectation anal-
ysis (solid line in Fig. 2 A), supporting the hypothesis that
the aforementioned variation in integrin density (inside
NAs) may be explained by the tethering mechanism used
to formulate Eq. 1a.

We note that the model suggests that integrin density may
grow unboundedly (see solid line in Fig. 2 B), which is due
to the treatment of integrins as infinitesimally small point
particles. In reality, the physical size of the integrins will
eventually have non-negligible effects on their flux as the
adhesion becomes increasingly crowded with integrins.
Our data analysis demonstrates that adhesions containing
integrin densities up to �17,000 mm�2 are not strongly
influenced by these molecular crowding effects, as can be
seen from the saturating relation between A and Nin for
Nin < 190. Conversely, above this threshold in density, we
have A f Nin, suggesting that the crowding of integrins
plays a significant role in determining the size of larger
adhesions.

The maximal integrin density we have computed is signif-
icantly higher than the mean densities of�1000 mm�2 previ-
ously reported in Wiseman et al. (62), or the �6600 mm�2

computed by Changede et al. (18). Firstly, we would like to
note that the most likely integrin density according to our
analysis is �4940 mm�2 (see black line in Fig. 2 C), which
is comparable to the value reported by Changede et al.
Secondly, it has been previously suggested that Wiseman
et al. (62) estimated the mean density of integrins on the
membrane because their diffraction-limited imaging would
not allow for proper resolution of NA boundaries (18). As
such, we note that the value we have used for the mean den-
sity of integrins, CI¼ 1844 mm�2, is comparable to what was
reported by Wiseman et al. (62) (see Parameter Estimation
for more details).
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Furthermore, our approach quantifies the variability of in-
tegrin density inside adhesion. Therefore, although our
analysis suggests that this density may go as high as
�17,000 mm�2, it also predicts that 80% of adhesions
have an integrin density that is less than 12,000 mm�2 (see
gray line in Fig. 2 C). Changede et al. (18) previously
computed a maximal theoretical density of �25,000 mm�2

based on an estimated integrin footprint of 40 nm2. Using
a hypothetical model (63) built from multiple partial crystal
structures of integrin (64–67), we estimate a rectangular
bounding box footprint of 7.6 nm � 4.5 nm z 34 nm2

and 12 nm � 5 nm z 60 nm2 for the closed and open con-
formations of integrin, respectively. This provides us with
corresponding bounds on the maximal possible density of
integrins, given by 29,400 and 16,667 mm�2, respectively.
Interestingly, our estimate of 17,000 only marginally sur-
passes the lower bound on the theoretical maximal density
(i.e., when all integrins are in the open conformation) and
remains well below the upper bound. This suggests that
the majority of the integrins within these high-density
NAs are in a closed conformation.

In this study, we focus our analysis on the nonlinear
regime identified for Nin < 190 because NAs typically
have Nin ˛ [20, 50] (19). In what follows, we examine the
chemical and mechanical regulation of this sigmoidal
relation between NA areas and their integrin content
through the biophysical parameters, which control both
Nin and Eq. 2.
Stabilization of the adhesion plaque by integrin

One of the equilibria of Eqs. 1a, 1b, and 1c is the unclustered
steady state (A, Min, Lin) ¼ (0, 0, 0). The stability of this
steady state depends on the values of model parameters.
To reduce the complexity of our analysis, we will first
consider the model in the absence of force (f ¼ 0). In subse-
quent sections, we will extend our steady-state analysis to
include force and then investigate the time course of the
model under applied force.

By analyzing the stability conditions of this steady
state, we find that it becomes unstable once model param-
eters cross a threshold (see Supporting Materials and
Methods); we will now demonstrate how this corresponds
to the induction of adhesion formation. Given that the ex-
istence of the unclustered steady state (0, 0, 0) is indepen-
dent of the degree of cooperativity n, we first restrict our
analysis to the case when n ¼ 1 for simplicity. This will
allow us to build intuition about the behavior of the sys-
tem and determine what happens for n > 1. Under these
conditions, the unclustered steady state loses stability
through a transcritical bifurcation occurring whenever
CI >Cz

I , CP >Cz
P, or [Ligand] > [Ligand]z (see Eqs.

S11–S13). That is, once there are enough integrins,
adaptor proteins, or ligands at the interface between the
cell and its environment, the unclustered steady state
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becomes unstable, and stable adhesion plaques form (see
Fig. 3). This transition occurs when the system undergoes
a transcritical bifurcation (see Fig. 3, A–C), forming a
stable nontrivial steady state, given by

A� ¼ h2
�
G
�bCI

�� bCI þ bbðfKon � dÞ�
2bbKon

; (3)
A

B

C

FIGURE 3 Effects of coaggregation on NA area. Bifurcation diagrams

of equilibrium adhesion area A* with respect to (A) CI, (B) CP, and

(C) [Ligand] are given, showing branches of stable (solid lines) and

unstable (dashed lines) steady states separated by thresholds defined by

transcritical bifurcation points (open circles). The bifurcation points

occur when CI ¼ Cz
I in (A), CP ¼ Cz

P in (B), and [Ligand] ¼ [Ligand]z

in (C). The stable branches represent the (un)clustered steady states

(before) after the threshold. Notice that increasing CI leads to a saturat-

ing response, eventually plateauing at AN (dotted line in A), whereas

increasing CP leads to an unbounded growth in adhesion area (B).

Increasing [Ligand] also produces a saturating response, plateauing at

A
�
<AN (C).
h2
�ð2bfþ 1ÞbC � G

�bC �þ bðu� bdÞ�

M�

in ¼ I I

2bðKbind þ 1Þu ; (4)

where ĈI ¼ (1 þ Kbind)KinKonCI, Kbind ¼ kbind/kunbind,
Kin ¼ Dout/Din R 1, GðbCIÞ ¼ ðb2ðu� bdÞ2 þ 2bbCI

ðbdþ uÞ þ bC2

I Þ1=2, u ¼ (bf þ 1)Kon, f ¼ (CP/r)� (1 � d)/
Kon, and L�in is defined by Eq. S8. These expressions thus
determine analytically howdifferent parameters of themodel
affect the nontrivial steady state and the threshold (the tran-
scritical bifurcation).

As discussed in the previous section, increasing the num-
ber of integrins inside the NA causes an increase in their
area. According to the model, this may be accomplished
directly through two approaches: 1) increasing the total num-
ber of integrins on the membrane through the parameter CI or
2) increasing the likelihood that an integrin is inside the adhe-
sion through the ligand concentration [Ligand] (see howKbind

is defined in M3b) or the reduction in diffusivity Kin. In the
limit CI / N, the first approach yields adhesions with a
finite size AN < h2 (see Eq. S10; Fig. 3 A). On the other
hand, the limiting case for the second approach is equivalent
to all integrins being inside the adhesion, where (according to
Eq. 2) the area of the clustered steady state is given by

A
� ¼ A��CIh

2
� ¼ h2

�
G
�
CI

�� CI þ bðfKon � dÞ�
2bKon

;

with CI ¼ KonCI and

G
�
CI

� ¼
�
b2ðd� fKonÞ2 þ 2bCIðdþ fKonÞ þ C

2

I

	1=2

:

We note that A
�
%AN (see Fig. 3 C) and limCI/NA

� ¼
AN, which implies that ligand-dependent regulation of
adhesion area cannot overcome integrin-dependent regula-
tion. Furthermore, a stable adhesion plaque may also grow
if more plaque material is introduced into the system.
Within the model, this is controlled by the parameter CP,
which is linearly proportional to AN. Therefore, increasing
CP leads to unbounded growth of the adhesion area (see
Fig. 3 B). Thus, the maximal area of NAs is regulated intra-
cellularly through the parameters CI and CP, whereas the
formation of adhesions and modulation of their area may
be regulated intracellularly through these same parameters
or extracellularly through [Ligand]. This, as a result, estab-
lishes a hierarchy in the determination of NA area by these
three physiologically regulated densities, ranked according
to their relative importance as follows: CP > CI > [Ligand].
Effects of the magnitude and degree of
coaggregation

To further understand the dynamics of the model, we will
analyze the model under appropriate limits. Thus, we first
Biophysical Journal 117, 1057–1073, September 17, 2019 1063
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FIGURE 4 The effects of coaggregation and cooperativity on steady-

state dynamics of protein clustering. (A) Two-parameter bifurcation of

adhesion area Awith respect to CI and CP are given, showing the boundary

between the regimes of unclustered (below) and clustered (above) steady

states for various values of coaggregation d. The boundary is defined by

the transcritical bifurcation points in Fig. 3 when CI and CP are both varied.

Increasing d reduces the adaptor protein density needed to induce aggrega-

tion. In the limit d/ 0, integrin density CI has no effect on the aggregation

of adaptor proteins. (B) Stable branches of the clustered steady states shown

in Fig. 3 A for various degrees of cooperativity n are given. By increasing n,

the density thresholds for clustering decreases, and the steepness of the

stable branch of clustered steady states increases.
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consider the integrin-independent adhesion-plaque forma-
tion when d / 0. In this case, the model reduces to a fully
deterministic version of the ‘‘bulk-on/bulk-off’’ adsorption
model (30) with one added component for the conservation
of matter. In this limit, we have A*/ A0, which implies that
adhesion area should grow linearly with adaptor concentra-
tion (see Fig. 3 B). This demonstrates the basic chemical
kinetic control system of the model. Regardless of integrin
density, adhesion plaques may form if a large enough pool
of adaptor proteins is present (i.e., A0 > 0). In the absence
of coaggregation, the cell must control both the formation
and area of adhesions through the concentration of adaptor
proteins. Interestingly, reductions in adaptor protein concen-
tration have been found to decrease adhesion size (68–72).
On the other hand, if there is coaggregation between integ-
rins and adaptor proteins, the cell can set the maximal area
of adhesions, AN, by varying adaptor protein concentration
while controlling their formation with the density of integ-
rins. This is in line with the recent findings that NA size sat-
urates as integrin density (or activation) is increased (see
Fig. 2; (18)), suggesting that the coaggregation of the two
proteins is a critical component of the model needed to cap-
ture experimental observations.

By tracking the location of the threshold (the transcritical
bifurcation in Fig. 3) as the values of both CI and CP are var-
ied in a two-parameter bifurcation, we obtain two regimes of
behavior separated by a monotonically decreasing boundary
at a given value of d (see Fig. 4 A). This boundary divides the
first quadrant into the two regimes of unclustered (below) and
clustered (above) steady states, with the former expanding at
the expense of the latter as the magnitude of coaggregation
d is decreased. These results suggest that the adaptor protein
concentration needed to induce clustering is always lower in
the presence of coaggregation (see Fig. 4 A). The amount of
reduction in adaptor protein density generated by the inclu-
sion of coaggregation is given by

DCz
P :¼ Cz

P




d¼ 0

� Cz
P




d
;

¼ dr

Kon

ð1þ KbindÞKinCI

ðbþ ð1þ KbindÞKinCIÞ> 0:

Interestingly, in the limit of infinite integrin density,
we have

lim
CI/0

Cz
P ¼ rð1� dÞ

Kon

This suggests that even when integrin density is arbi-

trarily high, the cell can still turn off clustering by reducing
CP (or d) to make f negative.

To study the effects of altering the degree of cooperativity
n on the steady-state dynamics of adhesion area, we plot in
Fig. 4 B the stable branch of clustered steady states (i.e., the
stable branch to the right of the threshold in Fig. 3 A) at
various values of n. Our results reveal that increasing n
1064 Biophysical Journal 117, 1057–1073, September 17, 2019
increases the slope of A* with respect to CI and that in the
limit as n / N, we obtain a step-like switching response
in which protein clusters form beyond a threshold in integrin
density occurring right at the transcritical bifurcation point
(see Fig. 4 B). The area of adhesions formed in this case
remain roughly the same regardless of integrin density.
Finally, we have used the maximal a posteriori estimate of
A(Nin) (see Fig. 2) as means of estimating n numerically.
This is done by solving for the nonzero A-nullcline with
n ¼ 2, 3, 4, where visual comparison with the data for
A(Nin) suggests n ¼ 2–3 (data not shown).
The effects of reduced integrin lateral mobility

The model assumes that integrin mobility is significantly
reduced inside the NA (see O3 and O4) and that, at
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FIGURE 5 Distinct regions in parameter space are distinguished by their

dependence on ligand binding. (A) A bifurcation diagram of adhesion area

Awith respect to [Ligand] is given, showing branches of stable (solid lines)

and unstable (dashed lines) steady states separated by thresholds of tran-

scritical bifurcation points (open circles). Decreasing Kon from 0.7

(black lines) to 0.3 (gray lines) shifts the transcritical bifurcation point to

the left, allowing for the unclustered stable steady state to be attained at

[Ligand] ¼ 0. (B) Two-parameter bifurcation of adhesion area A with

respect to [Ligand] and Kon is given, showing the boundary (black line) be-

tween the regions of unclustered (region 1) and clustered steady states lying

below and above the boundary, respectively. The region of clustered

steady states is further divided into three regions: region 2, defined by

[Ligand]z > 0, requiring the presence of both ligand and integrin to induce

clustering; region 3, defined by [Ligand]z < 0 with A0 < 0, requiring the

presence of integrin, but not necessarily ligand, to form stable adhesion pla-

ques; and the unphysiological region 4, defined by A0 > 0, which exhibits

clustering irrespective of integrin or ligand densities.
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equilibrium, this area is in turn dependent on the number of
integrins it contains. This makes understanding the depen-
dence of NA dynamics on changes in integrin lateral
mobility nontrivial. We can quantitatively understand this
by first noting that the area specified by Eq. 2 is a monoton-
ically increasing function of the number of integrins inside
the NA, N�

in. Therefore, we may simply study the effects
of the two parameters, which control changes in integrin
lateral mobility (namely, Kin and Kbind), on the variable
N�
in. From Eq. 4 and Eq. S8, we have

N�
in ¼ ð1þKbindÞM�

in

¼ h2
�ð2bfþ 1ÞbCI � G

�bCI

�þ bðu� bdÞ�
2bu

:

We can thus conclude that N�
in depends on integrin

mobility only through the term Kin(1 þ Kbind) that appears
implicitly in ĈI, u, and b. This means that we cannot distin-
guish between the effects induced by the two parameters
purely based on adhesion area or integrin content. On the
other hand, the fraction of bound integrins, given by

L�
in

L�
in þM�

in

¼ Kbind

1þ Kbind

;

depends explicitly on the binding affinity. This means that
although both reduced diffusivity (Kin) and ligand binding
(Kbind) will result in an increase in the area and integrin con-
tent of adhesions, only ligand binding can increase the frac-
tion of bound integrins.

Because of the similarity of the effects of ligand binding
and reduced diffusivity, we focus our attention on analyzing
more closely the effects of ligand binding, noting that the
same analysis can be performed to study the effects of
reduced diffusivity. In the absence of binding, we obtain
the following unbound steady state

~S
� ¼ lim

Kbind/0

�
A�;M�

in; L
�
in

� ¼
�
~A
�
; ~M

�
in; 0

	
;

which has the associated critical protein thresholds

~C
z
I ¼ lim

Kbind/0
Cz

I ; and ~C
z
P ¼ lim

Kbind/0
Cz

P: (5)

Based on Eq. S11, we can conclude that ~C
z
I is larger than

Cz
I by a factor of 1þ Kbind. Similarly, from Eq. S12, it can be

shown that ~C
z
PRCz

P. Thus another effect of binding (and
reduced diffusivity) is that it increases the potency of integ-
rins and adaptor proteins in the formation of adhesions by
decreasing the threshold for clustering (i.e., shifting the
transcritical bifurcation to the left) and expanding the range
of stability of the clustered steady state (see Fig. 5 A).

For the more general scenario when Kbind > 0, we note
that the state ~S

�
is a biophysically relevant metastable steady
state only if all its coordinates are non-negative. This is
equivalent to the experimentally verifiable criterion
[Ligand]z > 0, which can be used to further divide param-
eter space into ligand-dependent and independent clustering
regions (see Fig. 5). These regions are differentiated by their
behavior in the limit as [Ligand]/ 0þ, where in the former
region the stable unclustered steady state is attained (black
lines in Fig. 5 A, with Kon ¼ 0.7), whereas in the latter,
the stable clustered steady state is attained (gray lines in
Fig. 5 A, with Kon¼ 0.3). This implies that if the interactions
between adaptor proteins are strong enough (e.g., if Kon is
large enough; see Fig. 5 B), then adhesion plaques will
form even in the absence of ligand binding. As discussed
Biophysical Journal 117, 1057–1073, September 17, 2019 1065
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in the previous section, it is even possible for these interac-
tions to be strong enough to induce the formation of an
adhesion plaque in complete absence of integrins (as sug-
gested by region 4, where A0 > 0). Together, these consid-
erations allow us to identify four regions in parameter space:

1) No Clustering (region 1 in Fig. 5 B): This occurs when
[Ligand] < [Ligand]z, and the model predicts there is
no clustering of adaptor proteins.

2) Ligand-Dependent Clustering (region 2 in Fig. 5 B):
This region is bounded by [Ligand]z % [Ligand] with
[Ligand]z > 0. Within this region, the model predicts
clustering occurs only when [Ligand] is high enough.

3) Ligand-Independent Clustering (region 3 in Fig. 5 B):
This region is defined by [Ligand]z % [Ligand] with
[Ligand]z < 0 and A0 < 0. Within this region, the model
predicts clustering to occur regardless of the value of
[Ligand].

4) Integrin-Independent Clustering (region 4 in Fig. 5 B):
This region is defined by A0 > 0. Within this region,
the model predicts clustering regardless of the value of
[Ligand] and CI. This appears to be unphysiological.

Because clustering is absent in region 1 and unphysiolog-
ical in region 4, one may conclude that cells have likely tuned
the interaction of adaptor proteins and integrins to that in re-
gions 2 or 3, which differ by whether or not adhesions form in
the absence of ligand. Whereas some have hypothesized that
activation of integrins by adaptor proteins may be sufficient
to induce clustering of integrins (73), an observation consis-
tent with the model in region 3, others have shown that a
ligand spacing greater than �60 nm drastically reduces the
spreading of cells (74–76), an observation more consistent
with crossing the transcritical bifurcation point in region 2.
These two mutually exclusive hypotheses are considered to
determine the two distinct sets of parameter values used to
generate the curves in Fig. 5 A (see Parameter Estimation).
Mechanosensitive ligand binding dynamics

Thus far, we have not explicitly considered the effects of
force on NA formation, although it is known that adhesions
transmit force to the ECM. Mechanical forces can accelerate
the dissociation of the integrin-ligand bond (see O5 andM3c
in Methods). Moreover, a collection of catch bonds under
fixed load will catastrophically fail once the number of
bound integrins drops below a threshold (47). Therefore,
to effectively transmit force to its environment, an NA
must contain a sufficient number of bound integrins. This
raises the question of how the dynamics of force generation
in NAs are manifested or, more specifically, whether adhe-
sion load (the total force) or stress (force per unit area) is
the fixed mechanical parameter that allows for NA assembly
from a single integrin-adaptor protein complex (32,36,77).

If adhesion load is held constant, then adhesions needs to
build up a sufficient integrin content to be able to bear the
1066 Biophysical Journal 117, 1057–1073, September 17, 2019
load. As shown earlier, a large equilibrium integrin content
at steady state can beachievedbyeither increasingKinorKbind.
However, previouswork has found that clusters of catch bonds
will disassemble when there are a small number of bound in-
tegrins (47). Therefore, it is unclear how adhesions reach their
stable equilibrium under fixed load. Alternatively, if stress is
held constant, then the fraction of bound integrins must be
large enough to bear the variable load that increases as the
adhesion grows. The latter requires that Kbind be large enough
(as discussed before). The mechanosensitivity of the integrin-
ligand bond and the complex spatial dynamics of integrins
make resolving this question nontrivial.

Bistable switch in regions 2 and 3 with respect to stress

To explore the effect of mechanical force on dynamics, we
expand our equilibrium mean-field model described by
Eqs. 1a, 1b, and 1c to include the mechanosensitive binding
affinity of integrin, as described by Eqs. S16 and S17 (for
further details, see Supporting Materials and Methods).
Our initial analysis, as well as previous studies (28,29,47),
suggest that there is a maximal stress, sc, that NAs can sus-
tain. To further expand on this result, we plot in Fig. 6 the
dependence of the steady-state adhesion area A* (and ~A

�
in

region 3) with respect to stress s and label the different
branches of the curve based on the stability properties of
the steady states belonging to each branch (using the sub-
scripts ‘‘s’’ and ‘‘u’’ to label the stable and unstable ones,
respectively). The resulting bifurcation diagram shows that
the dynamics are governed by a bistable switch possessing
a hysteresis, similar to those previously observed in systems
of the Rho family of GTPases (8,59). The switch has a pla-
teaued branch of elevated steady states (black line), labeled
A�
s , merging with another branch of unstable saddle points

beneath it (dashed black line), labeled A�
u, at a saddle-node

bifurcationwhenscz 470 kPa. In region 3, bistability is pro-
duced by another lower branch of metastable states formed
by ~A

�
(gray line in Fig. 6 B), whereas the branch A¼ 0 is un-

stable. In region 2, the unstable branch A�
u intersects A¼ 0 at

some value of stress st (0% st % sc), leading to the forma-
tion of a transcritical bifurcation that produces a region of
monostability for s < st (horizontal dashed line in Fig. 6
A) and bistability for s> st (horizontal solid line in Fig. 6A).

The folded elevated stable and unstable branches seen in
Fig. 6 have been previously reported in studies that consid-
ered only the number of liganded bonds (28,29,47) or
adaptor proteins in the adhesion (41); these studies have re-
ported either a monotonically decreasing elevated stable
branch (28,29) or one that increases significantly with
applied force or ECM stiffness (41,47). In either case, a
lower stable/metastable branch (Z ¼ (0, 0, 0) in region 2
with s > st and the previously defined ~S

� ¼ ð~A�
; ~M

�
in; 0Þ

in region 3 with s < sc) has not been previously reported
for a model that considered only liganded bonds. Our results
thus show that the system possesses bistability between
clustered and the unbound or unclustered steady states,
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FIGURE 6 The effects of integrin mechanosensitivity on NA area and in-

tegrin content. Bifurcation diagram of adhesion area with respect to stress

as determined by (A) region 2, and (B) region 3, showing a bistable switch

with two semiplateaued stable branches of steady states (solid lines), one of

which is elevated, representing A�
s (black), whereas the other is lower, rep-

resenting ~A
�
(gray), separated by an unstable branch of saddle points A�

u

(short-dashed black line). A�
s and A�

u merge at a threshold determined by

a saddle-node bifurcation point at s ¼ sc. Beyond this critical stress sc,

all integrins rapidly unbind and adhesions disassemble to (A) the unclus-

tered steady state or (B) the unbound steady state ~A
�
. In region 2 (A), the

unstable branch undergoes a transcritical bifurcation at s ¼ st (open cir-

cles), producing a region of monostability where adhesions may directly

assemble to the stable branch. Thick lines: [Ligand] ¼ 8050 mm�2; thin

lines: [Ligand] ¼ 2012.5 mm�2.
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indicating that this bistability arises from the consideration
of plaque dynamics. We denote the elevated stable and mid-
dle unstable branches by S* ¼ ðA�

s ;M
�
s ; L

�
s Þ and U* ¼ ðA�

u;
M�

u ; L
�
uÞ, respectively. These two steady states correspond

to large clusters of integrins bearing a small load and small
clusters bearing large loads, respectively. This correspon-
dence may also be used to intuitively understand their stabil-
ity because the small (unstable) clusters will unbind
catastrophically once a single integrin-ligand bond ruptures,
whereas the large (stable) clusters contain enough integrins
for rebinding effects to outpace unbinding.

NA dynamics as determined by the bistable switch

Near the saddle node of Fig. 6, A and B (i.e., near s z sc),
the basin of attraction of the clustered steady states shrinks
significantly until it eventually disappears, along with the
steady state, when s > sc. This means that the number of
bound integrins at the steady state S* are incapable of sup-
porting the imposed stress, causing integrins within the NA
to catastrophically unbind and the NA area to revert to the
unbound steady state ~A

�
in region 3 (Fig. 6 A) and to A ¼

0 in region 2 (Fig. 6 A). This type of behavior corresponds
to NA disassembly. On the other hand, in region 3 with
s < sc, stochastic fluctuations in the number of integrins in-
side the adhesion plaque can cause the system to jump from
the unbound steady states ~A

�
to the clustered steady states

A�
s . In contrast to the previous jump, this type of behavior

corresponds to NA assembly. Alternatively, in the monosta-
ble regime of region 2 (see dashed horizontal line in Fig. 6
A), there is no barrier to cross for assembly, and NAs may
form in a noise-independent manner. Interestingly, in both
regions, the model predicts that the stable NA area A�

s

does not vary significantly for a whole range of stress be-
tween [0, sc] because of the plateau nature of the upper sta-
ble branch. This suggests that NAs may go through a cycle
of adhesion assembly, stability, and disassembly based on
the magnitude of stress exerted on them, as previously
seen experimentally (18,50).

We have also investigated the effects of reduced ligand
concentration on the mechanosensitivity of adhesions by
reducing the value of [Ligand] fourfold (see thin lines in
Fig. 6). Here, we observe two notable differences in the
model outcomes. Firstly, when ligand concentration is
reduced, the area of NAs under zero force (e.g., s ¼ 0) is
reduced, whereas the maximal value it attains remains
roughly the same. This suggests that NAs, in these condi-
tions, can exhibit significant reinforcement because of force,
increasing in size upon application of force. This reinforce-
ment is similar to what has been previously observed exper-
imentally (78) and in other theoretical models of focal
adhesions (36,48), as well as clusters of catch bonds (47).
Secondly, we also find that the critical stress sc decreases
when ligand concentration is reduced. This implies that
the primary effect of reducing ligand concentration on
NAs is to make them more susceptible to forces by 1) mak-
ing their area more force-dependent and 2) making them
more likely to catastrophically disassemble because of
force.
Stochastic simulation of the model

It has been previously shown through stochastic simulations
that the upper branches of Fig. 6 are metastable equilibria
for clusters of catch bonds with a fixed load and that upon
crossing the lower branch, the cluster undergoes disas-
sembly in which all bonds rapidly unbind (47).

By running stochastic simulations with s z sc (see Sup-
porting Materials and Methods for more details on the im-
plementation), the model also produces NA disassembly
under fixed stress regardless of the region (see Fig. 7 A for
Biophysical Journal 117, 1057–1073, September 17, 2019 1067



FIGURE 7 The assembly and disassembly of NAs is a force-dependent

process. (A and B) Stochastic simulations of the number of bound integrins

(thin black lines) and adaptor proteins (thin gray lines) during assembly and

disassembly are shown. (A) Under high stress (s ¼ 0.92sc) and starting

from the equilibrium S* (thick black horizontal line), integrins within

NAs undergo catastrophic unbinding upon crossing the stable manifold of

the saddle U* (dotted black horizontal line), leading to disassembly as

they diffuse away from the adhesion area. (B) A long-lived NA state is

formed, starting from a single integrin-adaptor protein complex, when the

applied stress is low (s ¼ 0.25sc). This process is driven primarily by pla-

que growth toward the metastable state with A ¼ ~A
�
(thick gray horizontal

line), which, in conjunction with ligand binding, increases Nin, the number

of integrins inside the NA, until it crosses the stable manifold of the saddle

point U*. Beyond the stable manifold of U*, the trajectory flows to the sta-

ble steady state S*. Black horizontal lines are identical to those in (A).
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simulations associated with region 3) and for fixed load
(data not shown). The stochastic simulation of the model
also exhibits NA assembly from a single integrin-adaptor
protein complex (see Fig. 7 A). In region 2 with s < st,
NA assembly reaches S* unimpeded by U* because of the
lack of bistability for 0 % s < st, whereas in region 3
(see Figs. 6 B and 7 B), the system must cross the stable
manifold of U*. This manifold forms a threshold (high-
lighted by the dashed line in Fig. 7) that determines whether
the system jumps from 1) the single integrin-adaptor com-
plex to the clustered steady state S* (black solid line in
Fig. 7 B) during assembly, passing through the unbound
metastable state ~S

�
(gray line), or from 2) the clustered

steady S* (black solid line in Fig. 7 B) to the unbound meta-
stable state ~S

�
(gray line) during disassembly. The mechan-
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ical conditions that allow for a stochastic jump to cross the
barrier created by the unstable state were not previously
determined (41,47). In this study, we have explored 1) under
what conditions noise-driven NA assembly occurs and 2)
what role bistability plays in this process.

To verify whether the model under fixed adhesion load
produces results consistent with those previously seen
(28,29,34,47), we also performed stochastic simulations
starting from a single integrin-adaptor protein complex, in
which adhesion load is held fixed. In this scenario, assembly
is only observed for very small fixed loads (less than �1%
of the critical load), as the force per integrin of small adhe-
sions with a fixed load overwhelmingly favors the unbinding
of integrin (data not shown). This is in agreement with the
previous finding that fixed loads can only lead to adhesion
disassembly (41,47). Interestingly, with the model presented
here, we do observe assembly for fixed stresses arbitrarily
close to the critical stress sc, albeit exceedingly rarely.
This highlights the unique nature of the model, which iden-
tifies fixed stress as a mechanical condition allowing for NA
assembly and predicts that cells can occasionally assemble
NAs even at very high stresses.

The bistability characterizing this model also plays an
important role in reaching the elevated steady state S*.
Near the initial condition of a single integrin-adaptor protein
complex, diffusion stochastically adds and removes integ-
rins from underneath the adhesion plaque. However, as
can be seen in Fig. 7 A, these stochastic fluctuations do
not bring the system close enough to the saddle point U*
(dotted line) to cross its stable manifold. The metastable
state ~S

�
, on the other hand, acts as an attractor for the sys-

tem, initiating the first phase of a robust growth in the adhe-
sion plaque. In conjunction with ligand binding, this
eventually pushes the system past the stable manifold of
the saddle U*, allowing it to reliably reach the elevated sta-
ble steady state S*. As highlighted before, because fixed
stress (but not fixed load) is permissive to ligand binding
during the growth phase, we may conclude that the mechan-
ical constraint on the system and the bistability with the
metastable attractor ~S

�
allows for the system to overcome

the kinetic barrier created by the unstable steady state U*
such that adhesions may form from a single integrin-adaptor
protein complex.
DISCUSSION

In this study, we presented a biophysical model of NA for-
mation as a condensed phase of adaptor proteins and integ-
rins that forms along at the interface of the cytoplasm and
the cell membrane because of a mechanism we term coag-
gregation. From this biophysical model, we constructed a
three-dimensional minimal mathematical model of adhesion
dynamics near equilibrium and a computational framework
for realizing discrete simulations of adhesion formation.
The nonlinearities included in the mathematical model
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were adapted from the biophysical framework used to
describe NAs. The near-equilibrium dynamics used to
analyze the stability of the equilibria showed that adhesions
form with an area and integrin content specified by S* once
integrins, adaptor proteins, or extracellular ligands cross a
well-defined density threshold. These thresholds are defined
by transcritical bifurcation points at which a stable branch of
clustered steady states emerges in each case. We analyti-
cally determined the dependence of these thresholds on
model parameters as specified by Eqs. S11–S13. Our anal-
ysis of these results revealed that the stable branch plateaus
at high integrin or ligand density but monotonically in-
creases with respect to adaptor protein density, suggesting
that adaptor proteins play a key role in regulating the size
of NAs. It also showed that there is a hierarchy in the rela-
tive importance of the three protein densities regulating NA
area, given by adaptor proteins > integrins > extracellular
ligands. The dependence of S* on biophysical parameters
was then analyzed to demonstrate that the immobilization
of integrins upon binding to ligands inside the adhesion
area (controlled by Kbind) lowers the density thresholds for
adhesion formation.

In contrast to previous models of adhesions (32–34,36),
we did not assume that the average density of integrins in-
side the adhesion plaque is a fixed quantity. This assumption
is necessary for the model to be consistent with the observa-
tion that the integrin density measured in adhesions varies
significantly within the same cell (79) and is motivated by
the nonlinear relation between NA area and its integrin con-
tent (see Fig. 2). Our model accounted for the variable den-
sity of integrins by considering their interactions with
adaptor proteins forming the adhesion plaque, which
spatially delimits the adhesion area. Similar interactions
have also been considered in a more biophysically detailed
model of adhesion dynamics (38), but the simplicity of the
model presented here compared to this previous study
allowed for further theoretical analysis of this system. Inter-
estingly, it was previously estimated that the upper limit of
Nin/A is �25,000 mm�2 using structural considerations (18),
but the results of our conditional expectation analysis sug-
gest that the effective limit of integrin density in the adhe-
sion may be as low as �17,000 mm�2. Below this
threshold, NA area may be a result of the tethering mecha-
nism described by Eq. S7, whereas above this threshold,
adhesion area was the result of integrin crowding, which
may be indicative of NAs transitioning to more mature clas-
ses of adhesions such as focal complexes. To the best of the
authors’ knowledge, the tethering mechanism proposed here
represents a novel understanding of adhesion stabilization
by integrins.

Because of the apparent isotropic growth of NAs (50), we
have not considered anisotropic effects of compression and/
or stretching on adaptor protein adsorption as has been done
in other models (3,32). This can be justified by the fact that
the dynamic nature of adaptor-cytoskeletal interactions
leads to slippage under force (80), producing a viscoelastic
mechanical response, in which the effects of elasticity is lost
on long timescales (e.g., at equilibrium). Furthermore, it
was previously argued that the interactions between adaptor
proteins are unlikely to be strong enough for the energy of
deformation of the adhesion plaque to have a significant ef-
fect on the outcome of the adhesion formation process (36).
This assumption allowed us to use a simpler model of
adaptor protein adsorption (30) and incorporate the effects
of force in a manner that can be directly linked to experi-
mental single-molecule observations (42).

The mechanosensitive properties of integrin unbinding
were included in the model as a force-dependent bond life-
time (see Eq. S14). Using this to determine integrin binding
affinity, we managed to compute the equilibrium area of the
adhesion as a function of applied force, revealing a saddle-
node bifurcation at a critical value of stress (see Fig. 6 D).
Beyond this value of stress, all the integrins in the adhesion
rapidly become unbound from their ligands, and tension is
no longer transmitted to the extracellular environment.
Similar phenomena had been previously observed in other
studies for fixed values of adhesion load (28,29,47). By
considering the effects of integrin content on the area of
the adhesion plaque, we were able to use adhesion stress
rather than load as a bifurcation parameter and study how
its steady-state effects may give rise to a mechanically regu-
lated NA lifecycle. We demonstrated that such a lifecycle is
governed by a bistable switch with a saddle-node bifurca-
tion when NA area is plotted against fixed stress. The saddle
node acts as a threshold for adhesion disassembly, the last
phase of the lifecycle. Increasing the ligand concentration
made the upper branch of the bistable switch more plateaued
such that increasing or decreasing the stress within a given
range has little to no effect on NA area.

Consistent with previous studies, stochastic realizations
of our model with high values of stress (or load; data not
shown) produced NA disassembly close to the threshold
determined by the saddle-node bifurcation, causing the tra-
jectory to jump from the upper to the lower stable branch of
the bistable switch. The jump is due either to crossing the
threshold or to stochastic effects pushing trajectories
beyond the stable manifold of the saddle points in the mid-
dle branch, leading to the rapid unbinding of all integrins
in the adhesion, followed by slow adhesion-plaque
disassembly.

The process of adhesion-plaque assembly, initiated from
a single integrin-adaptor complex, was found to have a
more diverse set of dynamics than disassembly. First, we
discovered that unlike during disassembly, the accumulation
of bound integrins inside the adhesion area and the growth
of the adhesion plaque occur on a similar timescale during
assembly. Second, we identified a region in parameter space
(region 2 in Figs. 5 B and 6 Awith s < st) where assembly
occurs independently of stochastic effects. This finding is
noteworthy because previous models had reported, in their
Biophysical Journal 117, 1057–1073, September 17, 2019 1069
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mean-field analysis, the presence of an unstable steady state
that blocks the assembly of very small adhesions (41,47).
The mean-field analyses were performed using a one-vari-
able setting in which the only way to reach the state corre-
sponding to stable adhesions was through stochastic jump
effects that were not very well understood. The mean-field
analysis performed here was done in a three-variable setting
in which it was possible to shift the position of the unstable
state to a nonphysical regime, thus minimizing its interfer-
ence with the flow of trajectories toward the upper stable
steady state.

The difference in outcomes between this study and previ-
ous ones can also be attributed to the mechanical condition
we considered in this study (fixed stress). This may be un-
derstood intuitively by the fact that, when stress is fixed, a
small adhesion will have a correspondingly small load.
However, when load is fixed (28,29,34,47), the integrin
bonds break too quickly for the equilibrium with area A*
to be readily attained. In previous models of clustered
bonds, there was no explicit adhesion area, and therefore,
adhesion stress could not be defined in these models
(28,29,34,47). In this study, we resolved this by considering
the adsorption dynamics of the adaptor proteins that form
the adhesion plaque (30). Experimentally, NA formation
and area were found to be independent of traction force,
whereas they disassemble in a force-dependent manner
(18). These findings are consistent with our model predic-
tions under fixed stress (but not fixed load), showing that
NAs assemble to a roughly constant area for a wide range
of stresses and disassemble at high stresses.

Similar to previous studies, the model also showed that
there is a regime in parameter space within which the stable
manifold of the saddle points acts as a barrier that can be
crossed with stochastic effects (see region 3 in Figs. 5 B
and 6 B). Within this regime, we demonstrated that fixing
adhesion stress (but not load) allows for the assembly of ad-
hesions and that bistability between the elevated steady state
S* and the metastable state ~S

�
plays a significant role in

determining the dynamics of assembly in this region of
parameter space. When we fixed the value of load (rather
than stress), we found that assembly is exceedingly rare
for nonzero values of load (>1% the critical load; data not
shown).

As suggested above, the mechanical control of the NA
lifecycle, including assembly, stability, and disassembly,
may be explained by a bistable switch (possessing a hyster-
esis) with respect to adhesion stress and that this stress,
rather than the total adhesion load, is the mechanical param-
eter conserved during noise-driven NA assembly. As stress
increases, NA area may increase (causing adhesion rein-
forcement) when extracellular ligand density is low or
remain relatively constant when it is high. Once stress be-
comes large enough, NA disassembly can be initiated either
by stochastic effects driving the system beyond a threshold
corresponding to the stable manifold of saddle points in the
1070 Biophysical Journal 117, 1057–1073, September 17, 2019
middle branch of the bistable switch or by an excess buildup
of force pushing the system beyond the saddle node of this
switch.

Increasing the complexity of the model presented here by
considering different types of adaptor proteins forming the
adhesion plaque to examine their effects on dynamics repre-
sents an interesting direction to pursue. This could be also
combined with studying the effect of actin branching and
bundling on NA dynamics. The latter, although very techni-
cally challenging, can provide further insights onto how
they may exert force on the adhesion plaque.
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MODEL FRAMEWORK
The primary process which results in the formation of a nascent adhesion (NA) is the clustering of integrins (1). It has been
suggested that very small non-specific clusters of integrin spontaneously form even in the absence of ligand binding; however,
their size and spatial distributions were inconsistent with that of NAs formed in the presence of ligand binding (2). Generally
speaking, in the presence of ligand, NAs were about twice as large (compared to those generated in the absence of ligand),
exhibited high variability in their integrin content, and yet had a relatively restricted distribution in their size (2). This suggests
that (i) there is an intrinsic clustering mechanism for integrins, (ii) ligand binding enhances this clustering mechanism to
form NAs, and (iii) the area of the cluster is not directly proportional to its integrin content (i.e., there is a nonlinear relation
between NA-area and the number of integrins forming it). Interestingly, it has been observed that integrins exhibit reduced
diffusivity within adhesions (defined experimentally by the area underneath an adaptor protein plaque), by at least a factor of
three (3). This decrease was found to be dependent on interactions with adaptor proteins through the cytoplasmic domain of
integrins, suggesting that membrane-proximal adaptor proteins may exert a drag force on integrins (3). Integrins also undergo
extended periods of immobilization which further decreases their lateral mobility. The frequency of long-lived immobilization
is enhanced inside adhesions and has been found to be dependent on integrin’s interaction with both extracellular ligands and
adaptor proteins (3, 4). Thus we propose that the NA-area, as defined by the adaptor protein plaque, provides an environment
within which integrin lateral mobility is decreased due to both a reduced diffusion coefficient and increased likelihood of
binding to extracellular ligand.

Reduced integrin lateral mobility, due to their interactions with the adaptor protein and extracellular ligands plaque, may
explain aggregation of integrins into micron-scale clusters. This, however, does not explain the presence of the adhesion
plaque. Firstly, its was previously argued, from a theoretical perspective, that adhesion plaques must be self-assembling
structures in order to explain the stress-induced growth of adhesions (5). Meanwhile, the adaptor protein talin and its interaction
with integrins have been repeatedly found to be required for the formation of NAs (2, 6, 7). These results suggest, that the
self-assembly of adhesion plaques requires both integrin and adaptor proteins to be capable of forming complexes with one
another. Furthermore, increased extracellular ligand density (and thus integrin density inside the adhesion) has been shown
to increase the residence time of the adaptor protein FAK inside the adhesion plaque (8). Additionally, the diffusivity of the
adaptor protein paxillin shows significant heterogeneity in its value inside a single adhesion plaque, suggesting that paxillin may
exist in more than one association state within the adhesion (9–11). We propose that adaptor proteins form membrane-proximal
aggregates around a seed of a small number of integrins, and that subsequent retention of integrins inside the adhesion area (as
discussed above) allows for growth of the adhesion plaque due to the decreased mobility of adaptor proteins. This decreased
mobility manifests itself in the model as a decrease in the off-rate of adaptor proteins in the presence of integrins. The precise
nature of the mechanism which reduces the off-rate will depend on the specific adaptor protein in question. In the model
developed herein, we generically describe it as a reversible tethering to the membrane by integrin.

Together, these effects constitute a mechanism for the self-aggregation of cytoplasmic adaptor proteins and integrins,
a phenomenon we refer to hereafter as co-aggregation. More specifically, we propose that (i) integrin lateral mobility is
modulated locally by the presence of membrane-proximal adaptor proteins, and (ii) adaptor proteins are effectively tethered to
the membrane by integrins. In this manner, the presence of a protein of one type increases the probability that a protein of the
other type will be present in close proximity. This positive feedback between the two types of proteins would allow them to
serve as templates for one another in the formation of membrane-proximal aggregates of adaptor protein (i.e., an adhesion
plaque). We incorporate this mechanism into a mathematical model that satisfies the following assumptions (see Fig. 1A):

1. Adaptor proteins are modeled as either being in a well-mixed cytosolic bulk phase or in a spatially confined region
Ω (t) ∈ R2 which delimits the adhesion. Their density ρ inside NAs (i.e., the domain Ω) is assumed to be uniform.
Furthermore, we impose the conservation of matter by assuming that the adaptor protein content of a NA is drawn from a
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finite reservoir of NP adaptor proteins, and therefore the number of cytosolic adaptor proteins Ncyto is given by

Ncyto = NP − ρA, (S1)

where A B ‖Ω‖ is the surface area of the adhesion plaque. This means that, as NAs grow very large, they will deplete the
cytoplasmic pool of adaptor proteins until an equilibrium between their growth and shrinkage rates is reached. When
adaptor proteins are in the adhesion plaque, they can either be associated with the rest of the adaptor protein scaffold
or they may be bound to an integrin receptor where they become reversibly tethered to the membrane. We assume
that individual adaptor proteins leave the adhesion at a rate kof f and (1 − δ) kof f , where δ ∈ (0, 1), when they are
untethered and tethered to integrin, respectively. This difference in off-rate in the presence of integrins is what leads to
the aggregation of adaptor proteins around integrins.

2. We model integrins as 2-dimensional (2D) Brownian particles that diffuse freely outside the adhesion, and exhibit reduced
mobility within the adhesion domain Ω. This reduced mobility is implemented through two biophysical mechanisms. In
the first, we assume that the diffusion coefficient of integrins is lower when they are underneath the adhesion plaque, i.e.,

D (x) =

{
Din x ∈ Ω
Dout otherwise

, (S2)

where Din ≤ Dout are the diffusion coefficients inside and outside the adhesion domain Ω, respectively (3). In the second,
we make the simplifying assumption that only the adhesion environment provides the necessary ingredients for the
long-lived immobilization of integrin, which we attribute to ligand binding (3). Therefore, we assume that integrins
inside Ω may bind to an extracellular ligand and become reversibly immobilized with a binding affinity Kbind .

Spatial Assumptions
We consider a periodic array of adhesions on a square lattice with an inter-adhesion spacing h. This simplifying assumption of
periodicity allows us to study the problem on a small h × h square patch of membrane that is assumed to receive no net flux of
matter from adjacent patches (see Fig. 1B) because they are all in equilibrium. We further consider that the h × h square patch
contains NI integrins and sits under the adhesion plaque consisting of NP adaptor proteins. Integrins are assumed to diffuse in a
2-dimensional plane (i.e., the membrane), and a circular aggregation of adaptor proteins centered at the origin with an area A

that delimits the region defining the adhesion plaque (i.e., Ω =
{(

x, y
)

: π
(
x2 + y2

)
≤ A

}
).

Integrin Reaction-Diffusion Model
In order for the force transmission through an adhesion to the ECM to be effective, its integrins must bind to their extracellular
ligands. When bound to their ligand, integrins exhibit a diverse range of mobilities (3, 12, 13). Generally, we can expect the
integrins to have a reduced mobility upon binding to ligand. We consider the extreme case of complete immobilization in order
to understand what can be expected at most from the ligand binding process. Within an adhesion, only a certain proportion of
integrins are bound to ligand (3, 4, 14). We denote the total number of integrins inside the adhesion area by Nin, while Lin and
Min denote the number of liganded and mobile integrins, respectively (i.e., Nin = Lin + Min). If we assume that ligand-binding
induced immobilization happens only within the adhesion, then the dynamics of Min is given by

ÛLin (t) = kunbind (KbindMin − Lin) B Rbind ,

where kunbind is the unbinding rate of an integrin, and Kbind is its binding affinity, given by

Kbind =
kbind

kunbind
,

with kbind denoting the first order binding rate of a single integrin (assuming fixed extracellular ligand density). In order to
account for variations in the density of extracellular ligand, denoted

[
Ligand

]
, we use the expression

kbind = kbind

[
Ligand

]
, (S3)

where kbind is a the second order binding rate.
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An unbound integrin is assumed to diffuse freely in the cellular membrane. We use the Fokker-Planck (FP) diffusion
equation to describe the spatiotemporal evolution of the unbound integrin density I (x). Such a model has a local flux j (x),
given by

j (x) = ∇
(
D (x) I (x)

)
, (S4)

where ∇ is the gradient operator and D(x) is the diffusion coefficient. In situations with inhomogeneous diffusion coefficient,
such as Eq. S2, this FP flux equation is more applicable than the more widely used Fick’s law (15). We are interested in the
time-invariant (equilibrium) behaviour of the adhesion; we therefore assume zero-flux boundary conditions on the outer edge
of the membrane patch. This corresponds to finding a solution where the flux is zero everywhere. For a piecewise constant
diffusion coefficient, such a solution is expected to be piecewise constant at equilibrium, given by

I (x) =

{
Iin x ∈ Ω
Iout otherwise,

where Iin (Iout ) is the density of unbound integrins inside (outside) the adhesion (16). However, the discontinuity in Eq. S2
leads to to a singular flux at the interface between the adhesion plaque boundary and the rest of the membrane, given by

j0 = (Dout Iout − DinIin) r̂ ,

where r̂ is the radial unit vector (17). As time tends towards infinity, diffusion smooths out all concentration gradients such that
the non-singular portion of the flux in Eq. S4 becomes zero irrespective of the integrin densities in and out of the adhesion.
Therefore, near equilibrium, we take the total flux of free integrins into the adhesion due to diffusion to be the integral along the
interface of the singular component of the flux

Jin =

2πˆ

0

j0 · r̂rdθ = (Dout Iout − DinIin) 2πr ,

where r is the radius of the adhesion. We note that Iin = Min/A and thus, by imposing conservation of matter, we eliminate
the variable Iout to obtain the relation Iout = (NI − Nin)/(h2 − A). Finally, the rate of change of unbound integrins inside the
adhesion is given by the difference between the integrated diffusive flux and the binding reaction rate, i.e.,

ÛMin = Jin − Rbind . (S5)

We have assumed in the derivation of Eq. (S5) that diffusion reaches its equilibrium within NAs. Although it is often
assumed that NAs are far from equilibrium due to their short stability period (18–21), recent evidence suggests that conditions
preventing NA-disassembly produces integrin clusters with very similar properties (in terms of number and size) to those that
do disassemble (2). This indicates that NAs come very close to their equilibrium before disassembling, and motivates the
treatment of integrin dynamics near the equilibrium of the diffusion process in this study.

Adhesion Plaque Adsorption Model
To capture the kinetics of adaptor protein aggregation into a membrane-proximal plaque, we adapt the “Bulk-on/Bulk-off”
model of adsorption (22), where adhesions are assumed to be able to grow (shrink) from any point in its interior by addition
(subtraction) of adaptor proteins that are incorporated into the adhesion with a uniform density ρ. Adaptor proteins are assumed
to be added to an adhesion at a rate

γ (A) = Ak0
onPout , (S6)

where Pout =
Ncyto

h2 is the density (per unit area) of free adaptor proteins. Furthermore, we consider that integrins inside
the adhesion stabilize the adhesion plaque leading to less adaptor proteins leaving the adhesion per unit time. In the model,
this is implemented by assuming that adaptor proteins can exist in two states within the adhesion, one which is reversibly
tethered to the membrane by integrins and the other loosely associated with adjacent adaptor proteins. Adaptor proteins can
leave the adhesion plaque with a rate kof f and (1 − δ) kof f for the untethered and tethered states, respectively. Assuming that
fast kinetics govern the association of integrins and adaptor proteins within the adhesion, we prescribe a phenomenological
Hill-function expression for the off-rate of an adaptor protein, given by

κ
(
Nin/A

)
= kof f

(
(1 − δ) + δ

bn

bn +
(
Nin/A

)n )
, (S7)
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where Nin/A is the total integrin density in the adhesion, kof f is the maximal observed degradation rate of the adhesion, δ is
the magnitude of the co-aggregation between integrins and adaptor proteins (a value of 0 indicating no co-aggregation while a
value of 1 indicating full co-aggregation), n is the degree of cooperativity between integrins for the tethering of adaptor proteins
(n = 1 indicates no cooperativity while n > 1 indicates positive cooperativity), and b is the integrin density needed to tether
50% of adaptor proteins. Based on this, we obtain the following dynamic equation for adhesion area

dA
dt
=

1
ρ

(
γ (A) − Aρκ (Iin)

)
= A

[
k0
onPout

ρ
− κ

(
Nin/A

) ]
.

Geometric Constraints
The complete set of equations governing NA dynamics are given by Eqs. 1a-1c (see main text). The equilibria of the system lie
at the intersection of its nullsurfaces. The plane A = 0 is one of the A-nullsurfaces, while

L∗in = KbindM∗in (S8)

is the Lin-nullsurface, and

M∗in =
A∗CIKinh2

A∗β + h2 (S9)

is the Min-nullsurface, where Kin = Dout/Din and β =
(
Kin (1 + Kbind) − 1

)
. At the intersection of these nullsurfaces, we

have the steady state Z = (A, Min, Lin) = (0, 0, 0), representing the unclustered configuration of adhesion proteins (with both
adaptor proteins and integrin receptors uniformly distributed in space). The second A-nullsurface (see Eq. 2) forms with the
other nullsurfaces a steady state where adhesion proteins are co-aggregated into a dense cluster. The conditions which cause the
system to switch between the unclustered and the clustered steady states are analyzed in the main text. Nonetheless, from Eq. S9,
we can see that Nin →∞ as CI →∞ provided that A , 0. In this limit, integrins have their maximum effect on the aggregation
of adaptor proteins, and thus the clustered steady state will reach some maximum area A∞. According to the second term in Eq.
1a, this maximum area is given by

A∞ B h2
(
CP

ρ
−

1 − δ
Kon

)
, (S10)

where Kon = k0
on/kof f . The first term in Eq. (S10) is the maximal fractional area the adhesion plaque can attain if all adaptor

proteins become stuck to the membrane, while the second term is a correction factor that accounts for the finite binding affinity
of adaptor proteins being absorbed into the plaque. This indicates that A∞ depends linearly on the adaptor protein density, and
remains finite regardless of the integrin density. It is important to consider the geometric assumptions of our model, in order to
ensure that its predictions are physically meaningful. By letting φ = [(CP/ρ) − ((1 − δ)/Kon)], we obtain A∞ = h2φ. For a
circular adhesion lying strictly within a square lattice cell, we must have φ ∈

[
0, π/4

)
in order for the results of our model to

remain biophysically relevant.
Generally, if we were to formulate this model for some other lattice with a unit cell area Amax (e.g., Amax = h2 for the

square lattice), we can adapt all our results by replacing h2 with the particular value of Amax . In such a case, the upper bound
on φ will depend on the geometry of the lattice and the adhesion; however, in general, we will always have φ < 1 as a maximum
upper bound. For φ ≥ 1, our circular adhesions will take up more area than is available for the given lattice, and thus the
membrane will be saturated with adhesion plaque on the length scale h. Because φ is independent of the lattice geometry, we
interpret this upper bound as being set by the biophysical and chemical properties of the proteins involved rather than an artifact
of the periodic lattice assumption.

Transcritical Bifurcation

The switch between the unclustered Z = (0, 0, 0) and clustered S∗ =
(
A∗, M∗in, L∗in

)
steady states occurs at a transcritical

bifurcation point. In what follows, we analyze the stability properties of this steady state. As discussed in the main text, for
simplicity we focus on the case n = 1. Under these conditions, the Jacobian matrix of the system evaluated at the unclustered
steady state has three eigenvalues, two of which are strictly negative and one that can change its sign, given by

λ1 = k0
on

(
φ −

bδ

bKon + ĈI

)
.
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Hence, the unclustered steady state is unstable if λ1 > 0. A switch in the sign of λ1 can occur when certain parameters of the
model cross a threshold. For the intracellular densities CI and CP , these thresholds are given by

CI > C‡I B
b
(
δ − φKon

)
φKonKin (1 + Kbind)

(S11)

and

CP > C‡P B
ρ
(
b + Kin (1 + Kbind)CI (1 − δ)

)
Kon

(
b + Kin (1 + Kbind)CI

) ≥ 0, (S12)

respectively. Moreover, the threshold for the binding affinity Kbind is given by

Kbind > K‡
bind
B

bδ − φKon (b + CIKin)

φCIKinKon

which, according to Eq. S3, can produce the following threshold for ligand concentration[
Ligand

]
>

[
Ligand

]‡
B

kunbind
kbind

bδ − φKon (b + CIKin)

φCIKinKon
. (S13)

Once the system passes through the transcritical bifurcation, the model gives birth to the clustered steady state S∗ representing a
stable adhesion plaque with area A∗ that contains N∗in = M∗in + L∗in integrins.

Integrin Mechanosensitivity
Integrin mechanosensitivity is thought to arise from mechanically-induced conformational changes. It has been suggested that
the mechanical extension and separation of the extracellular legs of integrin receptors results in a long-lived bound state (23,
24). We incorporate these ideas into our model as a force-dependent ensemble average lifetime

〈
τ
(
f
)〉
, where f is the force

applied on the integrin. This is modeled using the two-pathway model of bond-dissociation (25), given by〈
τ
(
f
)〉
= τ0

(
de f̂ (c+d) + c

) 1
ce f d + de f̂ (c+d)e−c f

, (S14)

where τ0 is the bond lifetime with zero applied force, f̂ is the force which optimizes the bond lifetime, and c, d > 0 are
coefficients. These coefficients are determined numerically by first setting

d =
cτ̂

τ0ec f̂ − τ̂
+

1
f̂
×W

©­­­«−
c f̂ τ0e

−
c f̂ τ̂

τ0ec f̂ −τ̂

τ0ec f̂ − τ̂

ª®®®¬ ,

where τ̂ =
〈
τ
(

f̂
)〉

is the optimal bond lifetime and W (·) is the W-Lambert function, followed by varying c in such a way that〈
τ
(
60 pN

)〉
≈ 0.1 s (see Fig. S1 for profile and Parameter Estimation for numerical values). Finally, this give the numerical

expression 〈
τ
(
f
)〉
=

1
0.666667exp(−0.0876215F) + 6.60165 × 10−8 exp(0.313789 f )

(S15)

In order to incorporate the mechanosensitive properties of integrins into our binding model, we set the integrin unbinding
rate kunbind to be the reciprocal of

〈
τ
(
f
)〉
, the ensemble bond lifetime. This means that

Kbind = kbind
〈
τ
(
f
)〉

, (S16)

(i.e., all bound integrins are assumed to bear an equal load). The numerical value of f is determined by assuming that the NA
experiences a fixed stress (force per unit area), given by

σ =
f Lin

A
. (S17)
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Figure S1: Integrin-ligand bond lifetime,
〈
τ
(
f
)〉
, as a function of f , the applied force per integrin. The biphasic profile

resembles that obtained for catch bonds between integrin and fibronectin (26).

Stochastic Simulations
We note that the integrin flux described by Eq. S5 is only valid for small perturbations around the steady state as it neglects
the effects of concentration gradients. In order to more accurately capture the full integrin dynamics specified in Eq. S4 far
from equilibrium, we re-formulate our model as a discrete system, where we use a master equation approach to describe the
aggregation of adaptor proteins at the adhesion plaque and the reversible binding of integrins within the adhesion region.
Furthermore, to account for the diffusion of integrins along the membrane, we use a Brownian dynamics approach where each
integrin is given a position ®x (t) that evolves in time according to a Brownian motion with local diffusivity given by Eq. S2, and
use the Euler-Maruyama update scheme to obtain the time-dependent positions of integrins (27). By denoting the number of
adaptor proteins in the adhesion plaque by i, we obtain the following total number of integrins ν(t) inside a NA of area A = i/ρ

ν (t) =
NI∑
k=1

{
1 if π ®xk (t) · ®xk (t) ≤ i/ρ
0 otherwise,

where ®xj (t) is the position of the j th integrin at time t. Setting pi to be the probability of having a NA with i adaptor proteins,
we conclude that the aggregation of adaptor proteins at the adhesion plaque obeys a master equation, given by

ρ Ûpi (t) =
(
gi−1pi−1 + si+1(ν (t))pi+1

)
−

(
gi + si(ν (t))

)
pi , (S18)

where gi (si) is the growth (shrinkage) reaction-rate, defined by gi = γ
(
i/ρ

)
and si (ν) = iκ

(
ρν/i

)
, respectively. Letting `j be

the probability of having j bound integrins inside the adhesion, we obtain the following master equation for binding kinetics of
integrin

Û̀
j (t) = kbind

(
ν (t) −

(
j − 1

) )
`j−1 + ( j + 1)kunbind`j+1 −

(
kbind

(
ν (t) − j

)
+ j kunbind

)
`j . (S19)

When integrins become bound, we reversibly set their diffusion coefficient to zero, and set their unbinding rate to kunbind =〈
τ
(
iσ/ρ j

)〉−1. The time-course of the chemical reactions is realized through a temporal Gillespie algorithm, that allows for
efficient stochastic simulations of reactions with time-dependent propensities (28). This is necessary to account for the fact that
both reactions have propensities which depend on ν (t), and that integrins may diffuse into or out of the adhesion independently
of the reactions governed by Eqs. S18 or S19.

Parameter Estimation
Model parameter values are inferred, when possible, using algebraic expressions from the model equated to values obtained
from experimental measurements. In the main text, we have identified two regions of interest in parameters space, which we
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have denoted regions 2 & 3. The assumptions inherent in each region leads to slightly different algebraic expressions for model
parameters. We begin by discussing the expressions that the two regions have in common, followed by explaining the distinct
approaches used in each region.

Firstly, we introduce the relative enrichment of integrins inside the adhesion E , which has been observed to be in the
range of E ∈ [2, 12] in various physiological conditions (3, 29). Using the conservation of matter for integrins, we obtain the
following expression for their density

CI =

Iin

(
A1 +

(
h2 − A1

)
/E

)
h2 , (S20)

where Iin is the density of integrins inside the adhesion, A1 is the mean area of NA (to be estimated from experimental
measurements), and h is the mean inter-adhesion spacing. The parameter h is determined using

N̄∗in B lim
Kbind→∞

M∗in + L∗in = CI h2

which can be combined with Eq. (S20) to yield

h =
(
A1 (1 − E) + E

N2

Iin

)1/2
, (S21)

where N2 is the number of integrins in a NA when integrin binding is very strong (also to be determined from experimental
measurements). Secondly, an expression for the parameter b can be obtained by solving Iin = N∗in/A

∗, with N∗in = L∗in + M∗in ,
to obtain

b =
IinKon

(
−(β + 1)CI + βφIin + Iin

)
(β + 1)CIKon − Iin

(
−βδ + βφKon + Kon

) , (S22)

where the estimation of the parameters Kon and Kin (implicit in β) must be dealt with differently in the two regions. We may
also use the model steady states to derive the expression

E =
N∗in/A

∗(
NI − N∗in

)
/
(
h2 − A∗

) = (1 + Kbind)Kin

which may be rewritten as an expression for the binding affinity, given by

Kbind =
E

Kin
− 1. (S23)

The parameter δ is estimated by considering the ratio of FRAP recovery times of the intermediate and slow fractions of the
adaptor protein paxillin and vinculin within focal adhesions (10). This ratio is in the range of 20-80, corresponding to a value of
δ ∈ [0.95, 0.99]. We also estimate the value of the mean density of adaptor proteins prior to adhesion formation, CP , using
the literature value of paxillin concentration

[
paxillin

]
≈ 2.3 µMmultiplied by an estimate of cell volume Vcell ≈ 1000 µm3

to get the total number of paxillin molecules in the cell Npax ≈ 1.38 × 106 (30). We then use the simple approximation
CP ≈ Npax/Acell = 8050µm−2, where Acell ≈ 172 µm2 is the estimated cell area determined from analysis of imaging data (2),
to obtain CP ≈ 8050 µm−2. Finally, the parameters kof f and ρ are chosen in such a way that stochastic simulations of adhesion
disassembly/assembly have a timescale and stochasticity comparable to that observed experimentally (19), respectively.

Region 3
From a super-resolution quantification of adhesion size and integrin content (2), we can obtain the following estimates
Iin ≈ 6600 µm-2 and A1 ∈ [7, 9] × 10−3 µm2. The integrin clusters produced by the same study (2), upon exposing cells to Mn+2

(which switches integrins into a high-affinity state), can be used to obtain the estimate N2 ≈ 75. Using Eq. (S21), with E ≈ 12
(i.e., by assuming that NAs are among the most enriched in integrins) and A1 ≈ 8.7 × 10−3 µm2, we obtain h ≈ 0.2 µm. This
estimate is further verified visually by analyzing the spacing between NAs in images (2). Furthermore, region 3 is differentiated
from region 2 by the fact that it produces adhesions even in the absence of ligand binding. Experimentally, in the absence of
ligand, it was found that small clusters of integrin containing N3 ∈ [4, 19] integrins form with an area A3 ∈ [1, 4.4] × 10−3µm2

(2). We use these quantifications to aid us in our parameter estimation by setting them equal to appropriate model steady states,
i.e., by letting

N3 = M̃∗in + L̃∗in (S24)
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Table S1: Auxiliary parameter values used in the determination of model parameters (see Table S3 for model parameter
values).

Symbol Definition Estimated Value Reference(s)

E Fold-enrichment of integrins within the adhesion 12 (3, 29)

Iin Mean density of integrins within the adhesion 6600 µm2 (2)

A1 Mean NA-area 8.7 × 10−3 µm2 (2)

N2 Number of integrins inside NAs when Mn2+ is added to extracellular medium 75 (2)[
paxillin

]
Physiological paxillin concentration 2.3 µM (30)

Vcell Volume of a mouse embryonic fibroblast (MEF) cell 1000 µm3 -
Acell Area of a MEF cell 172 µm2 (2)
N3 Number of integrins inside NAs in the absence of extracellular ligands 6 (2)
A3 Mean NA-area in the absence of extracellular ligands 2.7 × 10−3 µm2 (2)

〈τ
(
0 pN

)
〉 Ensemble average of integrin-ligand bond lifetime in the absence of force 1.5 s (26)

〈τ( f̂ )〉 Ensemble average of the optimal integrin-ligand bond lifetime 30 s (31)
f̂ The force that optimizes bond lifetime 37 pN (26)

〈τ
(
60 pN

)
〉 Ensemble average of the integrin-ligand bond at very large forces 0.1 s (26)

and

A3 = Ã∗. (S25)

These two expressions are then used in conjunction with Eqs. (S20), (S22), and (S23) to yield

Kin =
N3

( (
A1(E − 1) + A3

)
Iin − EN2

)
A3 (N3 − N2) Iin

≈ 1.2, (S26)

Kon =
δ
(
EN2
Iin
− A1(E − 1)

) (
A3 (A1 − A∞) Iin + N3 (A∞ − A3)

)
(A∞ − A1) (A∞ − A3) (N3 − A3Iin)

≈ 0.70, (S27)

Kbind =
(A1 − A3) (E − 1)N3Iin + EN2 (A3Iin − N3)

N3

(
EN2 −

(
A1(E − 1) + A3

)
Iin

) ≈ 8.8, (S28)

and

b =
A3Iin (A∞ − A1) + N3 (A3 − A∞)

(A1 − A3) A3
, (S29)

where we have used δ ≈ 0.97, A2 ≈ 2.7× 10−3 µm2, and N3 ≈ 6 (b remains to be determined). The parameter A∞ is determined
from data. More specifically, using the maximum a posteriori (MAP) estimate of the relation between adhesion area and its
integrin content (see dotted line in Fig. 2). This data is fit to the A-nullcline given by Eq. (2) using a nonlinear least squares
approach and taking Eq. (S29) into consideration . The values of the fit parameters and their 95% confidence bounds are
provided in Table S2. The confidence interval on the quantities b and A0 are relatively large, indicating that they are not well
constrained by the data at hand. Nonetheless, these confidence intervals do not contain zero and only cover one order of
magnitude, so we deem them to be acceptable. This completes model parameter estimation in Region 3 necessary to generate
quantitative understanding of the model developed in this study.

Region 2

Region 2 (
[
Ligand

]‡
> 0) can be distinguished from region 3 (

[
Ligand

]‡
< 0) by the fact that NAs will not form in the absence

of ligand. As discussed in the main text, the transition from region 2 to region 3 may be achieved by decreasing Kon. We
therefore keep the numerical values of all other parameters determined in region 3 as is, and use a different formalism for
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Table S2: Least-squares estimates of model parameters and
confidence intervals obtained from a nonlinear least squares
fitting of the A-nullcline to data.

Symbol Least-Squares Estimate 95% Confidence Interval

A∞ 0.0124 µm2 [0.0118, 0.0129] µm2

b 463 µm−2 [68.8, 806] µm−2

A0 −0.038 [−.0204,−0.239] µm2

determining Kon. More precisely, we use Eqs. (S13), (S20), and (S21) to obtain

Kon =
bδ

(
EN2 − A1(E − 1)Iin

) 2

A∞Iin
©­«N2

(
bE + IinKin

(
[Ligand]‡ kbind

kunbind
+ 1

))
− A1b(E − 1)Iin

ª®¬
, (S30)

where we have used previous experimental finding to estimate
[
Ligand

]‡
≈ 200µm−2, and the ratio kbind/kunbind = 0.005 was

chosen such that the equilibrium of NA-area A∗ ≈ A∞ for ligand densities given by
[
Ligand

]
≥ 10, 000 µm−2 (see Fig. 3 in

main text) as suggested by the spreading behaviour of cells when cultured on substrates with variable ligand density (32, 33)

Mechanosensitivity of Integrin
The coefficients in Eq. S14 are determined based on atomic force microscopy data on the bond lifetime of integrins (26, 31).
More specifically, we have

〈
τ
(
0 pN

)〉
= 1.5 s, 〈τ〉 has a maximum at 37 pN,

〈
τ
(
37 pN

)〉
= 30 s, and

〈
τ
(
60 pN

)〉
= 0.1 s.

Using these values, the coefficients d ≈ 0.32 and c ≈ 0.088 that appear in Eq. (S14) are determined (as discussed before)
algebraically and by numerical optimization, respectively.

CONDITIONAL EXPECTATION ANALYSIS
Introduction
In numerous scientific applications, quantitative measurements of a system near a quasi-equilibrium are made and then analyzed.
Rather than providing a precise description of a system, we may assume that it can be (at least partially) described by a set of
measurements (e.g., a population may be described by the body temperature of its individuals, or a macro-molecular complex
may be described by its mass and charge). Let us consider the simple experimental scenario in which measurements of two
quantities of interest X and Y are made. These may represent the same quantity in two different conditions or two different
quantities in the same condition. If there is a relation between the two measurements X and Y due to the intrinsic interactions of
the system under study, one may attempt to derive this relation from experimental data. However, this task is complicated by the
presence of stochastic fluctuations, measurement error, heterogeneity between realizations, and large data sets. With this in
mind, let us consider a pair of correlated random variables (X ,Y ) measured simultaneously from a dynamical system near a
unique equilibrium

(
X̄ , Ȳ

)
using a homoscedastic model

(X ,Y ) =
(
X̄ , Ȳ

)
+

(
χ, γ

)
,

where χ (along with γ) is an independent identically distributed additive noise. If both quantities X and Y have an effect on the
dynamics of the physical system being observed, the equilibrium Ȳ can be expressed as

Ȳ = f
(
X̄
)

. (S31)

Given samples of (X ,Y ), collected under a variety of experimental conditions, it may not be straight-forward to estimate f (·) if
the values of the corresponding

(
X̄ , Ȳ

)
cannot be readily determined. This situation may arise when studying phenomena at the

sub-cellular level, due to high levels of both intracellular and inter-cellular heterogeneity present even when the experimental
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Table S3: Model parameter values used in the numerical simulations. Parameter values are obtained either directly from
the literature or estimated analytically using model-derived equations as indicated in columns labelled source. Parameter
values and sources which are different in region 3 are in parentheses.

Symbol Definition Value
Region 2 (Region 3)

Source
Region 2 (Region 3)

δ Fractional decrease in adaptor protein off-rate (kof f ) when
tethered by integrin.

0.97 Ref. (10)

b Integrin density inside adhesion which tethers 50% of
adaptor proteins

463 µm−2 Eq. (S29)

CI Mean density of integrins in the membrane 1844 µm−2 Eq. (S20) ’
h Mean distance between adhesions 0.20 µm Eq. (S21)

Kin Dout/Din 1.22 Eq. (S26)

Dout Diffusion coefficient of integrin outside the adhesion 0.28 µm2s−1 Refs. (3, 4)

Din Diffusion coefficient of integrin inside the adhesion 0.22 µm2s−1 Kin =
Dout
Din

Kon Affinity of adaptor protein adsorption reaction in the
absence of integrins

0.29 (0.7) Eq. (S30) (Eq. (S27))

kof f Adaptor protein off-rate in the absence of integrins 1.0 s−1 -

k0
on Kinetic parameter governing on-rate for adsorption of

adaptor proteins into the adhesion plaque††
0.31 s−1 (0.73 s−1) Kon =

k0
on

ko f f

ρ Density of adaptor proteins in the adhesion plaque 4000 µm−2 -
φ Maximum fractional area of a NA 0.30 Least-Squares

CP Basal density of adaptor proteins in the cytosol 8050 µm−2 Ref. (30)
Kbind Binding affinity of single integrins 8.81 Eq. (S28)

kbind Binding rate of single integrins (= kbind[Ligand]) 2.58 s-1 kbind =
Kbind〈
τ(0 pN)

〉
†† In order to obtain an estimate of the first order reaction rate for a bi-molecular adaptor protein binding event, we can use Eq. (S6)
with A = ρ−1 and Pout = CP . This yields binding rate estimates of 0.62 s−1 and 1.5 s−1 in regions 2 and 3, respectively.

conditions are fixed. In order to circumvent this difficulty, we employ the probability distributions of X and Y instead. Assuming
that χ (γ) is independent of X̄ (Ȳ ), we can compute the observed probability density of X (Y ) as

PX = PX̄ ∗ Pχ,
PY = PȲ ∗ Pγ,

where ∗ denotes the convolution operator. Assuming that f is a monotonic function, the the probability distribution of Ȳ is
related to that of X̄ by the change of variable equation, given by

PȲ

(
f
)
= P

(
Ȳ = y

�� f )
=

PX̄ (x)�� f ′ (x)�� , (S32)

where f ′ is the derivative of f and x is the pre-image of y (i.e., x = f −1 (
y
)
).

Experimentally, one may repeatedly measure both X and Y and approximate the marginal distributions PX and PY by
binning data to make the histograms PX and PY, respectively. In what follows, we will explain a methodology for determining
f from these histograms.

Relation to Previous Work
The task of deducing a transformation f (·) from data is central to numerous machine learning techniques. However, these
techniques differ in their motivation from the data analysis task we have presented above. For example, in the unsupervised
learning methods of density estimation and manifold learning/unfolding the transformation f is used to more efficiently
represent data in a so-called representation space, which is useful when dealing with very high dimensional data (34–37). Such
methods assume that PX is unknown and use well known parametric distributions as a prior on X in their inference of f . Such

10 Manuscript submitted to Biophysical Journal



Dynamics of adhesion formation: Supporting Material

approaches are inappropriate for our needs as they ignore the data PX, and thus it is unlikely that the inferred f would satisfy Eq.
(S32). Alternatively, Gaussian Process models and Generalized Additive Models have both been used in supervised learning
tasks to infer relationships between experimentally measured variables X and Y (38–40). However, these approaches require
pairing of the data into coordinates (X ,Y ), which may not always be possible. On the other hand, our approach requires only
knowing the marginal distributions PX and PY which may be readily estimated from unpaired (or paired) samples of X and Y .
Moreover, a great deal of the algorithmic complexity seen in the literature is motivated by issues which arise in high-dimensions
(41), while our data is intrinsically one-dimensional.

Overview of the Algorithm
Given the experimentally determined discrete estimates PX and PY, we propose decomposing the problem of estimating f into
two steps:

1. Finding a maximum a posteriori (MAP) discrete estimates of PX̄ and Pχ, which we denote P̂X̄ and P̂χ, respectively. This
may can be accomplished using the blind deconvolution algorithm (42). We note that it is also possible to do the same for
PȲ and Pγ, but without the mapping f (or f −1) it is unclear whether these estimates satisfy Eq. (S32).

2. We estimate f and Pγ by solving the minimization problem min f ,Pγ KL
(
PȲ

(
f
)
∗ Pγ |PY

)
+ λBV

(
PȲ

(
f
) )

subject to f ′ > 0, Pγ ≥ 0


Pγ



 = 1,


γPγ



 = 0,
(S33)

where KL
(
p
��q )
=
´ ∞
−∞

p (x) log
(
p (x) /q (x)

)
dx is the Kullback-Leibler Divergence, PȲ

(
f
)
is given by Eq. (S32), λ is

a non-negative parameter, and BV (u) =


u′ (x)




2 is a Tikhonov regularization term (43) which limits the irregularity of

the estimate PȲ . Here we have formally restricted our optimization to monotonically increasing functions ( f ′ > 0), but
we may also consider monotonically decreasing functions by substituting in the constraint f ′ < 0.

Figure S2: Schematic overview of the computational approach used to estimate PY given PX , f (X̄), and Pγ. The quantities that
we seek to infer ( f (X̄) and Pγ) are marked with †.

Parametrization
Generally speaking, Bayesian inference methods, such as Markov Chain Monte Carlo (MCMC) techniques, produce samples of
parameters θ, some of which may be used to estimate f . In this section, we detail our approach for reconstructing f from a
given set of parameters θ. In the following section, we detail how to compare the experimental data PY to the model prediction
PY (θ) = PȲ

(
f (x) |θ

)
∗ Pγ (θ) in order to produce appropriate samples of θ.

A priori, we do not know what form the (possibly nonlinear) function f has, and thus we will assume only that it is
continuous almost everywhere. Furthermore, from the problem specification (S33), the only constraint on the probability
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density Pγ is that it must have zero mean, which is too weak of a constraint to justify using any specific parametric family of
distributions. Therefore, we reconstruct both functions in a non-parametric manner. That is, f and Pγ are treated as discrete sets
of values to be inferred using MCMC.

Let us denote the discrete ordered list of sample points for the histograms (i.e., bin centers) by

x = [x1, x2, . . . , xM ]

and
y =

[
y1, y2, . . . , yQ

]
such that PX =P

(
X ∈ [x, x + dx]

)
and PY =P

(
Y ∈

[
y, y + dy

] )
. We aim to choose the parametrization of the function f

in order to maximize the robustness of our computational approach. In order to do this, we take into account two intrinsic
properties of our optimization problem. First, equation (S32) indicates that it is critical to know the derivative of f at the
discrete values x. Therefore, we choose to parametrize f primarily by its derivative rather than its value, which also allows for
a straightforward means of constraining f to be a monotonic function as required by (S33). With an initial value f1 for the
function f , we may reconstruct f from its derivative using the fundamental theorem of calculus: f (x) = f1 +

´ x
x1

f ′ (s) ds.
Second, we aim to use the same parametrization for the entire class of monotonic functions, including both monotonically
increasing and decreasing functions, that can be distinguished by the sign of fM − f1. In order to achieve both of these goals,
we numerically reconstruct the discrete values of the function f from normalized samples of its derivative f ′, defined by
φ B f ′/

(
fM − f1

)
, where imposing φ ≥ 0 guarantees monotonicity. Using this parametrization, f can be reconstructed using

the formula f (x) B f
(
x
�� f1, fM ,φ

)
= f1 + ( fM − f1)

[
S{1,...,M }

(
φ
) ]
, where

Sj

(
f ′
)
=

{
0 j = 1∑j−1

i=1
f ′i + f

′
i+1

2 (xi+1 − xi) otherwise

is a trapezoidal approximation to the cumulative integral of f from x1 to xj . Furthermore, we may also compute the probability
densities at Ȳ = f (x) using

PȲ (θ) B P
(
Ȳ = f (x) |θ

)
= P̂X̄ (x) �

�� ( fM − f1
)
φ
�� ,

where � denotes Hadamard division or the element-wise division of two vectors.

Bayesian Inference of the Transformation
In order to asses the validity of a given (2 + M +Q)-dimensional set of estimated parameters θ = [ f1, fM ,φ, Pγ], we need to
compare the discrete set of experimental measurements PY

(
y
)
with the estimated P

(
Y = f (x) |θ

)
B

(
PȲ ∗ Pγ

)
, a problem that

is generally complicated by the fact that y , f (x). To resolve this issue, we introduce an interpolant, given by

P̃Y

(
y |θ

)
=

{
ρi +

ρi+1−ρi
fi+1− fi

(
y − fi

)
if ∃ i : fi < y ≤ fi+1

0 otherwise
,

where ρ = PY
(
f (x) |θ

)
, allowing us to create a data-fidelity function for a given θ, given by

∆P (θ) = KL
(
P̃Y

(
y |θ

)
|PY

)
.

Therefore, to solve problem (S33), we use the Gibbs sampler to sample θ from the posterior

π
(
θ |PY

)
∝ L

(
PY |θ

)
Pr (θ) ,

where L
(
PY |θ

)
= exp

[
−

(
∆P (θ) + λBV

(
PȲ (θ)

) )]
and Pr (θ) are the likelihood and prior densities of θ, respectively. Given

the MAP estimate θ̂ =
[

f̂1, f̂ ′, P̂γ
]
, we may readily obtain a MAP estimate of f, using the formula

f̂ = f
(
x
��� f̂1, f̂ ′

)
.
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