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In this supplement, we present technical details expanding upon the method presented
in the main text. These include: i) additional details on the theoretical approaches used;

and ii) a complete description of the inference framework developed.

APPENDIX A: DETAILED METHODS DESCRIPTION

In this section, we show the details of our adaptation of the method of cascades. The basis
chosen to expand the vector, x, in applying cascade method must have the capacity to ap-
proximate ODE solutions, as well as derivatives involved in ODEs. Ramsay and Silverman'
discussed how to choose a basis function system that guaranteed adequate flexibility to rep-
resent the variation in the approximated function 7; and its derivatives. In our case, we select
B-splines as our basis functions because they allow appropriate control over the smoothness
of the solution at specific times, including any discontinuities in the first or higher order
derivatives associated with step and point changes in the inputs.?™®

From a mathematical viewpoint, the spline is a numeric function consisting of polynomial
functions each of which describes one portion of the time trace; the time trace locations where
these polynomial pieces connect are called knots.™ De Boor® showed how to improve the
spline approximation accuracy and efficiency by carefully selecting each knot.

Our approach centers on estimating parameters from two parameter classes (structural
parameters and nuisance parameters) in relatively different ways by the use of a multi-
criterion optimization method. In this estimation procedure, there are two optimization
steps: inner and outer optimizations, in which nuisance and structural parameters are, re-
spectively, estimated. Iteration between these inner and the outer steps continues until some
convergence criterion is achieved. We thus acquire good estimates of the nuisance parameters
and, more importantly, of the structural parameters, which include both the measurement

parameters and kinetic rates we are interested in.
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The Inner Optimization

In the inner step, the structural parameter vector, ', is kept fixed and we try to find

an estimate, ¢, for the basis expansion coefficients ¢ (the nuisance parameters). Since we

need the curve fitted to the data to also satisfy the ODEs dx_(t)

dx ()

= f(x,t|0), our estimated

smoothed functions 7; should also satisfy the ODEs, = f(x,t]0), and it is natural to

express the penalty term (PEN) with respect to the differential operator vector L{X(¢)} =

dx(t)
— — t|0
iz 1/0)
PENG) = [ (L& 0) d ()
o () | |
where L; is the " component of L{X(t)} = " f(x,t0). Putting together all i compo-
nents, we arrive at
PEN(X Z NPEN;(X). (2)

where the regularization factor, A;, allows us to differently weight each component of X(t).
Thus, the fitting criterion for estimating the smooth curve is given by minimizing the penal-

ized sum of squares

Tin(cl0' X, y) = |yi — T + PEN(X). (3)

i=1
In the general case, if we have d differential equations and r measurements at any given

time, the fitting criterion can be generalized to

d r d
Jin(c|0', A Zw] Z ly;(tiy) — Ti(tis) P+ > MPEN, =Y SSE;+ Y MPEN, (4)
i= k=1 j=1 k=1

where y; is intended to indicate the vectors of measured values at the time ¢,;. The norm
notation |.|? is used here to represent a sum of squared error (SSE) measures of fit and w; is
the normalization factor. We note that in our case all observables are fluorescence intensities
and thus normalizing weights are not needed, unlike the general case where observables with

different units would require use of such weights.
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The second term in Eq. expresses the penalty term when assessing the fidelity of z;
to the ODE system. Small Ay reduce the importance of smoothing (i.e., the second term in
Eq. ) As is common in regularization problems, the value of )\ is normally adjusted based
on the expected noise level of the data.!” In fact, we expect )\, to be directly proportional
to the constant variance of the data assumed.

By minimizing the criterion J;,(c|@’, A, y) in Eq. , we find the estimate € of the nui-
sance coefficient vector ¢. In other words, ¢ can be treated as a function of the ODE
parameter vector 8. When our ODEs are linear, € is explicit and when the ODEs are non-

linear, the examples of nonlinear ODEs using the method of cascades have previously been

dealt with in Ref.’d

The Outer Optimization

In the outer optimization step, Jou:(0'|\,y), is optimized with respect to the structural
parameters, 8, alone. The dependency of .J,,; on @' has two parts: directly, and implicitly
through the involvement of ¢(6’,\) in describing the fit X. Since ¢(8',\) is regularized
already, J,.:(@'|A,y) does not need further regularization and is a straightforward measure
of fit.

The structural parameter vector @' values are varied in the outer optimization, and are

required to minimize the relation

7 n

Jout (0'|N,y) = Z%‘ Z ly; (t;) — T5(t;50")]? (5)
=1 =1

which calculates only the squared distance between the data and the smoothed curve (a
simple x? metric). We use the notation 7;(¢;/0") to emphasize that the fit to variable j at
this stage is actually a function of @', since each time Z;(t;|@) is re-estimated, 8" changes.

For the optimization of Eq. involving a non-linear penalty term, we use the Newton-
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Raphson method and, within Newton-Raphson, we compute gradients and Hessian matrices

analytically. For more information see.*"5
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APPENDIX B: IDENTIFIABILITY

Parameter Identifiability

We ask here if it is possible to find a unique solution for each of the unknown parameters of
our ODE model, from data collected from experiments. 107

By using a method detailed in Ref.,"® we first find unidentifiable parameters and fix their
value based on additional pieces of information. For pedagogical reasons, before explaining
how we applied this method to your full hepatic transport model, we demonstrate the method
on a simple two states system with two rates and a measurement model provided by Eq. (5)

from the main text. Fig. (1) in the main text shows a schematic of this system. This system

is described by the Egs. @ and with parameter vector @' = [k, k_, «, B].

dX;

W = _k+X1 + k,XQ
(6)
dX
d—t? =k X1 — k_X,
with measurements
yXl [0 0 X1 €1
= + (7)
Yx, 0 ﬁ X €2

We first Laplace transform Eq. (6) which yields

sX1(5) — X1(0) = —ky X1 (s) + k- Xa(s)

sXs(s) — Xo(0) = ki X1 () — k_Xo(s)
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(

o k- Xa(s) | X1(0)
X =
1(s) stk stk
= 9 (9)
=y ke Xals) | Xa(0)
\XQ(S)_ s+ k_ +3+k3_

From Eq. @ we can isolate )/(\1(5) From this, we can write yx, (s) as follows

— kX(0) (s + k)X, (0)
= Xa(s) = 24+ (ky+ko)s 824 (ks +k_)s
(10)
= G () = ak-X5(0) afs +k_)X1(0)

2+ (ky +k)s  s2+ (ky +k)s

Insofar as identifiability is concerned, Eq. captures the model structure with un-
known parameter vector {«, ki, k_}. Now, from Eq. , we create an analogous model
structure form for the hypothetical true parameter values of the same form

Cl/*k’iXQ(O) OJ*(S + k’i)Xl(O)
24+ (ki +k*)s s+ (ki +k*)s

(11)

@\X1 (8) =

where the * sign shows the true or known value of the parameter. By comparing Eqs.
and we find

ak_ = o k*

ko + ko =k 4k

Likewise, for the second species, )/(\2(5), we similarly have

S k- X3(0) k1 X, (0) k- X»(0)
=Xl = GO e 4 509) T 2 ey ks T G4 k)
(13)
= G(s) = Bk_k4X5(0) Bk, X1(0) Bk_X5(0)

(s+k)(s2+ (ky +k_)s) 24+ (kpr+k)s (s+k)
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Similarly, we find

)
Bk_ky = Bk k.
Bky = Bk

Pk = pkZ

| Btk =k R

(14)

By using either Eqgs. or we find that in order to uniquely express all the starred

quantities in terms of unstarred quantities we need to pre-specify the value of either a or f3.

We can now apply the same procedure to our full hepatic transport model described by

Egs. , and Eq. .

and

\

% = —kgyS+ky_sH

% = ks uS — (ks + kuso)H — kurH
% — by H — koC

e R

UL Ky = (s + b+ b
Ly el
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With the measurement model

S
H

Ys a 00 o 0 0 €1
C

yw | =10 8 0 0 B 0 + | e
S/

Yo 00y 0 0« €3
Hl
C/

Laplace transforming Eqs. and gives

( ~

sS(s) — S(0) = —k,.S(s) + k_H(s)

sH(s) — H(0) =k S(s) — (k_ + ko + kpr)H(s)

sC(s) — C(0) = ko H(s) — k3 C(s)

/

s9'(s) — S'(0) = =K' §'(s) + K _H'(s)

| sC7(s) — C"(0) = kyH'(s) — k4, C'(s).

sH'(s) — H'(0) = K, 5'(s) — (K + k3)H'(s) + kur H(s)

(17)

(18)

By re-arranging Egs. and , we can determine S(s), H(s), and C(s) (for fluorescein)

S9



and their primed counter-parts (for glucuronidated fluorescein). Thus, we have

( §(s) = k_H(s) N S5(0)

~

S+k+ 5+k+

~ H
S+k7+k2+kHT S+k7+k2+kHT
~ kaH(s)  C(0)
C(s) = + .
\ (S) S + kg[ S + kgl
Likewise, for the primed counter-parts, we have
(& K H (0
G = BB, 510
s+k. s+ kK,
— UE kurH (s H'(0
= ) = )t PO @)
s+kL+ kK, s+E +E, s+E 4K,
e KH C'(0
O(s) = BILL, )
\ s+ ki s+ kK
By isolating H (s) and f{\’(s) from Egs. and , we find
. k_H(O
S(s) = — © +
s+ (ky + k- + ko + kur)s + kyko + kykpr
(22)
S(O)(S +k_+ kg + kHT)
2 + (k+ +k_ 4+ kQ + kHT>S + k+l€2 + kJrkHT
(s) = knrk! H(s) . k' _H(0) .
VTR + (K, + kK- +Ky)s+ K\ Kk, 2+ (K, + K-+ Kky)s + K\ K,
(23)

S(0)(s + k' + K))
S+ (Ko + K+ Ky)s + Ko k)

S10



Now by using the first measurement equation, ys = a.S + o'S’, by comparing Eq. with

the model structure for known parameters (same as we did for Eq. ) the we obtain
ak_ = o k"

ky+k_+ko+kpyr =k, + k" + k3 +kyp

by +k_ =k, +k*

o' kyrkl, = o ki kY

o k" = oK™

K, + K =k +k"

\

Therefore, according to Eq. , we find that we need to pre-specify the values of «, o' and

kg to uniquely determine the other parameters.
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