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Summary of the model

The sequence level model of gene regulation used in this work was the subject of prior
investigation [1]. This calculation has two major sections. In the first, chemical rules
are used to define the equilibrium binding of transcription factors (TFs) on DNA. In the
second, phenomenological rules—which restate important experimental results in the
form of carefully selected equations—are used to compute the effects of DNA-bound
transcription factors on local gene expression. The full calculation includes six steps: (1)
calculation of TF binding affinity to DNA using position weight matrices (PWMs), (2)
calculation of fractional occupancy at each binding site identified in step 1, (3)
coactivation of Hunchback by locally bound Bicoid or Caudal, (4) quenching of
activators by locally bound repressors, (5) weighted summation of unquenched activators
along DNA, and (6) transcriptional activation though a diffusion limited Arrhenius rate
law. In the sections that follow, we introduce the equations for each of these steps.

PWM scores

First, we calculate PWM scores along DNA. We index binding sites with index i and
TFs with index a. We represent the binding site i for TF a, spanning nucleotides m
through n using the notation i[m,n; a]. When it is necessary to discuss the positioning
and possible overlap of binding sites, we denote by mi, ni, ai the leftmost and the
rightmost positions of nucleotides (measured on the DNA in the 5′ to 3′ direction)
spanning the binding site i, and the TF binding the site i, respectively. The binding site
indices i are ordered such that mi < mj for any i < j. If ni ≥ mj the sites i, j, i < j
overlap and are competing.

The PWM score S for each binding site i of the TF a is given by

Si[m,n;a] =

n∑
k=m

ln

(
Pa(k −m, jk)

Pbg(jk)

)
(1)

where jk ∈ {A,C, T,G} is the nucleotide observed at position k, Pa(k −m, j) is the
probability of observing this nucleotide at position k −m in a binding site for factor a,
and Pbg(jk) is the probability of observing this nucleotide in the null distribution, which
we take to be the D. melanogaster nucleotide frequencies: Pbg(C) = Pbg(G) =0.203;
Pbg(A) = Pbg(T ) = 0.297. We only keep binding sites with positive scores, representing
sites that are more likely to be binding sites than the background distribution.
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The PWM score S is used to calculate the binding affinity K [2].

Ki[m,n;a] = Kmax
a exp

(
Si − Smax

a

λa

)
(2)

where Smax
a is the maximum score possible for the PWM of factor a and λa is a positive

proportionality constant.

Adjustment for non-specific binding affinity

Binding affinity has both sequence specific and non-specific contributions. We only
want to consider specifically-bound TFs in our calculations. Previous work has shown
that non-specific binding energy is approximately three orders of magnitude smaller
than the maximum specific binding energy [3]. Following the derivation described [1],
we calculate an effective binding affinity,

Kef
i[m,n;a] =

Ki[m,n;a]

1 +Kns
a [TFa]

(3)

where Kns is the non-specific binding energy of TF a, which we fix to 0.001Kmax
a .

Fractional Occupancy

The fractional occupancy represents the portion of time any particular binding site i is
bound by transcription factor a. This can be computed using from the transcription
factor concentration and the binding affinity given in Eq. (3). To calculate fractional
occupancy, we add the Boltzmann weight of all binding states that contain a bound
transcription factor, divided by the sum of the Boltzmann weights of all the binding
states, known as the partition function. We take into account the cooperativity of
binding of close sites and the competition for binding between overlapping sites.

To this aim we introduce qi, 0 ≤ qi, representing the Boltzmann weight of the bound
state of the site i. The weight qi is proportional to the product between the effective
binding affinity and the concentration of the transcription factor, giving

qi = Kef
i[m,n;a][TFa]/([TFa]

maxKmax
a ). (4)

We also define a function that specifies the index of the rightmost (closest to 5′)
non-competing binding site to the left (in the direction towards 5′) of the site i:

f
(
i[m,n; a]

)
= max
nk≤mi,k<i

(
k[m,n; a]

)
. (5)

If there is no non-competing binding site left of the site i, then f
(
i[m,n; a]

)
= 0.

We define iteratively the following three partial partition functions:

Zi = Zi−1 + qiZf(i) +

i−1∑
k=1

qiqkw(i, k)Zf(k), Z0 = 1 (6)

Zc
i =

i−1∑
k=1

qiqkw(i, k)Zf(k), (7)

Znc
i = qiZf(i), (8)

where w(i, k), with 0 ≤ w(i, k) ≤ 1, is the cooperative interaction strength between sites
i and k. w(i, k) is only nonzero for Bcd sites less than 60 bp apart.
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We compute the partial partition functions while scanning DNA in the direct (5’ to
3’) and in the reverse (3’ to 5’) directions. We denote these Z+,Zc+

i , Znc+
i , and Z−,Zc−

i ,
Znc−
i , respectively. From these quantities, we compute the fractional occupancy as

fi[m,n;a] =
Znc+
i Zc−

i + Zc+
i Znc−

i + Znc+
i Znc−

i

Znqi
, (9)

where n = max i. A more detailed description is given elsewhere [4].

Coactivation

For sites i and k, the distance between sites is computed as

d(i, k) = min(
∣∣mi − nk

∣∣, ∣∣ni −mk|
)
, (10)

and the efficiency of interaction is given by

g(i, k;A,B) =


1 d(i, k) ≤ A
1− d(i,k)−A

B A < d(i, k) < A+B

0 A+B ≤ d(i, k)
, (11)

where A and B are positive parameters governing the shape of this interaction.
We divide fractional occupancy into two states: an activating state fA and a

quenching state fQ. For obligate repressors fQi[m,n;a] = fi[m,n;a], and similarly for

obligate activators fAi[m,n;a] = fi[m,n;a]. For factors that coactivate,

fQi[mi,ni;ai]
= fi[mi,ni;ai]

∏
k 6=i

(
1− g(i, k;Dc, 50)E

C
ak
fk[mk,nk;ak]

)
, (12)

fAi = fi − fQi (13)

where Dc is a free parameter giving the maximum distance at which coactivation is
100% efficient and ECak , 0 ≤ E

C
ak
≤ 1, is a free parameter giving the maximum efficiency

with which the factor ak induces activation of factor ai. This product occurs over all k
binding sites within the locus.

Quenching

The effective occupancy of each activator, F, is given by

Fi = fAi
∏
k 6=i

(
1− g(i, k, 100, 50)EQakf

Q
k

)
, (14)

where EQak , 0 ≤ E
Q
ak
≤ 1, is a free parameter giving the efficiency with which the factor

ak quenches. This product occurs over all k binding sites within the locus.

Summation of activating strength

The contribution to the total transcriptional activation for a sequence of bases from m
to m+ α is

N[m,m+α] =
∑
k

FkE
A
ak
I(k,m,m+ α), (15)

where the EAak , 0 ≤ E
A
ak
≤ 1 is the activating efficiency of factor ak and I(k,m,m+ α)

is a function that specifies whether the site k falls between p and q, given by

I(k,m,m+ α) =

{
1 mk ≥ m,nk < m+ α

0 Otherwise
(16)
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Activation by a diffusion-limited Arrhenius rate law

The rate of transcription driven by a sub-sequence bounded by m and m+α, is given by

R[m,m+α] =
Rmax

1 + exp(θ −N[m,m+α])
, (17)

where Rmax ≥ 0 is the efficiency of transcription, θ ≥ 1 is the total energy barrier which
sets the rate of transcription in the absence of activation. For a locus of length l, the
fraction of time that any DNA segment [m,m+ α] influences the promoter is given by

T[m,m+α] =
βN[m,m+α]

1 +
∑l
n=1−α βN[n,n+α]

, (18)

where the free parameter β, β ≥ 0, determines how much individual bound adaptors
increase the frequency of interaction with the promoter. The total rate of transcription
driven by the locus is then given by the frequency-weighted sum of transcription due to
each DNA segment [m,m+ α], so that

Rtotal =

l∑
m=1−α

R[m,m+α]T[m,m+α]. (19)
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