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WEB APPENDIX A: CLOSED-FORM SOLUTIONS FOR «,, o, FROM FIRST-STAGE QLS
ESTIMATING EQUATIONS

We provide the closed-form solutions to &, a; based on the first-stage QLS estimating equations. These expressions were first
introduced by Shults and Morrow'!, and we review them in our notations for cohort stepped wedge designs. Specifically, the
first-stage estimator for aj is the solution to the scalar estimating equation
I
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For balanced cohort size such that N; = N, a closed-form expression for aj is
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where a; = Y 12, PO F @) (0), and @, = ¥ lzj’vl‘z,_JH | (O)F ! (a,)r;;(6). Similarly, the first-stage

estimating equation for a;,
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is equivalent to the following expression
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WEB APPENDIX B: MATRIX-ADJUSTED QLS ESTIMATING EQUATIONS

We justify the proposed matrix-adjusted correlation estimates as follows. Recall that the first-stage estimating equation is
equivalent to
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and ¢~ 'r, (H)r’ 0) is the nonparametric moment estimator for the correlation matrix. Specifically when I is small, the esti-
mated residual y; — fI; tends to be biased towards zero, and followmg Preisser et al.Z, we have E[(y;, — )y, — 4,)'] =~
(I —H;)cov(y,) = q,’)(l H. )A]/2corr(y,)A /% and therefore Elr (0)r O ~ ¢A_l/2(1 H. )Al/zcorr(yi). This last equation sug-
gests that ¢~ IA_I/ 2(I H,)~ 1A1/ 2y (9)rl’. (9) is a better estimator for corr(y;) compared to the simple cross-product d)‘lr,-(é)rl’, (9),
since the former accounts for ﬁmte—sample bias in a multiplicative fashion. Then we define the “matrix-adjusted" estimator
R[(G) = _1/ 2(I H,)~ lAl/ 2 :(0)r!(0) for the correlation matrix to replace the simple cross-product r;()r(6) in (@). See also
the Web Appendlx B of Li et al.” for a full exposition on related technical details. In other words, estimating equation (3) could
be replaced by
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When the true correlation is the proportional decay structure, we provide the closed-form updates for the matrix-adjusted esti-
mating equations. Write R;(6) as a block matrix with each block R ; corresponding to the repeated measurements for the same
individual
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After some simplification algebra, we could express , as the solution to g(e,) = 0, where
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Similarly, we solve the following bias-corrected estimating equation for a;
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Recall that F~'(p) = (1 — p>)~"'{I + p>C, — pC,}, C, = diag(0, 1,...,1,0) and C, is a tridiagonal matrix with zeros on the
main diagonal and ones on the two sub-diagonals. After some simplification algebra, we could express «; as

where
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WEB APPENDIX C: CLOSED-FORM VARIANCE OF THE INTERVENTION EFFECT UNDER
THE PROPORTIONAL DECAY MODEL

Recall that the TN X (T' + 1) design matrix corresponding to cluster i as Z; = 15 @ (I, X;), where 1, is a N-vector of ones.
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The variance of the intervention effect var(o) equals to the lower-right element of ¢ { Z,I:  Z l’ Ri‘l(r, pZ, } , where ¢ is the
marginal variance or dispersion. Notice that
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where Ay, is of dimension T x T, A, = A, is of dimension 7' X 1, and A,, is a scalar. Define ¢ = (1 - )l and d =
/[(1 = 7){(1 + (N — 1)7)}], and after some algebra, we obtain
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and Ay, = N(c — Nd) Zil:l X/ F~'X,. The variance of the intervention effect then becomes
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The key terms are further expanded as
T-2
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where U = Z,,I:l Zthl X,andV = Zfl=1 S X, X .++1 are design constants that only depend on the stepped wedge assignment

=1 i
layout. The last equality holds because X;; = 0, X;; = 1 for all i in stepped wedge designs. In particular, the inner summation

in V reflects the between-period autoregressive structure to the first order. Next,
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where the design constants W = Z,T=1 (Zilzl X,.,>2 and Q = ZtT:_ll (Zilzl Xi,> (2;1:1 X ) Again, the outer summation in
O reflects the between-period autoregressive structure to the first order. Further note
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Some further algebra leads to the following closed-form variance expression in Section 4.1 of the main text,
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WEB APPENDIX D: WEB TABLES

Web Table 1 Convergence rates (out of 10000) for quasi-least squares (QLS) and matrix-adjusted quasi-least squares (MAQLS)
analyses of simulated outcome data when the treatment effect is zero.

Correlations  Effect size Design resource  Convergence (%)

T p s I N T QLS MAQLS
003 02 0.3 18 10 7 100.0 98.3
0.03 02 0.3 18 24 4 100.0 99.4
0.03 02 0.3 20 14 5 100.0 98.9
0.03 02 0.4 21 8 4 100.0 100.0
0.03 0.2 0.5 15 8 4 100.0 100.0
0.03 0.8 0.2 16 12 5 999 99.2
0.03 0.8 0.2 24 7 5 100.0 99.8
0.03 0.8 0.3 12 8 5 998 98.2
003 08 0.4 12 5 4 998 98.0
0.03 0.8 0.5 10 5 3 998 98.4
0.10 02 0.3 21 11 8 100.0 99.8
0.10 0.2 0.3 24 11 7 100.0 99.9
0.10 02 0.4 15 16 6 100.0 98.4
0.10 02 0.4 18 8 7 100.0 100.0
0.10 02 0.5 16 7 5 100.0 100.0
0.10 0.8 0.2 20 18 5 100.0 99.7
0.10 0.8 0.3 15 9 4 100.0 100.0
0.10 08 0.4 10 20 3 100.0 97.0
0.10 0.8 0.4 12 5 5 100.0 99.5
0.10 0.8 0.5 9 7 4 100.0 99.5
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Web Table 2 Convergence rates (out of 10000) for quasi-least squares (QLS) and matrix-adjusted quasi-least squares (MAQLS)

analyses of simulated outcome data when the treatment effect is nonzero.

Correlations  Effect size  Design resource  Convergence (%)

T p ) I N T QLS MAQLS
0.03 02 0.3 18 10 7 100.0 98.3
0.03 02 0.3 18 24 4 100.0 99.4
0.03 0.2 0.3 20 14 5 100.0 98.9
0.03 0.2 0.4 21 8 4 100.0 100.0
003 02 0.5 15 8 4 1000 100.0
0.03 0.8 0.2 16 12 5 999 99.2
0.03 0.8 0.2 24 7 5 100.0 99.8
0.03 08 0.3 12 8 5 998 98.2
0.03 0.8 0.4 12 5 4 9938 98.0
0.03 0.8 0.5 10 5 3 998 98.4
0.10 0.2 0.3 21 11 8 100.0 99.8
0.10 0.2 0.3 24 11 7 1000 99.9
0.10 0.2 0.4 15 16 6 100.0 98.4
0.10 0.2 0.4 18 8 7 100.0 100.0
0.10 0.2 0.5 16 7 5 100.0 100.0
0.10 0.8 0.2 20 18 5 100.0 99.7
0.10 0.8 0.3 15 9 4 100.0 100.0
0.10 0.8 0.4 10 20 3 100.0 97.0
0.10 0.8 0.4 12 5 5 100.0 99.5
0.10 0.8 0.5 9 7 4 1000 99.5
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Web Table 3 Percent relative bias of the correlation parameters based on quasi-least squares (QLS) and matrix-adjusted quasi-
least squares (MAQLS) for each simulation scenario when the treatment effect is nonzero.

Correlations  Effect size Design resource Percent bias for ¢ Percent bias for p

T p s I N T QLS MAQLS QLS MAQLS
0.03 02 0.3 18 10 7  -266 36 -0.6 0.2
0.03 02 0.3 18 24 4 -16.0 55 03 0.0
0.03 02 0.3 20 14 5 202 34 05 0.1
0.03 0.2 0.4 21 8 4 294 32 -04 0.2
003 02 0.5 15 8 4 413 47 07 0.3
0.03 0.8 0.2 16 12 5 262 44 06 0.0
0.03 0.8 0.2 24 7 5 276 07 -0.6 0.1
003 08 0.3 12 8 5 494 84 2.1 0.3
0.03 08 0.4 12 5 4 744 64 2.3 0.5
0.03 08 0.5 0 5 3 922 06 -1.6 0.5
0.10 02 0.3 21 11 8 92 39 06 0.6
0.10 02 0.3 24 11 7 8.1 34 -04 0.6
0.10 02 0.4 15 16 6 -11.8 71 -06 1.1
0.10 02 0.4 18 8 7 -127 39 0.8 0.7
0.10 0.2 0.5 16 7 5 -167 37 07 1.0
0.10 08 0.2 20 18 5 -8.0 49 0.1 0.2
0.10 08 0.3 15 9 4 -152 31 -02 0.2
0.10 08 0.4 10 20 3  -169 64 0.1 0.3
0.10 0.8 0.4 2 5 5 270 26 -15 0.0
0.10 038 0.5 9 7 4 297 39  -1.0 0.1
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WEB APPENDIX E: WEB FIGURES

cluster 1

cluster 2

cluster 3

cluster 4

cluster 5

Sl|Q||@||e||@]||<@

cluster 6

|
|
|
|
|
|

Sl|Q||@||e||@]||<@

Sl |@||<@

b=2

Web Figure 1 A schematic illustration of a stepped wedge design with I = 6 clusters and T" = 6 periods, with b = 2 baseline
periods, ¢; = ¢; = 1 and ¢, = 2. Each cell with a zero entry indicates a control cluster-period and each cell with a one entry

indicates an intervention cluster-period.
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Web Figure 2 The design effect as a function of the degree of correlation decay, defined as 1 — p. The x-axis is 1 — p so that
the degree of decay increases from left to right. For illustration, the cohort size and the within-period correlation are fixed at
N =20and = = 0.1. Corresponding to the analytical result in Section 4.2, the maximum design effect is attained when p = r
(gray square dot), a value between 0 and 1 and determined by the number of steps .S and the number of measurements between
steps c.
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(b) MAQLS z-test
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Web Figure 3 Empirical type I error rates for (a) QLS z-tests, (b) MAQLS z-tests, (c) QLS t-tests with DoF = I — 2, (d)
MAQLS t-tests with DoF = I — 2, (e) QLS t-tests with DoF = I — (T + 1) and (f) MAQLS t-tests with DoF = I — (T + 1).
MB: model-based variance; BCO: uncorrected sandwich variance; BC1: KC-corrected sandwich variance; BC2: MD-corrected
sandwich variance; BC3: FG-corrected sandwich variance. The acceptable bounds are shown with the dashed horizontal lines.
For each value of I, there may be multiple points with the same symbol indicating results with different combinations of design
resources and correlation parameters.
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Web Figure 4 Differences between the empirical power and the predicted power of (a) QLS z-tests, (b) MAQLS z-tests, (c)
QLS t-tests with DoF = I — 2, (d) MAQLS t-tests with DoF = I — 2, (e) QLS t-tests with DoF = I — (T + 1) and (f) MAQLS
t-tests with DoF = I — (T + 1). MB: model-based variance; BCO: uncorrected sandwich variance; BC1: KC-corrected sandwich
variance; BC2: MD-corrected sandwich variance; BC3: FG-corrected sandwich variance. The acceptable bounds are shown
with the dashed horizontal lines. For each value of I, there may be multiple points with the same symbol indicating results with
different combinations of design resources and correlation parameters.
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Web Figure 5 Contour plots for the relative variance obtained under the proportional decay correlation model and the block
exchangeable correlation model, for varying values of the proportional decay model decay parameter d and the block exchange-
able model correlation parameters aPE agE. In all panels, the within-period correlation = = 0.03, the number of periods T' = 4

1

and the cohort size N = 100. The dashed thick line indicates the equality of variances.
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Web Figure 6 Contour plots for the relative variance obtained under the proportional decay correlation model and the block
exchangeable correlation model, for varying values of the proportional decay model decay parameter d and the block exchange-
able model correlation parameters ", a5F. In all panels, the within-period correlation 7 = 0.03, the number of periods 7' = 8

and the cohort size N = 20. The dashed thick line indicates the equality of variances.
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Web Figure 7 Contour plots for the relative variance obtained under the proportional decay correlation model and the block
exchangeable correlation model, for varying values of the proportional decay model decay parameter d and the block exchange-
able model correlation parameters aPF, aF. In all panels, the within-period correlation = = 0.1, the number of periods T = 4

and the cohort size N = 20. The dashed thick line indicates the equality of variances.
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