
S1 Appendix - Detailed calculations for optimizing anisotropic
similarity between two sets of paired points

S1.1

Let R be a rotation matrix. Then, an associated unit quaternion q is defined such as if Rx = q ∗ x ∗ q̄. Thus:

C̃(q, S) =
∑
i

‖y′i − q ∗ ξi ∗ q̄‖
2

=
∑
i

‖y′i ∗ q − q ∗ ξi‖
2

(17)

S1.2

If p is a vector, the associated quaternion is pure: p1 = 0 which implies that Qp and Pp are skew-symmetric.
Yet y′i and ξi are vectors, thus:

C̃(q, S) =
∑
i

‖y′i ∗ q − q ∗ ξi‖
2

= qT

(∑
i

(
Qy′i + Pξi

)T (
Qy′i + Pξi

))
q

= qT

(
−
∑
i

(
Qy′i + Pξi

)2)
q

(18)

S1.3

If p is a vector, the associated quaternion is pure: p1 = 0 which implies that Qp and Pp are skew-symmetric
and Q2

p = P 2
p = −pT pI4.

Yet y′i and ξi are vectors, thus:

C̃(q, S) = −qT
(∑

i

(
Qy′i + Pξi

)2)
q

= −qT
(∑

i

(
Q2
y′i

+ 2Qy′iPξi + P 2
ξi

))
q

= −qT
(∑

i

(
−y′i

T
y′iI4 + 2Qy′iPξi − ξ

T
i ξiI4

))
q

= −qT
(∑

i

(
−y′i

T
y′iI4 + 2Qy′iPξi − x̃

T
i S

2x̃iI4

))
q

(19)



Thus:

∂C̃

∂sj
= −qT

(∑
i

(2Qy′i
∂Pξi
∂sj

− 2x̃Ti sjEjj x̃i)

)
q

Ejj being the matrix with a 1 at the intersection of the jth row and the jth column and 0 elsewhere.

= −2qT

(∑
i

Qy′i
∂Pξi
∂sj

)
q + 2qT

(
sj
∑
i

x̃2ji

)
q

yet
∑
i

x̃2ji scalar and qT q = 1

= −qT
(∑

i

Qy′i
∂Pξi
∂sj

)
q + sj

∑
i

x̃2ji

∂C̃

∂sj
= 0⇔ ŝj =

1∑
i x̃

2
ji

qT

(∑
i

Qy′i
∂Pξi
∂sj

)
q

(20)

S1.4

Qy′i
∂Pξi
∂s1

= x̃1i


y′1i 0 −y′3i y′2i
0 y′1i y′2i y′3i
−y′3i y′2i −y′1i 0
y′2i y′3i 0 −y′1i

 , Qy′i
∂Pξi
∂s2

= x̃2i


y′2i y′3i 0 −y′1i
y′3i −y′2i y′1i 0
0 y′1i y′2i y′3i
−y′1i 0 y′3i −y′2i


and Qy′i

∂Pξi
∂s3

= x̃3i


y′3i −y′2i y′1i 0
−y′2i −y′3i 0 y′1i
y′1i 0 −y′3i y′2i
0 y′1i y′2i y′3i


(21)


