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Appendix A 

Nitrogen-limited system 

 

𝑑𝐻

𝑑𝑡
=

𝑟𝐻𝐻𝑁𝑜𝑟𝑔

𝐾𝑜𝑟𝑔 + 𝑁𝑜𝑟𝑔 

⏞        

𝑁𝑜𝑟𝑔 𝑢𝑝𝑡𝑎𝑘𝑒

− 𝜙𝐻𝐻𝑉𝐻⏞    
𝑙𝑦𝑠𝑖𝑠

− 𝛾𝐻𝐻𝑍⏞  
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝐻𝐻⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝜎𝐻𝐻⏞
𝑜𝑟𝑔𝑎𝑛𝑖𝑐  𝑙𝑜𝑠𝑠

 
(A1) 

𝑑𝐶

𝑑𝑡
=

𝑟𝐶𝐶𝑁𝑖𝑛
𝐾𝑖𝑛 + 𝑁𝑖𝑛

⏞      
𝑁𝑖𝑛𝑢𝑝𝑡𝑎𝑘𝑒

− 𝜙𝐶𝐶𝑉𝐶⏞    
𝑙𝑦𝑠𝑖𝑠

− 𝛾𝐶𝐶𝑍⏞  
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝐶𝐶⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝜎𝐶𝐶⏞
𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

 
(A2) 

𝑑𝑍

𝑑𝑡
=
𝑝𝑔𝑍(𝑏𝐻𝛾𝐻𝐻 + 𝑏𝐶𝛾𝐶𝐶)

𝑏𝑍

⏞              
 

𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝑍𝑍⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝛾𝑍 𝑍2⏞  
𝑝𝑟𝑒𝑑𝑎𝑡𝑖𝑜𝑛

 
(A3) 

𝑑𝑉𝐻
𝑑𝑡

= 𝛽𝐻𝜙𝐻𝐻𝑉𝐻⏞      
𝑙𝑦𝑠𝑖𝑠

− 𝜃𝐻𝑉𝐻⏞  
𝑑𝑒𝑐𝑎𝑦

 (A4) 
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𝑑𝑉𝐶
𝑑𝑡

= 𝛽𝐶𝜙𝐶𝐶𝑉𝐶⏞      
𝑙𝑦𝑠𝑖𝑠

− 𝜃𝐶𝑉𝐶⏞
𝑑𝑒𝑐𝑎𝑦

 (A5) 

𝑑𝑁𝑖𝑛
𝑑𝑡

= −𝜔(𝑁𝑖𝑛 − 𝑁𝑠𝑢𝑏)⏞          
𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒

+
𝑏𝐻(1 − 𝜖𝐻)𝑟𝐻𝐻𝑁𝑜𝑟𝑔

𝜖𝐻(𝐾𝑜𝑟𝑔 + 𝑁𝑜𝑟𝑔)

⏞            
𝐻 𝑢𝑝𝑡𝑎𝑘𝑒

−
𝑏𝐶𝑟𝐶𝐶𝑁𝑖𝑛
𝐾𝑖𝑛 + 𝑁𝑖𝑛

⏞      
𝐶 𝑢𝑝𝑡𝑎𝑘𝑒

+ 𝑏𝑍𝜆𝑍𝑍⏞  
𝑍 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑏𝐻𝜆𝐻𝐻⏞    
𝐻 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑏𝐶𝜆𝐶𝐶⏞  
𝐻 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑍(1 − 𝑝𝑔 − 𝑝𝑒𝑥)(𝑏𝐻𝛾𝐻𝐻 + 𝑏𝐶𝛾𝐶𝐶) 
⏞                      

𝑔𝑟𝑎𝑧𝑖𝑛𝑔

 

 

 

 

(A6) 

 

𝑑𝑁𝑜𝑟𝑔

𝑑𝑡
= −

𝑏𝐻𝑟𝐻𝐻𝑁𝑜𝑟𝑔

𝜖𝐻(𝐾𝑜𝑟𝑔 + 𝑁𝑜𝑟𝑔)

⏞            
 𝐻 𝑢𝑝𝑡𝑎𝑘𝑒

+ 𝑏𝑉𝜃𝐻𝑉𝐻⏞    
𝑉𝐻 𝑑𝑒𝑐𝑎𝑦

+ 𝑏𝑉𝜃𝐶𝑉𝐶⏞    
𝑉𝐶 𝑑𝑒𝑐𝑎𝑦

+ (𝑏𝐻 − 𝑏𝑉𝛽𝐻)𝜙𝐻𝐻𝑉𝐻⏞            
𝐻 𝑙𝑦𝑠𝑖𝑠

+ (𝑏𝐶 − 𝑏𝑉𝛽𝐶)𝜙𝐶𝐶𝑉𝐶⏞            
𝐶 𝑙𝑦𝑠𝑖𝑠

+ 𝑏𝐻𝜎𝐻𝐻⏞    
𝐻 𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

+ 𝑏𝐶𝜎𝐶𝐶⏞  
𝐶 𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

 

+ 𝑝𝑒𝑥𝑍(𝑏𝐻𝛾𝐻𝐻 + 𝑏𝐶𝛾𝐶𝐶)⏞              
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

 (A7) 

 

Phosphorus-limited system 

𝑑𝐻

𝑑𝑡
=

𝑟𝐻𝐻𝑃𝑖𝑛
 𝐾𝐻,𝑖𝑛 + 𝑃𝑖𝑛 

⏞        
𝑃𝑖𝑛 𝑢𝑝𝑡𝑎𝑘𝑒

 − 𝜙𝐻𝐻𝑉𝐻⏞    
𝑙𝑦𝑠𝑖𝑠

− 𝛾𝐻𝐻𝑍⏞  
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝐻𝐻⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝜎𝐻𝐻⏞
𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

 
(A8) 

𝑑𝐶

𝑑𝑡
=

𝑟𝐶𝐶𝑃𝑖𝑛
 𝐾𝐶,𝑖𝑛 + 𝑃𝑖𝑛

⏞      
𝑃𝑖𝑛 𝑢𝑝𝑡𝑎𝑘𝑒

− 𝜙𝐶𝐶𝑉𝐶⏞    
𝑙𝑦𝑠𝑖𝑠

− 𝛾𝐶𝐶𝑍⏞  
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝐶𝐶⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝜎𝐶𝐶⏞
𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

 
(A9) 

𝑑𝑍

𝑑𝑡
=
𝑝𝑔𝑍(𝑞𝐻𝛾𝐻𝐻 + 𝑞𝐶𝛾𝐶𝐶)

𝑞𝑍

⏞              
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜆𝑍𝑍⏞
𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

− 𝛾𝑍 𝑍2⏞  
𝑝𝑟𝑒𝑑𝑎𝑡𝑖𝑜𝑛

 
(A10) 

𝑑𝑉𝐻
𝑑𝑡

= 𝛽𝐻𝜙𝐻𝐻𝑉𝐻⏞      
𝑙𝑦𝑠𝑖𝑠

− 𝜃𝐻𝑉𝐻⏞  
𝑑𝑒𝑐𝑎𝑦

 (A11) 
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𝑑𝑉𝐶
𝑑𝑡

= 𝛽𝐶𝜙𝐶𝐶𝑉𝐶⏞      
𝑙𝑦𝑠𝑖𝑠

− 𝜃𝐶𝑉𝐶⏞
𝑑𝑒𝑐𝑎𝑦

 (A12) 

𝑑𝑃𝑖𝑛
𝑑𝑡

= −𝜔(𝑃𝑖𝑛 − 𝑃𝑠𝑢𝑏)⏞        
𝑒𝑥𝑐ℎ𝑎𝑛𝑔𝑒

 –  
𝑞𝐻𝑟𝐻𝐻𝑃𝑖𝑛
𝐾𝐻,𝑖𝑛 + 𝑃𝑖𝑛

⏞      
𝐻 𝑢𝑝𝑡𝑎𝑘𝑒

−
𝑞𝐶𝑟𝐶𝐶𝑃𝑖𝑛
 𝐾𝐶,𝑖𝑛 + 𝑃𝑖𝑛

⏞      
𝐶 𝑢𝑝𝑡𝑎𝑘𝑒

+ 𝑞𝑍𝜆𝑍𝑍⏞  
𝑍 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑞𝐻𝜆𝐻𝐻⏞    
𝐻 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ 𝑞𝐶𝜆𝐶𝐶⏞  
𝐶 𝑟𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑖𝑜𝑛

+ (1 − 𝑝𝑔 − 𝑝𝑒𝑥)(𝑞𝐻𝛾𝐻𝐻𝑍 + 𝑞𝐶𝛾𝐶𝐶𝑍)
⏞                      

𝑔𝑟𝑎𝑧𝑖𝑛𝑔

+ 𝜓𝐻𝐻𝑃𝑜𝑟𝑔⏞      
𝑟𝑒𝑚𝑖𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

+ 𝜓𝐶𝐶𝑃𝑜𝑟𝑔⏞    
𝑟𝑒𝑚𝑖𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

 (A13) 

𝑑𝑃𝑜𝑟𝑔

𝑑𝑡
=  𝑞𝑉𝜃𝐻𝑉𝐻⏞    

𝑉𝐻 𝑑𝑒𝑐𝑎𝑦

+ 𝑞𝑉𝜃𝐶𝑉𝐶⏞    
𝑉𝐶 𝑑𝑒𝑐𝑎𝑦

+ (𝑞𝐻 − 𝑞𝑉𝛽𝐻)𝜙𝐻𝐻𝑉𝐻⏞            
𝐻 𝑙𝑦𝑠𝑖𝑠

+ (𝑞𝐶 − 𝑞𝑉𝛽𝐶)𝜙𝐶𝐶𝑉𝐶⏞            
𝐶 𝑙𝑦𝑠𝑖𝑠

+ 𝑞𝐻𝜎𝐻𝐻⏞    
𝐻 𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

+ 𝑞𝐶𝜎𝐶𝐶⏞  
𝐶 𝑜𝑟𝑔𝑎𝑛𝑖𝑐 𝑙𝑜𝑠𝑠

+ 𝑝𝑒𝑥𝑍(𝑞𝐻𝛾𝐻𝐻 + 𝑞𝐶𝛾𝐶𝐶)⏞              
𝑔𝑟𝑎𝑧𝑖𝑛𝑔

− 𝜓𝐻𝐻𝑃𝑜𝑟𝑔⏞      
𝑟𝑒𝑚𝑖𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

− 𝜓𝐶𝐶𝑃𝑜𝑟𝑔⏞    
𝑟𝑒𝑚𝑖𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛

 (A14) 

 

 

Fluxes 

 

The equations below provide expressions for productivity (P), nutrient release (NR), nutrient 

export to higher trophic levels (NE), and carbon sink (CS), for the N-limited systems. The 

equations for the P-limited systems are similar, and just require replacing the N-specific 

parameters with their phosphorus equivalent (e.g. 𝑏𝐻 ↔ 𝑞𝐻, 𝑏𝐶:𝑁 ↔ 𝑏𝐶:𝑃, etc). 

 

𝑃 =  
𝑏𝐻𝑟𝐻𝐻𝑁𝑜𝑟𝑔

𝐾𝑜𝑟𝑔 + 𝑁𝑜𝑟𝑔 
+ 
𝑏𝐶𝑟𝐶𝐶𝑁𝑖𝑛
𝐾𝑖𝑛 + 𝑁𝑖𝑛

 (A15) 

𝑁𝑅 = (𝑏𝐻 − 𝑏𝑉𝛽𝐻)𝜙𝐻𝐻𝑉𝐻 + (𝑏𝐶 − 𝑏𝑉𝛽𝐶)𝜙𝐶𝐶𝑉𝐶 + 𝑝𝑒𝑥𝑍(𝑏𝐻𝛾𝐻𝐻 + 𝑏𝐶𝛾𝐶𝐶) (A16) 

𝑁𝐸 =  𝑏𝑍𝛾𝑍𝑍
2 (A17) 

𝐶𝑆 =  𝑏𝑍𝛾𝑍𝑍
2𝑝𝑓𝑧𝐶:𝑁 + (𝑏𝐻𝑏𝐶:𝑁 − 𝑏𝑉𝑣𝐶:𝑁𝛽𝐻)𝜙𝐻𝐻𝑉𝐻𝑝𝑟𝑒𝑐
+ (𝑏𝐶𝑏𝐶:𝑁 − 𝑏𝑉𝑣𝐶:𝑁𝛽𝐶)𝜙𝐶𝐶𝑉𝐶𝑝𝑟𝑒𝑐 

(A18) 
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Appendix B 

 

 

Equilibrium expressions 

 

N-limited, with viruses 

 

𝐻 =
𝜃𝐻
𝛽𝐻𝜙𝐻

 (B1) 

𝐶 =
𝜃𝐶
𝛽𝐶𝜙𝐶

 (B2) 

𝑍 =
𝑝𝑔(𝑏𝐻𝛾𝐻𝐻 + 𝑏𝐶𝛾𝐶𝐶)

𝑏𝑍𝛾𝑍
−
𝜆𝑍
𝛾𝑍

 (B3) 

𝑁𝑖𝑛 = 𝑁𝑠𝑢𝑏 −
𝑏𝑍𝛾𝑍𝑍

2

𝜔
 (B4) 

𝑉𝐶 =
𝑟𝐶𝑁𝑖𝑛

𝜙𝐶(𝑁𝑖𝑛 + 𝐾𝑖𝑛)
−
𝜆𝐶
𝜙𝐶
−
𝜎𝐶
𝜙𝐶
−
𝛾𝐶𝑍

𝜙𝐶
 

 

 

(B5) 

𝑉𝐻 =
𝑥

𝑦
  

 

where:  

(B6) 

 

𝑥 =  −
𝑏𝐻𝐻(𝛾𝐻𝑍 + 𝜆𝐻 + 𝜎𝐻)

𝜖𝐻
+ 𝑏𝑉𝜃𝐶𝑉𝐶 + (𝑏𝐶 − 𝑏𝑉𝛽𝐶)𝜙𝑉𝐶𝐶𝑉𝐶 + 𝑝𝑒𝑥𝑏𝐻𝛾𝐻𝐻𝑍

+ 𝑝𝑒𝑥𝑏𝐶𝛾𝐶𝐶𝑍 + 𝑏𝐻𝜎𝐻𝐻 + 𝑏𝐶𝜎𝐶𝐶  

(B7) 

𝑦 =
𝑏𝐻𝜙𝑉𝐻𝐻

𝜖𝐻
− 𝑏𝑉𝜃𝐻 − (𝑏𝐻 − 𝑏𝑉𝛽𝐻)𝜙𝑉𝐻𝐻 (B8) 

𝑁𝑜𝑟𝑔 =
𝐾𝑜𝑟𝑔(𝜙𝑉𝐻𝑉𝐻 + 𝛾𝐻𝑍 + 𝜆𝐻 + 𝜎𝐻)

𝑟𝐻 − 𝜙𝑉𝐻𝑉𝐻 − 𝛾𝐻𝑍 − 𝜆𝐻 − 𝜎𝐻
 (B9) 
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N-limited, without viruses 

 

We find the equilibrium expression for Z by solving a polynomial of the third degree of the form 

𝐶3𝑍
3 + 𝐶2𝑍

2 + 𝐶1𝑍 + 𝐶0 = 0  where: 

 

𝐶3 =
𝛾𝐶𝑏𝑍𝛾𝑍
𝜔

 (B10) 

𝐶2 = −
𝑏𝑍𝛾𝑍(𝑟𝐶 − 𝜆𝐶 − 𝜎𝐶)

𝜔
 (B11) 

𝐶1 = −𝐾𝑖𝑛𝛾𝐶 − 𝑁𝑠𝑢𝑏𝛾𝐶 (B12) 

𝐶0 = 𝑁𝑠𝑢𝑏(𝑟𝐶 − 𝜆𝐶 − 𝜎𝐶) − 𝐾𝑖𝑛(𝜆𝐶 + 𝜎𝐶)
 (B13) 

 

We solved for Z numerically. We then found the equilibrium expressions of the remaining 

variables. 

 

 

𝑁𝑖𝑛 = 𝑁𝑠𝑢𝑏 −
𝑏𝑍𝛾𝑍𝑍

2

𝜔
 (B14) 

𝑁𝑜𝑟𝑔 =
𝐾𝑜𝑟𝑔(𝛾𝐻𝑍 + 𝜆𝐻 + 𝜎𝐻)

𝑟𝐻 − 𝛾𝐻𝑍 − 𝜆𝐻 − 𝜎𝐻
 (B15) 

𝐻 = 
𝜎𝐶𝑏𝑍(𝜆𝑍 + 𝛾𝑍𝑍) + 𝑝𝑒𝑥𝑏𝑍𝑍𝛾𝐶(𝜆𝑍 + 𝛾𝑍𝑍)

𝑝𝐺𝛾𝐶 (
𝑏𝐻𝑟𝐻𝑁𝑜𝑟𝑔

𝜖𝐻(𝐾𝑜𝑟𝑔 + 𝑁𝑜𝑟𝑔)
− 𝑏𝐻𝜎𝐻 +

𝜎𝐶𝑏𝐻𝛾𝐻
𝛾𝐶

)

 
(B16) 

𝐶 =
𝑏𝑍(𝜆𝑍 + 𝛾𝑍𝑍)

𝑝𝐺𝑏𝐶𝛾𝐶
−
𝑏𝐻𝛾𝐻𝐻

𝑏𝐶𝛾𝐶
 (B17) 

 

 

 

P-limited, with viruses 

 

𝐻 =
𝜃𝐻
𝛽𝐻𝜙𝐻

 (B18) 



 6 

𝐶 =
𝜃𝐶
𝛽𝐶𝜙𝐶

 (B19) 

𝑍 =
𝑝𝑔(𝑞𝐻𝛾𝐻𝐻 + 𝑞𝐶𝛾𝐶𝐶)

𝑞𝑍𝛾𝑍
−
𝜆𝑍
𝛾𝑍

 (B20) 

𝑃𝑖𝑛 = 𝑃𝑠𝑢𝑏 −
𝑞𝑍𝛾𝑍𝑍

2

𝜔
 (B21) 

𝑉𝐻 =
𝑟𝐻𝑃𝑖𝑛

𝜙𝐻(𝑃𝑖𝑛 + 𝐾𝐻,𝑖𝑛)
−
𝜆𝐻
𝜙𝐻

−
𝜎𝐻
𝜙𝐻

−
𝛾𝐻𝑍

𝜙𝐻
 (B22) 

𝑉𝐶 =
𝑟𝐶𝑃𝑖𝑛

𝜙𝐶(𝑃𝑖𝑛 + 𝐾𝐶,𝑖𝑛)
−
𝜆𝐶
𝜙𝐶
−
𝜎𝐶
𝜙𝐶
−
𝛾𝐶𝑍

𝜙𝐶
 (B23) 

𝑃𝑜𝑟𝑔 =
𝑞𝐻𝜎𝐻𝐻 + 𝑞𝐶𝜎𝐶𝐶 + 𝑝𝑒𝑥𝑍(𝛾𝐻𝑞𝐻𝐻 + 𝛾𝐶𝑞𝐶𝐶) + 𝜃𝐻𝑉𝐻𝑞𝑉 + 𝜃𝐶𝑉𝐶𝑞𝑉

𝜓𝐻𝐻 + 𝜓𝐶𝐶

+
(𝑞𝐻 − 𝛽𝐻𝑞𝑉)𝜙𝐻𝑉𝐻𝐻 + (𝑞𝐶 − 𝛽𝐶𝑞𝑉)𝜙𝐶𝑉𝐶𝐶

𝜓𝐻𝐻 + 𝜓𝐶𝐶
 

 

 

(B24) 

 

 

 

P-limited, without viruses 

 

We find the equilibrium expression for Z by solving a polynomial of the third degree of the form 

𝐶3𝑍
3 + 𝐶2𝑍

2 + 𝐶1𝑍 + 𝐶0 = 0  where: 

 

 

 

𝜉 = 𝑞𝑍𝛾𝑍𝜔  (B25) 

𝐶3 = −𝛾𝐻𝜉 (B26) 

𝐶2 =  𝜉(𝑟𝐻 − 𝜆𝐻 − 𝜎𝐻) (B27) 

𝐶1 = 𝛾𝐻(𝑃𝑠𝑢𝑏 + 𝐾𝐻,𝑖𝑛) (B28) 

𝐶0 = 𝜆𝐻𝑃𝑠𝑢𝑏 + 𝜆𝐻𝐾𝐻,𝑖𝑛 + 𝜎𝐻𝑃𝑠𝑢𝑏 + 𝜎𝐻𝐾𝐻,𝑖𝑛 − 𝑟𝐻𝑃𝑠𝑢𝑏
 

(B29) 
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We solved for Z numerically. We then found the equilibrium expressions of the remaining 

variables. 

 

𝑃𝑜𝑟𝑔 =
𝑞𝐻𝜎𝐻
𝜓𝐻

+
𝑝𝑒𝑥𝛾𝐻𝑞𝐻𝑍

𝜓𝐻
 (B30) 

𝐻 =
𝑞𝑍(𝜆𝑍 + 𝛾𝑍𝑍)

𝑝𝑔𝑞𝐻𝛾𝐻
 (B31) 

𝑃𝑖𝑛
 = 𝑃𝑠𝑢𝑏 −

𝑞𝑍𝛾𝑍𝑍
2

𝜔
= 𝑃𝑠𝑢𝑏 − 𝜉𝑍

2  
 

(B32) 
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Appendix C 

 

 

 

 
Process Symbol Meaning Minimum Maximum Units 

H nutrient uptake 

𝑟𝐻  Maximum growth rate 0.5 5 day
-1

 

𝑞𝐻  H phosphorus content 10
-11

 5 × 10
-10

 mol P/cell 

𝑏𝐻   H nitrogen content 5 × 10
-10

 4 × 10
-9

 mol N/cell 

𝐾𝐻,𝑖𝑛   Pin Half-saturation constant 0.005 1.5 mol P 

𝐾𝑜𝑟𝑔 Norg Half-saturation constant 0.25 1 mol N/L 

𝜖𝐻 Efficiency 0.05 0.2 NA 

𝜓𝐻  Phosphatase rate 2 × 10
-13

 2 × 10
-10

 (cell × day)
-1

 

C nutrient uptake 

𝑟𝐶  Maximum growth rate 0.1 1.5 day
-1

 

𝑞𝐶  C phosphorus content 3 × 10
-11

 2 × 10
-10

 mol P/cell 

𝑏𝐶  C nitrogen content 5 × 10
-10

 4 × 10
-9

 mol N/cell 

𝐾𝐶,𝑖𝑛  Pin Half-saturation constant 0.005 1.5 mol P 

𝐾𝑖𝑛 Nin Half-saturation constant 0.05 1 mol N/L 

𝜓𝐶  Phosphatase rate 2 × 10
-13

 2 × 10
-10

 (cell × day)
-1 

Respiration 

𝜆𝐻 H respiration rate 0.005 0.05 day
-1

 

𝜆𝐶  C respiration rate 0.0005 0.005 day
-1

 

𝜆𝑍 Z respiration rate 0.0005 0.01 day
-1

 

Cellular loss 
𝜎𝐻 H exudation rate  0.0015 0.003 day

-1
 

𝜎𝐶 C exudation rate  0.0005 0.0015 day
-1

 

Zooplankton  

𝛾𝐻 H grazing rate  10
-6

 10
-4

 L/(cell × day) 

𝛾𝐶 C grazing rate 10
-6

 10
-4

 L/(cell × day) 

𝑝𝑔 Growth efficiency 0.2 0.4 NA 

𝑝𝑒𝑥 Fraction excreted 0.2 0.4 NA 

𝑞𝑧 Z phosphorus content 10
-6

 2 × 10
-5

 mol P/zoopl. 

𝑏𝑧 Z nitrogen content 5 × 10
-5

 4 × 10
-4

 mol N/zoopl. 

Viral lysis 

𝜙𝐻 H lysis rate 10
-13 

10
-10 

L/(virus × day) 

𝜙𝐶 C lysis rate 10
-13

 10
-10

 L/(virus × day) 

𝛽𝐻 H burst size 15 50 NA 

𝛽𝐶  C burst size 20 150 NA 

𝑞𝑣 V phosphorus content 0.5 × 10
-13

 2 × 10
-13

 mol P/virus 

𝑏𝑣 V nitrogen content 0.5 × 10
-12

  3 × 10
-12

 mol N/virus 

Viral decay  
𝜃𝐻 VH decay rate 0.05 1 day

-1
 

𝜃𝐶 VC decay rate 0.05 1 day
-1

 

Nutrient import and 

export 

𝛾𝑍 Consumption of Z (P) 10
-6

 10
-3

 L/(zoopl. × day) 

𝛾𝑍 Consumption of Z (N) 10
-8

 10
-4

 L/(zoopl. × day) 

𝑝𝑓 Fraction sink 0.05 0.3 NA 

𝑧𝐶:𝑁 C:N zooplankton ratio 4 8 NA 

𝑧𝐶:𝑃 C:P zooplankton ratio 60 200 NA 

𝑏𝐶:𝑁 C:N bacteria ratio 4 7 NA 

𝑏𝐶:𝑃 C:P bacteria ratio 64 112 NA 

𝑣𝐶:𝑁 C:N virus ratio 3 3.5 NA 

Table C-1. Parameter ranges. 
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𝑣𝐶:𝑃 C:P virus ratio 18 45 NA 

𝑝𝑟𝑒𝑐 Fraction DOC refractory 0.1 0.3 NA 

𝜔 Mixing rate  0.005 0.02 day
-1

 

𝑃𝑠𝑢𝑏  Pin in sublevel waters 0.05 0.2 mol P/L 

𝑁𝑠𝑢𝑏 Nin in sublevel waters 2.5 10 mol N/L 

𝑁 Total phosphorus pool  0.08 0.18 mol P/L 
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Figure C-1. Distribution of optimized parameters in log-space. Top: Nitrogen-limited system. Bottom: 

Phosphorus-limited system. Parameters in log-space were standardized by substracting the minimum of the range 

and then dividing by the range. Parameters are arranged according to the processes they relate to.  
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Appendix D 

 

 
 
Figure D1. Effect of viruses on steady-state concentrations and fluxes for the phosphorus-limited system when 

heterotrophic bacteria are not represented in the virus-free system, but only cyanobacteria. The red line denotes the 

1:1 line and the green triangles show target densities used in the optimization procedure. Each point stands for the 

steady concentration for one optimized parameter set. Points above and below the red line represent steady-state 

values that increased and decreased after introducing viruses respectively.  
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