Calculating Ry for the AMP model of
HIV infection

o= Clear [" %]

Define equations
(*Note that E is a defined function in Mathematica so use Ee instead)

1= eqS = ag - 8s* S[t] -S[t] *V[t] *» (1-V) %3
eqlap=B*tT* (1-2A) » (L-v) *V[t] »S[t] -S6r+Iap[t] -x*xEe[t] » Iap[t]
eqlau=B* (1-t) * (L-A) » (L-v) *V[t] *S[t] -6r*Tau[t] -x*xEe[t] » Tau[t]
eqIlp=B*T*Ax (1L-v) *V[t] *S[t] -6 *Ilp[t]
eqIlu=B+* (1-t) * A% (1-v) *V[t] »S[t] -6 *Ilu[t]
eqEe = ag +w* (Iap[t] + Tau[t]) »Ee[t] / (Ee[t] + EC5q) - 6 *» Ee[t]
eqV =+ Tap[t] -y *V[t] -B* (1-V) *S[t] *V[t]

ouftiil= o — S[t] 6s - (1 -v) BS[t] V[t]

oufitz= —x Ee[t] Iap[t] -Iap[t] i+ (1-Vv) B (1-A) tS[t] V[t]

ouftisl= —x Ee[t] Tau[t] -Tau[t] &;+ (1-v) B (1-A) (1-t) S[t] V[t]

outia —I1p[t] &L+ (L-v) BATS[t] V[t]

ouits= —ITu[t] &L+ (1-v) BA (1-t) S[t] V[t]

. wEe[t] (Iap[t] + Iau[t]) +o. -Ee[t] &
- Ee[t] +EC50 ¢ ¢

ouri17= tIap[t] -y V[t] - (1-v) BS[t] V[t]

Find equilibrium values
Calculate the uninfected equilibrium

nis= equilibria@ = Solve[
{eqS == 0, eqIap == 0, eqIau == 0, eqIlp == 0, eqIlu == O, eqEe == 0, eqV == 0} /. {V[t] -» 0O},
{S[t], Iap[t], Tau[t], Ilp[t], Tlu[t], Ee[t]}
1

, Ilp[t] -0, Ilu[t] >0,

o {Is[t] - %5, Tap[t] » 0, Tau[t] » (CECs0=0i) (KGe+S: Oe)
55 Ka)éi

Ee[t] e—%}, {S[t] 5 %S Iap[t] >0, Iau[t] >0, Ilp[t] >0, Ilu[t] >0, Ee[t] - aﬁ}}
K 53 6

e

(*only the second equilibrium exists, since all variables must be positive)
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nf19p= equilibria®[[2]]

ouf119)= {sm R gf’ Iap[t] - 0, Tau[t] >0, Ilp[t] >0, Ilu[t] -0, Ee[t] > 7}

niz0= €q® = Append[equilibria®[[2]], V[t] » 0]

Outl120)= {sm N gf, Iap[t] >0, Iau[t] -0, Ilp[t] >0, Ilu[t] >0, Ee[t] - ‘;i, VIt 90}

Calculate RO using the next generation matrix

This calculation follows the methods outlined in the review paper: Heffernan JM, Smith RJ, Wahl LM.
Perspectives on the basic reproductive ratio. J Roy Soc Interface (2005) 2, 281-293

Collect terms that involve the create of new infections (rate of new infections in each cell compartment)
- F matrix

2= FS =0
FIap=B*t*x (1-A) * (1L-v) *V[t] *S[t]
FIau =B+ (L-t) % (1-2A) % (1-V) *+V[t] % S[t]
FIlp=B*t*xAx (1-Vv) *V[t] »S[t]
FIlu=B#*(1-t) *A% (1-Vv) *V[t] *S[t]
FEe = 0
FV = w+ Iap[t]

outfi21l= O
ourizzl= (L-Vv) B (1-A) TS[t] V[t]
oufizg= (L-v) B (1-A) (1-1) S[t] V[t]
ouizal= (1-v) BATS[t] V[t]
ourizsi= (1 -v) BA (1-1t) S[t] V[t]
out[i26l= O
outiz7= 7t Tap [t]
Calculate the Jacobian of the F matrix, at the uninfected equilibrium
nieg)= vars = {S[t], Iap[t], Tau[t], Ilp[t], Tlu[t], Ee[t], V[t]}

outizel- {S[t], Iap[t], Iau[t], Ilp[t], Ilu[t], Ee[t], V[t]}

29 Feqs = {FS, FIap, FIau, FIlp, FIlu, FEe, FV}
oufizel= {0, (1-v) B (1-A) TS[E]V[t], (1-v)B(1-A) (1-1)S[t]V[t],
(L-v) BATS[t] V[t], (1-v)BA(l-1)S[t]V[t], 0, tlap[t]}



In[130]:=

DF = D[Feqs, {vars}];
DF // MatrixForm

Out[131]//MatrixForm=

In[132]:=

Out[133]//MatrixForm=

In[134]:=

Out[134]=

out[135]=

out[136]=

out[137]=

out[138]=

out[139]=

Out[140]=

(0] O 0 0O O 0
(1-v) B (1-x) tV[t] © 0000 (1-v) B (1-2) tS[t]
(1-v)B(1-2) (L-T)V[t] © 0 0 0 0 (L-v)B(1-1A) (1-1t) S[t]
(L-v) BrcV[t] 0O 0 0 0 O0 (L-v) BATS[t]
(1-v)BA(1l-1) V[t] O 0000 (1-v) B (L-1t) S[t]
0] O 0 0 0 0 (0]
(0] T 0 0 0 0 0
DFO = Simplify[DF /. eq0];
DFO // MatrixForm
O 0060 OO (0]
O 00 0 0 0 (-1+v) B (-1+X) Tag
b
O 0000 0 - (=1+v) B (-1+1) (-1+1) ag
s
© 060000 ~ i) BAros
Os
O 000 0 0 (=1+v) BA (=1+T) as
s
O 000 OO 0]
O 10 0 0 0 0]
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Collect all other terms in equations (times -1) - this is the net rate of transfer out of that compartment by

all other means - V matrix

VS = - (ag - &s*S[t])

VIap = - (-61 * Iap[t] -k *xEe[t] » Iap[t])
VIau = - (-61 * Iau[t] -k *xEe[t] » Iau[t])
VIlp=-(-6_.*I1lp[t])

VIlu=-(B-6_ +Ilu[t])

VEe = - (ag +w * (Iap[t] + Tau[t]) = Ee[t] / (Ee[t] + ECso) - 6¢ * Ee[t])

VW =-(-y*V[t] -B* (L-Vv) *S[t] *V[t])
—as+S[t] &8s

x Ee[t] Iap[t] + Iap[t] &;
x Ee[t] Tau[t] + Iau[t] &;
Ilp(t] &,

-B+Ilult] &,

_wkelt] (Tap[t]+Tault]) . poreys
Ee[t] + ECsq - )

yV[t] + (1-v) BS[t] V[t]

Calculate the Jacobian of the V matrix, at the uninfected equilibrium
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ni41)= Veqs = {VS, VIap, VIau, VIlp, VIlu, VEe, VV}
outl141]= {-as+5[t} 5s, < Ee[t] Iap[t] +Iap[t] &, x Ee[t] Tau[t] + Iau[t] &;, Ilp[t] 6.,

wEe[t] (Iap[t] + Iau[t])

“B+Ilult] 6., - Fert] L ECL,

-0 + E€[t] Se, YVI[E] + (1-vV) BS[t] V[t]}

inri42= DV = D[Veqs, {vars}];
DV // MatrixForm

Out[143]//MatrixForm=

5 0 0 0 0 0
0 x Ee[t] + 6 0 0 0 x Iap[t]
0 0 xEe[t] +6; O © x Tau[t]
0 0] 0 5. 0 0]
0 0] 0 0 &5 0
0 _ _wkEe[t] _ _weEe[t] 0 wEe[t] (Tap[t]+Iau(t]) w (Tap[t]+Tau[t]) + 5
Ee[t]+ECse Ee[t]+ECse (Ee[t]+ECsp)? Ee[t]+ECse e
(1-v) BVI[t] 0 0 O 0 0
inf144:= DVO = Simplify[DV /. eq0];
DVO // MatrixForm
QOut[145]//MatrixForm=
Ss 0 0 0O 0 0 0
0 &;+ % 0 0O 0 0 0
0] 0 5; + K;e 06 0 0 0]
0] 0 0 5. 0 0 0]
0] 0 0 0 &5 0 0
W e W Ol
0 - 0e+ECsp 6o Qe+ECsp e 0 0 4 0
(-1+V) Ba
0] 0 0 0O 0 0 y- TS
infi46= DVOI = Inverse[DVO] ;
DVOI // MatrixForm
Out[147]//MatrixForm=
> 0 0 06 0 0 0
S
K 0e+0j O
0] m 0] 0 0 0 0
0 0 K0et0i0e O 0 0 0
(é“ af) Se
0 0 0 = 0 0 0
L
0 0 0 o + o 0
L
R ] et AT .
(0] (6“,(;?)26@ (6”%>25® 0 0 5 [0]
0 0 0 0 0 0 —rrurr

Multiple the matrices and calculate the spectral radius
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inf148:= A = DFO.DVOI

-1+v)B(-1+A) T
Ou148)= {{o,o,o,o,o,o,o}, {o,o,o,o,o,o, ( ) B ( ) 5},

(- o) o

{0,0,0,0,0,0, - TErVELL) (C1rr) sy

<Y— (*1+23/)/30!s) Ss
S

(-1+v) BAtTas

] e

{0, 0,0,0,0,0, -

l,{e,0,0,0,0,0, "IVIELL LT O

(-1+Vv) Ba
(77 S5 S) Os
7T (K Oe + &4 Og)

(0,0,0,0,0,0,0), {0, DREALE
Ji+5_: e

,0,0,0,0, o}}

in49:- €A = Eigenvalues[A]
s (6,0, 0,0, 0 i AT VIV B VLA T Nas \Ee
ut[149]= -

R VKO + 65 6 \/-Bas+VBas - bs ’

iﬁmvﬁ_mﬁ_@@}

VK oe+6; 6 \/[-Bas+VBas-yds

inf1s0= RO = eA[[6]] M2
T (-1+vVv)B(-1+A) Tasde

out{150]= —
(KQe + 04 8e) (-Boas+VBas—7vySs)




