Non-ohmic tissue conduction in cardiac electrophysiology: upscaling the
non-linear voltage-dependent conductance of gap junctions
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1 Multiscale homogenized model for non-Ohmic conduction

This Appendix contains mathematical and heuristic arguments justifying the multiscale model considered in the
central part of the paper and describes the numerical scheme used in the computational experiments. In the first
section, we consider the steady-state one-dimensional model of the conduction in a periodic chain of cells
separated by weakly conductive thin membrane where gap junctions are embedded. At the microscopic level, the
conduction coefficient of the membrane depends on the difference of the potentials at the sides of a membrane.
The goal of the multiscale mathematical analysis is the up-scaling of this model and the derivation of a
macroscopic non-linear constitutive Ohm’s law. This analysis yields an algorithm that relates the microscopic
and macroscopic conductivities. The method is based on the homogenization technique (see [1-5] and the
bibliography therein). The algorithm is rigorously justified by an estimate for the difference of the exact solution
of the one-dimensional conductivity problem and an approximate solution, which is a solution of the
homogenized problem. At the end of the first section, we discuss an extension of the upscaled constitutive law to
the case of the non-stationary conduction problem. Using heuristic arguments, we suggest a formal generalization
of the upscaling procedure in the three-dimensional case. The second section of this Appendix presents a weak
formulation for the one-dimensional non-Ohmic homogenization model (NOHM), and the numerical scheme used
in the solution of the NOHM.

1.1 Formulation of the non-Ohmic homogenization model and main results

Consider an e-periodic chain of cells separated by thin membranes of thickness £, where ¢, § are small positive
parameters and consider the conduction of the chain having the conductivity within a cell o, of order 1 and
conductivity of membranes of order of the small parameter § nonlinearly depending on the voltage drop at the
sides of a membrane. Let u. s be the microscopic potential field, and j. s be the microscopic current density. We
consider the problem of conduction given by
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with boundary conditions

Je,s(tes)|e=0 = lo, o €R, ucslz—0 =0, (2)
where [ is an applied current density. Denote the periodically extended space occupied by the cytoplasm by
BEs =0z ((k+ $)e, (k+1— $)e), and the membranes occupy the set of layers
ng =UL __((k—$)e, (k+ $)e), denote the dilated 1/ times sets: Bf = U __(k+ 3,k +1—3), and

Bg =U2_ (k- %, k+ g) Problem , is the Neumann’s problem for the local Ohm’s law given by the
following relations

. x du5,5
e (te) = =05 (% {ues}) 52 (3)

where the conductivity is described by the following relation

oe, §€B§,
o (& {u}) = (4)
5(1 + ,LLa(S[U]jvg))Ug, 5 S (] - %7] + g) 9
where

o 4]

[l = u((+ $)e) — u((k = S)e), 5)

S is a scaling parameter (S < e71) and a is a smooth function satisfying inequalities

lallc@w) < do, lalow) < di, (6)

where do, d1, 0,04, p are positive constants, and ¢, are small positive parameters. Let us comment the relations
,. The conductivity of a membrane material is small, it is of order of § compared to the conductivity of the
cytoplasm, and it nonlinearly depends on the voltage gap u((k + $)e) — u((k — %) scaled by a zooming factor S:
o5 = 6(1 + pa(S(u((k + 2)e) —u((k — $))))og. It means that the conductivity may be sensible to any small
voltage gap, i.e. even if the gap is small the variation of the conductivity is significant. The solution of this
problem is defined as a continuous piecewise differentiable function, satisfying equations ,.

The main theoretical result of this Appendix concerns the asymptotic analysis of problem (1), . We will be
prove that there exists a positive constant po such that for all values of u such that |u| < ug there exists a unique
solution to problem , (2), and it can be approximated by a solution v of the homogenized equation

d . dv dv

il > — 1
dx (Ug(dx)dx) 07 T € (Oa )7 (7)
and boundary conditions (same as (2))
L dv dv
U&(@)@h:@ =—ly, Ip€R, v|z=0=0 (8)

where 5(y) is the effective conductivity and is given by the following algorithm. First, we solve with respect to
the unknown [N](y) the following equation depending on the parameter y € [—2(1 4+ A)I,2(1 + A\)I]:

[N]z—(l—é)((W)_l—l)y, 9)

where [ = g—“lmax{l,)\}, A=o04/0c,
g9
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Second, we define the effective conductivity tensor

. 1

as(y) = <m>7 - (10)




In the following, we will show that for |u] < pg, equation @[) admits a unique smooth solution to problem
,. This problem depends on the small parameter §, and passing to the limit we can show that the
homogenized problem is independent of 6. However we prefer to keep § in the equation because in this case the
error is smaller.

Analysing @D we can see that if Se is a small parameter, then in the case that a(0) = 0 using the Taylor’s
expansion for the function a in the neighborhood of 0 one can prove that the above theorems hold for any finite
1o- In such case, the contribution of the nonlinearity to the homogenized equation is also relatively small. In the
case Se = 1 the nonlinear effect is strong.

The main theorem proves the error estimates for all p such that |u| < po,

lue,s = vllLo(0,1y) = Ole +62). (11)
Moreover, introducing the first corrector,
uglg =v+ aN(E,v’)
: €
where N(&,y) is a periodic solution to , and we obtain

du du®
2 = |0y = O(9)- (12)
These estimates justify the homogenized equation and the effective Ohm’s law . This law is then used in the
numerical simulations on the cable equation in the modeling of electric conductivity of a tissue at the
macroscopic scale.

We note that when p = 0 the membrane conductivity is independent of the transjunctional voltage, which
represents an Ohmic behavior of the gap junctions. In such case, there is no need to solve non-linear equation (E[)7
and it is easy to show that the effective conductivity defined in takes on the analytic expression

1 1-6)"" 1 1)t
o35 ()
oy Oc o4 O¢c

i.e. the effective conductivity is the harmonic mean of the conductivities of the cytoplasm and of that of the
membrane. We note that this is a classical result in linear homogenization theory [1}/2/5], and corresponds to the
classical linear Ohm’s law at the macroscopic level. Then, the homogenized problem , becomes linear and
its solution satisfies l) while the approximation uglg(x) =v(z) +eN(Z)v'(x) is now the exact solution to the
linear version (u = 0) of problem , (12)).

1
lue,s — w2 ((0,1) = O(82), |

1.2 Theorem on the existence and uniqueness of a solution to problem ,

Theorem 1. There exists o > 0 independent of small parameters such that for all u € [—po, po| there exists a
unique solution u. s to problem , @) It satisfies inequality

dug § 21
. oo < —. 14
[ T | Loe (0,1)) < 5 (14)

Proof. Denote U = d;;,o'. Then , is equivalent to

Ux) = —i—‘i, Va € BE s,
Sy
U(z) = —pa (Sf((’”?) U(s)ds) U) — 22, Vo e ((k—2)e, (k+ 2)e), k=0,+1, ..

k—3)e T dog?

(15)

Consider the space C([(k — 2)e, (k + $)e]) supplied with the norm

I-lle= Sque[(k—g)a,(kJrg)sﬂ (2]

and a mapping




(k—O—%)s

k—*)s

F:E—E, FU)=—pa (s/ U(s)ds> v Lo (16)
(

Note that for any U,,Us € E

[F(U1)(2) = F(U2)(z)] <

(k+5)e (k+$)e
< |ulla S/ Ui(s)ds | —a S/ Ui(s)ds | ||Ua(z)|+
(k—%)e (k—%)e

(k+%)e
+|plla (S/ Uz(s)d5> Uy (z) — Ua ()],

(k—%)e
and so
[F'(Ur)(z) — F(Uz2)(2)| < |pl(@a165e||Uz]|e + @o)||Ur — Uz | & (17)

Consider a closed ball B, in E with r = %Iggl. If || < ﬁ then F(B,) C B,.
Indeed, if ||U||g < r then

|Io| g 2|lo| | |lo| _

F(U < = 1
IF(U)e < plaollUlle + 5oy = 2% 50, T oo, (18)
SO7 if Ui,Us € B, then
_ |2Io] = _
[ F(U1)(x) — F(U2)(z)||e < [p](@a10Se 5o +ao)||Uy — Uz|le =
g
= |ul(2a18¢|lo| /o4 + ao)||Ur — Uz| & (19)

Let |p] < Then F is a contraction with the factor x = |u|(2a1|lo|Se/o4 + ao) and so there

1
2&1‘10‘/09—"-&0 :

exists a unique fixed point U € B,.. So there exists a unique solution such that || <3 duf‘s o= ((0,1)) < 2Io] 21

— 6O'J —

Finally, let us prove that if [u| < 52— then any solution satisfies this inequality. Indeed for all z € BZ 1t is
evident(d < 2) and for z € (0,1)\B¢ 5

dua; I 1 dua; I
o 2
1=l 5 < sl e + 3 (20)
so,
dugs 21
oo < —
1= oy = 5
So, the theorem is proved with
1 1
<min{———, —}|. 21
Ho mm{2a15d+ao’2@o (21)
|

In what follows we assume that this condition is satisfied.




1.3 Theorem on the stability of the solution to problem ,

Theorem 2. Let condition (@ be satisfied, let f be a piecewise-continous function with possible discontinuities at
the points (k £3/2)e, i.e.

Fer=0,1) N (k= 6/2)e, (k+6/2)e] N [0,1]) N C([(k + 6/2)e, (k+1—5/2)e] N [0,1]) let ves be a
solution to the problem

Jes(Ves)|z=o =To+ f, 2 €[0,1], vegsle—0=0 (22)

Then there exists pg > 0 independent of small parameters such that for all p € [—po, po] the inequality holds

lve,s — tesll oo ((0,1)) < Cuoll fllLoe((0,1))5 (23)
where C},, does not depend on ¢, 6.

Proof. Denote U = dg;’é, V= d:;;"s, then V —U = —f/o. in B¢ 5 and

7 . ~ /

0'g Ug
I£]|2 J 0
Wie k— =)e, (k+ =)e).
s e )e, (k + 5)e)

< [l(2a1|lo|Se /7, + ao)|[V = Ulls + Sz (k+ 3

.. . . 1 3
Condition yields: |p| < TailleSeljogFa 5°

g

Hv_mmgﬂ—mm%%Wd%+%”q%¥z
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for all intervals [(k — $)e, (k + 2)e] and so, integrating V — U and taking into account that the difference
V-U-= —Ui everywhere except for the set Bg s of measure O(J), we get:

lve,s — e sl Lo (0,1)) < CuollfllLoo((0,1))

with C,, = max{(1 — po(2a,|Io|Se/oy + ap)) "', A} B

1.4 Derivation of the cell problem

Now consider the homogenization procedure seeking an approximate solution in the form

ul)(@) = v(a) +eN (Z, v (@),

where v is smooth (belongs to C?([0,1])) and N(£,y) is 1—periodic in ¢, smooth in y. Then

oo(v'(2) + G (6,0 (2)) + e 5L (60 ()" (2)), @ € B,
B JE,é(ugg) _ 50'g(1 i /LG(S[Ugg}js)) <’U/(£l') + %(57 v/(x)) + E%(fa 'U’(SC))U//(QC)) ; (24)

2 ((k—2)e, (k+2)e),

where 5 5
[ul3lje = €00 ((k + 08)e) + N(k + 5.0 s y) = Nk = 2,0 | g90) (25)

Note that it will be proved that v,v’,v”, N and its derivatives are of order of one. Denote
[N](y) = N(k+ g, y) — N(k — %, y). So, keeping the leading term we get the following cell problem: for any real
value of a parameter y solve equation




T (ose. DG +w) =0 (26)

in the class H# of 1-periodic functions N belonging to H lloc, where parameter y stands for v'(x),

oc, € B,
s (g, [N]) - (27)
604(1+ pa(Se[N]), €€ (k—3,k+3),
equation is formulated in a classical form, and it is equivalent to the weak formulation: its solution is
piecewise linear with respect to £. Let us find a 1—periodic solution to ,.
For the leading term of the asymptotic approximation of the current we get:

o5 (57 [ND(% +y) = Co = const;
dN Co

€ o 05(57 [N]).

=0 (see Lemma 1 section 3, Chapter 2 from [1]), so,

Ly
05(5’ [N]) 7

N is 1—periodic in £ function and so, (%)

Co = (

where (-) = fol -d€. Note that N is a 1—periodic function, so,

[N]=N(5,y) - N(1-

] 5
2 2

-4
)= — / (—y + Co/o)de

because for £ € (g, 1— g), os (5, [N]) = o,.

So, we get the main equation for unknown function [N](y):

1
[NI(y) = (1 = 8)({(—F———=) o' = 1)y (28)
( g (57 [N]) )
Let us rewrite it calculating the right-hand side.
1 1 ) 1—6,_, - 1
o) T, e T e e
where
B (1 + 6\ pa(Se[N]) + A .
bs(SeND) = AT+ 1 = 0) 1 + palSe N (29)
here if § < 1, |p| < ﬁ and so
pa(se(np| < L2002
Equation has the form
[N](y) = ¢(Se[N], y), (30)
where
pltsy) = —(1 = )(Nbs(0) = 15w (31)

We will prove further that this mapping is contracting.




1.5 Homogenized equation

Conformly to the homogenization theory for a stratified medium, the homogenized equation can be presented in
the form

d 1
(=) =0, ze1), (2)
TN o (& IN)()
so that
1
( Yy = Iy, z€(0,1), v(0)=0, (33)
o (& V()
ie.
1
T )\v' + bs(Se[N](W')' = —Iy/oy, x€ (0,1), v(0)=0. (34)
. (14 0X)|p P 1
+ plao +
0< < , 35
1+ 2(1+ ) (35)
then |bs(t)| < ﬁ, consequently, [v'| < 2(1+ A)I, and so equation should be solved only for values of the
parameter y € (—2(1 + A\)1,2(1 + A\)I). Condition is satisfied in particular if
<—,0< L (36)
M= 8" B

Below we assume that this condition is satisfied.

1.6 Proof of the existence and uniqueness of a solution to the cell problem

Let us prove that there exists pg independent of § such that for all u € (—po, po) there exists a unique solution
[N] to ([28), differentiable with respect to y. Let us calculate

pa' (t)
(14 (1 =68+ pa(t))N)?’

(bs(t))" =

For pg, 0 satisfying we have an estimate:

[(bs(1)'| < poas- (37)
There exists po depending on ag and on a; such that for pu € (—po, uo),

Sel(bs(8))'| < m

In particular, it is satisfied if
1
Ho < STarSe(l + N2
and (36)).
Then mapping ¢ from R to R, defined by the right hand side of relation is a contraction with the factor

1%\ in the interval [—2(1 + X)I,2(1 + A)I]. So there exists a unique solution to equation . According to the
implicit function theorem, [N] is differentiable on [—2(1 + A)1,2(1 + A)I].




1.7 Theorem on the existence and uniqueness of a solution to the homogenized
problem. Error estimate.

Theorem 3. There exists po > 0 independent of small parameters such that for all u € (—po, po), there exists a
unique solution v of problem @) (.) 133) (i.e. of the equivalent equation (ﬂ) 134]) ) and a unique solution u. s of
problem (1] (.) (@ and the following estimate holds

| 1) = O(E + (52). (40)
Proof. Let us prove first the existence of a solution to problem for the values of 1 € (—pg, o) such that

1
165 || oo (m) + 1051 Lo ) SENNT [l oo ((—2(1423) 1,204 2) M 2(1 + M) T < 20+

Let us give a sufficient condition for it using the previously obtained bounds , , . Note that for
[N]'(y) we get the following equation:

oy 1 1) (1 51
N () = (1 6>(<05(.’[N](y)>>1c 1) - (=00 ((———

= —(1 = )NBs(SE[N]) + (1= §) 1 — (1= A (SEIN])S=INT ().

Let pg < min{ 321%’ 32}\@0, TETEs 1_s_/\)Q} and let § < min{35, 32/\} then
3
b %
1bs] < 16(1+ M)’

5| < |ula <—1
ol = MM = 5oT8e( + 02
and so, we get
IV < 22 L N INY)28e (1 + M) <
= 16(1+ N 1+/\ Al
3\ + 16 A
< +
16(A+1) ' 16(1+ )

[[NT]-

So, |[N]'| is bounded by 2A+16

15A+16"°
So,
105 oo m) + 16511 oo (®) SENN] || Loo ((—2(14-3) 1,242 1) 2(1 + A) T
3 33X+ 16 1
< 200+ 1)1 < —=.
S0 Ny T BRaE NI ey AT HI<3

So, existence and uniqueness of solution to equation follows from the Banach fixed point theorem applied
to the space [—2(1 + X\)I,2(1 4+ A\)I] .

The existence and uniqueness of solution to equation , follows from Theorem 1.

Evidently, v is linear, so, v" = 0.

So,
= INIO) G+ )=+ Res(e) =

-1 ,( )+ Res(x) = —Ig + Res(x),

Res() = (~03( 2, [NJw) + o5 (Y DG + )l =




0,x € B;(; ,

_ (41)
Sp(a(Sul]je) — a(SEIN] W))W + (@), z € ((j— e, (i +3)e) .

Here . .

la(S[ul3l;e) - a(SeIN](v)] < @] STul)je — Se[N)@)].
Using relation (25]), we see that this right-hand side is less than @,6]v'| < 2(1 + A)éla;.
So,

1)

due 5 du. s
[ e de | o< ((0,1)) = O(9), ||US§ — Ue 5| oo ((0,1)) = O(67) (42)

according to Theorem 2. This estimate justifies the homogenized equation and respectively the nonlinear
macroscopic Ohm’s law. Theorem 3 is proved. B

1.8 Extensions to the transient problem of conduction and to three-dimensional
domains

Further this law is used for numerical computations of the cable equation at the macroscopic scale.
Remark 1. Theorems 1-3 can be easily generalized in the case when equation is non-homogeneous:

L fealues) = @), w0, (13)

where f is a continuous function in [0, 1]. However this generalization needs several modifications and some

additional estimates. Namely, |y in the estimates should be replaced by I} = |Io| + fol | f(x)|dz and the constant
I should be replaced by I’, obtained from I replacing |Ip| by Ij). Equation will have the right-hand side f(z):

d___ 1 L) = f(x), = ,1),
dx(<as(sj[zv]<v'>)> )= s weon "

and consequently, will have the following form:

T )\v’ + bs(Se[N](v'))v' = Iy /o, +/ f(®)do, xz e (0,1), v(0)=0. (45)
0
By the implicit function theorem, v’ is continuously differentiable and it is no more constant. Finally, (40))
will have an additional residual consisting of two parts.The first one is

ON
6(1+ ua(S[ue,a]je)ﬁafy(& v'(2))v"(2)
and the second one is related to the approximation

Spia( St ) = Spa(S(NG + 5,0/ (Ge)) = NG = 3,0/ G)) + 7o,

_ oe ON
el < @16u(8 sup [o'(z)| + 5 sup |15, (&)l sup [ ()]).
z€[0,1] ¢efo1],ye[—2(+1) I, 2(0+1) 1] Y z€[0,1]
Note that N is a piecewise linear function of ¢ and so %—g is also piecewise linear. So,
ON O|N
sup Wz sp Dy,
cel0,1],ye[—20+ 1)1, 2004+1)1"] Y vel—204+ 1)1 204+1)17] Y

Function v” can be evaluated using the relation corresponding to the derivative of . Taking into
consideration these estimates we show that the order of estimate is the same as in Theorem 3.




The homogenization of the cable equation is a more complicated problem, however if the homogenized cable
equation

0 1 1 0v Ov .
()71 50 ) = (4G 5+ (Andion (v,w)) i © % (0,1), (16)
TV os(6 V) O
ow
g 4
5 = 90 w), (47)
supplied with the conditions
1 ov
oo = 0, w0 = 0, = ((————<) 7' 5" ) o0 = Lo, (48)
os (E, [N]($)>
admits a unique solution with bounded derivatives gw, %t , BI“ for lipschitzian I;,, and g(v,w) we can prove that

Sg = v+ &N satisfies cable equation with a residual of order O(e + §), i.e. u( ) is a first order formal asymptotic
approximation.
Based on the macroscopic homogenized equations, we express the non-Ohmic cable problem of cardiac
electrophysiology as follows: Find a macroscopic transmembrane potential function v such that

0 dv v, { Ov

ax( (dx)ax) Chn 8+I‘°“} in Qx (0,7), (49)

where [ion : R X R — R represents the transmembrane ionic current, Cy, is the membrane capacity and Ay, is the
surface-to-volume ratio, and we note that the right-hand side of accounts for the amount of charge that
leaves the intracellular domain and enters the extracellular domain. Further, we will assume that the
transmembrane ionic current I, is governed by v and by gating variables w : Q x (0,7) — RM that modulate
the conductance of ion channels, pumps and exchangers, i.e., lion = lion(v, w), where the exact functional form of
Tion Will depend on the choice of ionic model. The evolution of gating variables is determined by kinetic
equations of the form

B~ gv,w), (50)

where the form of g : R x R — RM will also depend on chosen the ionic model. The equations and
are supplemented with initial and boundary conditions for the transmembrane potential and gating variables to
form an initial boundary value problem.The homogenization of the cable equation with linear Ohm’s law has
been addressed elsewhere [6H3].

Remark 2. Applying some heuristic arguments (the principle of splitting of the homogenized operator, [1],
p.246, see also |4] p. 316) we can formally generalize the macroscopic model to the three-dimensional case:
assuming that the cytoplasm occupies the boxes
((k1+0/2)e, (k1 +1—=6/2)e) x (k2 +6/2)e, (ke +1—10/2)e) x ((ks +0/2)e, (ks + 1 — §/2)e), where k; are
integers, supposing that the gap junctions occupy the layers {z; € ((k; — 6/2)e, (k; +6/2)e)},i = 1,2, 3, and
ignoring the conductivity in the intersection of the layers
{z; € ((k; —0/2)e, (k; +/2)e)} N {z; € ((k; —0/2)e, (k; + §/2)e)}, i # j, we can rewrite equation replacing
the left hand side by

3
Z 81 << 1 @)) >_1§T;i)

=07 N oy (g, NN (2

In the case of anysotropy when a, i, 0., 04 depend on the direction (a = a;, it = ;,0¢ = 0ci, 04 = 04;) then
we get the left-hand side

3
e

i=1

10/2



1

where &; is constructed as (
(£ INI(52)

) Y~ but with a, u, o, o4 replaced by a;, s, 0ci, 0g; Tespectively.

2 Numerical solution

The homogenized equations were numerically solved using an explicit Euler finite-element spatio-temporal
discretization scheme. To this the, we start by defining the trial and test spaces:

S ={ve (L*0,T];H' (Q,R))}
V= {V S Hl(QvR)}

Testing the function v € V against we obtain the the weak form of the non-Ohmic electrophysiology
which reads: Find v € § such that

v Ov, (0v\ Ov - _
/QAmC 5 deJr/ 83: <8w> %d +/QAmIion(v,w)z/dx+]01/(O)+]L1/(L)f(), YveV.

were jo and jp, are the flux applied in the left and right end respectively. For all simulations we have jo # 0 and
jr = 0 except when we elicit the electrical wave from right to left. In this case jo = 0 and jz, # 0. Using a

Forward-Euler explicit scheme to discretize in time assuming a uniform partition [0, ..., ¢,, tnt1,. .., 1], where
the time step is defined by At = t,,4+1 — t,,. Then, given v,, and w,,, we find v,,+1 from the semi-discrete equation

AL UV v o (Ovn' Don / . 50(0) =
/QAmCm Ar dx /QAmCm s dx—i_/Q(‘?ma(ax) . dx + QAmLon(vn,wn)de—l—ju(O)—0,

which we write in abstract variational form as: find v, 41 such that

a(vpg1,v) = Fv) Yrvey (51)

where

A

VpV ov . [ 0v,\ Ov, -
F(V):/QAm{CmAt_Iion(vnywn)}ydx_/(la‘x(?'(al.) O dx —jl/(O).

The gating variables are updated locally using a forward Euler scheme, which results in the update

a(v,v) = / AmCmvn+t1V dx
Q

Wy 1 = Wy + At g(vp, wy,). (52)

The time-discretized variational problem described in and the internal variable update were
implemented and solved in FEniCS (https://fenicsproject.org) using version 2018.1.0.
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