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ABSTRACT We consider a model lipid plasma membrane, one that describes the outer leaf as consisting of sphingomyelin,
phosphatidylcholine, and cholesterol and the inner leaf of phosphatidylethanolamine, phosphatidylserine, phosphatidylcholine,
and cholesterol. Their relative compositions are taken from experiment; the cholesterol freely interchanges between leaves.
Fluctuations in local composition are coupled to fluctuations in the local membrane curvature, as in the Leibler-Andelman mech-
anism. Structure factors of components in both leaves display a peak at nonzero wavevector. This indicates that the disordered
fluid membrane is characterized by structure of the corresponding wavelength. The scale is given by membrane properties: its
bending modulus and its surface tension, which arises from the membrane’s connections to the cytoskeleton. From measure-
ments on the plasma membrane, this scale is on the order of 100 nm. We find that the membrane can be divided into two
different kinds of domains that differ not only in their composition but also in their curvature. The first domain in the outer, exo-
plasmic leaf is rich in cholesterol and sphingomyelin, whereas the inner, cytoplasmic leaf is rich in phosphatidylserine and phos-
phatidylcholine. The second kind of domain is rich in phosphatidylcholine in the outer leaf and in cholesterol and
phosphatidylethanolamine in the inner leaf. The theory provides a tenable basis for the origin of structure in the plasma mem-
brane and an illuminating picture of the organization of lipids therein.

SIGNIFICANCE The hypothesis that the plasma membrane is heterogeneous, with domains of one composition floating
in a sea of another, has overturned conventional views of this membrane. Proteins prefer one kind of domain or the other
and so are not uniformly distributed. Hence, they perform more efficiently. From experiment, the characteristic size of the
domains is thought to be ~100 nm. However, there is no realistic model of these domains that explains their existence in
both leaves of the membrane, their composition, or their size. We provide such a model. In contrast to other theories, the
two kinds of domains are distinguished not only by differences in composition but also by a difference in curvature.

INTRODUCTION characteristic length scale of the domains on the order of
100 nm (3-6); and that proteins prefer one domain to the
other and, therefore, rather than being uniformly distributed
across the membrane, are concentrated in one kind of region
or the other, thus performing more efficiently. This encom-
passes the appealing idea that physical organization leads to
functional organization.

There are several theories of the physical origins of het-
erogeneous domains; they have been nicely reviewed by
Schmid (7). The idea that is probably most often cited is
that the two kinds of domains arise simply from liquid-
liquid phase separation in the two leaves (8,9). This view
is bolstered by the experimental observation of liquid-liquid
phase separation in many model membranes consisting of at

The “raft” hypothesis of the mammalian plasma membrane
(1,2) has had an enormous impact on the way in which we
think about this membrane. The idea posits that both of
the leaves of the membrane, rather than being composition-
ally uniform, are inhomogeneous; that they are organized
into domains that are relatively enriched in some phospho-
lipids and/or cholesterol and other regions that are relatively
depleted of those lipids; that in the exoplasmic leaf, one kind
of domain is enriched in sphingomyelin and cholesterol,
whereas in the cytoplasmic leaf, it is not yet clear in which
lipids the corresponding domain is enriched; that there is a
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provides no explanation for a domain size on the order of
100 nm. To address this, it has been argued that domains
arise not from phase separation that actually occurs, but
rather from phase separation that would occur at a temper-
ature lower than physiological ones: that domains are the
fluctuations associated with an unseen critical point (11).
This view requires that the composition of the plasma mem-
brane be regulated in just such a way that the system is near
the critical point at such a distance that the critical fluctua-
tions are on the order of 100 nm.

Second, and most difficult for this idea, is how to account
for heterogeneous regions in the cytoplasmic leaf (12), a leaf
whose composition shows no tendency to undergo phase
separation (13). Recall that the mechanism that drives
liquid-liquid phase separation in ternary lipid mixtures is
that the acyl chains of one component, such as sphingomye-
lin, are well ordered, whereas those of a second component
with an unsaturated chain are relatively disordered. These
two components do not pack well together and can lower
their free energy by undergoing phase separation. The tran-
sition is often to coexisting liquid and gel phases. The effect
of adding to this mixture a third component, cholesterol, that
interacts more favorably with the sphingomyelin than with
the other is to increase the transition temperature (14) and
also to cause both coexisting phases to be liquid (15).
Because there is a large fraction of sphingomyelin in the
exoplasmic leaf of the plasma membrane (16), it is not sur-
prising that a symmetric bilayer whose leaves mimic the
composition of that exoplasmic leaf undergoes phase sepa-
ration (17). On the other hand, there is very little sphingo-
myelin in the cytoplasmic leaf of the plasma membrane.
Symmetric bilayers whose leaves mimic the composition
of that cytoplasmic leaf do not phase separate (13).
Although phase separation in an outer leaf can induce
such separation in the inner leaf if that leaf be sufficiently
close to separation on its own (18,19), the cytoplasmic
leaf does not seem to be near phase separation (13). Indeed,
a recent simulation showed that phase separation in the exo-
plasmic leaf had little effect on the properties of a model
cytoplasmic leaf (20).

An alternative theory for the origin of heterogeneous do-
mains posits that the system is a microemulsion. It is useful,
therefore, to remind the reader of the simplest microemul-
sion in a bulk three-dimensional system (21). One begins
with a mixture of oil and water. Assume that there is some-
what more water than oil. The system, over a large range of
temperatures, will separate into oil-rich and water-rich
phases with one interface between them. One then adds a
surfactant that reduces the interfacial tension. If enough sur-
factant is added, the interfacial tension is driven to zero, and
a new phase arises consisting of droplets of oil, coated by
surfactant, surrounded by water. In this microemulsion
phase, there is an extensive amount of interface between
oil and water. The droplets are characterized by a well-
defined length that is given simply by the relative volume
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fractions of oil, water, and surfactant. In addition, modu-
lated phases such as lamellar and hexagonal can also be
brought about by the addition of surfactant.

In the model plasma membrane, we begin with a system
of sphingomyelin, phosphatidylcholine, and cholesterol in
the outer leaf, which has a tendency to separate into two
phases with a single interface between them. Instead of add-
ing an additional component analogous to a surfactant, we
invoke the seminal work of Leibler and Andelman
(22,23). They posited that spatial variations of curvature
in the membrane would couple to the different spontaneous
curvatures of the various lipids. Lipids with positive sponta-
neous curvature would tend toward membrane regions of
positive curvature, and lipids with negative spontaneous cur-
vature would tend toward membrane regions of negative
curvature. This would tend to reduce the line tension be-
tween coexisting phases. If the coupling were sufficiently
strong, new phases would arise with extensive amounts of
interface between the two regions. Soon after, Andelman
and co-workers (24,25) showed that this coupling could
indeed bring about modulated phases, an effect that has
now been well studied (26,27). These phases exhibit a
spatial modulation of the composition with a wavelength
that is dictated not only by the membrane composition but
also by the properties of the membrane. With ¢, the mem-
brane surface tension and «;, its bending modulus, the char-
acteristic length is on the order of (K,,/a,,)” 2 1t was noted by
one of us (28) that a modulated phase melts into a microe-
mulsion, a fluid with structure. Like all fluids, it is character-
ized by a correlation length, &, but it is also characterized by
a second length. This length is again the wavelength of the
modulated phase. One problem that must be addressed,
however, is how a microemulsion produced in the outer
leaf can propagate to the inner leaf.

That a heterogeneous plasma membrane might be a mani-
festation of this mechanism coupling membrane curvature
and compositional variations had been previously consid-
ered by Liu et al. (29). However, with the values of the mem-
brane parameters they employed, they concluded that the
characteristic length was much too large to describe do-
mains of the order of 100 nm. Schick (28), however, noted
that if one utilized values from Dai and Sheetz (30) for a
membrane with cytoskeleton o, = 2 x 107> N/m = 4.7 x
10~ 2kzT/nm? and &, = 66kzT, then one obtains a character-
istic length of 119 nm. This was cited as a reason that this
mechanism could, indeed, account for the origin of hetero-
geneous domains. Since then, microemulsions have been
observed in model membranes as well as in cell-derived
ones (31-33). They have not always been identified as
such, however (31,32). The experiments of (33) are particu-
larly illuminating because they show that for large surface
tensions, the characteristic length of domains increased
with increasing surface tension. This is quite consistent
with predictions of the theory for the behavior of domain
size at large tensions (34). To observe a microemulsion in



the plasma membrane with a characteristic size of 100 nm
would require a neutron scattering experiment. The struc-
ture factor would have a peak at a wavevector on the order
of (a/kp)"">.

There has also been much theoretical progress, including
simulations of Landau modes, simulations that show what
the microemulsion domain-phase might be expected to
look like (7,35,36). The description of the plasma mem-
brane by these models is quite simplified, utilizing only
one or two order parameters. In this work, we employ a
more detailed model recently used to estimate the choles-
terol distribution between leaves (37). The model, described
more fully in the next section, considers the exoplasmic leaf
to consist of sphingomyelin (SM), palmitoyloleoylphospha-
tidylcholine (POPC), and cholesterol and the cytoplasmic
leaf to consist of palmitoyloleoylphosphatidylethanolamine
(POPE), palmitoyloleoylphosphatidylserine (POPS), POPC,
and cholesterol (see Fig. 1).

We calculate the free energy of the system up to and
including Gaussian fluctuations. From this, we find that
the structure factors of all seven components, three in the
outer and four in the inner leaf, display a peak at a nonzero
wavevector, indicating a microemulsion in both leaves. This
wavevector, approximately (a/k)"?, provides the character-
istic length scale for the domains. In the plasma membrane,
this length scale is on the order of 100 nm. From the other 21
cross-component structure factors, a picture of the lipid
plasma domains emerges as consisting of one kind of region
enriched in the outer leaf with SM and cholesterol and en-
riched in the inner leaf with POPS and POPC. The other
kind of region is POPC rich in the outer leaf and rich in
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POPE and cholesterol in the inner leaf. The two kinds of re-
gion are distinguished in both leaves not only by differences
in composition but also by a difference in curvature.

THEORETICAL MODEL

We begin with a model of the plasma membrane utilized
recently (37). The exoplasmic leaf consists of N?M mole-
cules of SM, N9 molecules of POPC, and N2 molecules
of cholesterol; the cytoplasmic leaf consists of Nk, N,
N}C, and NIC molecules of POPE, POPS, POPC, and choles-
terol, respectively. It is convenient to define the mole frac-
tions in each leaf

Ny Npe N¢
YsM=—"o> Yrco =" Yo =75
Nt(Zt thor Ngt @)
NG =NGy +Npe +N¢,
and
N Ny, Ny v
YPE=T1 Yps=—r YPci=—7 Yei=1
Nfl)f Ntot Nfl)t Nt()t .
Niy=Npp + Nipg + Nipe + Ne
2

We work in an ensemble in which the areas of the leaves
are fixed and take these areas to be equal. Given that the
fractional difference in areas of the two leaves is on the or-
der of the ratio of the thickness of the plasma membrane/the
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FIGURE 1

Schematic of the model plasma membrane.
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size of the cell, about 1073, this assumption is reasonable.
We further assume that the leaves are incompressible so
that the area, A, of the leaves is determined by their compo-
sition. Denoting the area per phospholipid by a = 0.7 nm?
(38) and that per cholesterol by r x a = 0.42 nm? (39),
with r = 0.6, we can write the area of each leaf in terms
of the number of molecules in the outer leaf

A =Npall = (1—=r)yc,] 3

tot

or the inner leaf

A =N all—(1-r)yeql )

tot

Thus, the number densities of particles in the outer and in-
ner leaves are
1

all— (1~ e ©)

p(yco) =

and
1

all — (1 =r)ye] ©

p(yei) =

respectively.

We assume that the components in the different leaves do
not interact explicitly with one another. As a consequence,
the free energy can be written

Fhi = /dzl‘p(yco)fO(T7ySM7yPCuayCD)

(N
—|—/dzi‘p(yci)fl(TvyPEvyPS;yPCiayCi)a

where f© and f are free energies per particle, and 7 is the
temperature.

The components within each leaf interact pairwise. In the
simplest approximation, mean field, or regular solution the-
ory, the free energies per particle are given simply by inter-
action and entropy terms

0 __ £0 0
frs - Jimt +fenr

0 __
f int — 663M,PC}’SM)’PC0 + 6GSM,C)’SM)’C0 + 6€PCﬁcyPCoyC07

®)

?,,, = kT [ysmuln(ysm) + yecoln(yrco) +yeoln(ye,)],  (9)

and

Fly = Fiu+Fon
f ,I-m = 6¢€pg pcypEYpci + 0€pp cypEYCi + 0€pp psypeyps  (10)

+6€ps pcypsypci + 0€ps.cYpsYei + 6€pc cYpciVeiy
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fha = ksT [ypeln(ype) + ypciln(yeci)

11
+ypsIn(yes) + yeIn(yei)] (v

Terms in the free energy that are linear in the component
mole fractions, such as the free energy of translation (40),
have been ignored because they affect only the absolute
values of the component chemical potentials. The € in the
above are interaction energies whose values will be assigned
later.

We now consider the contribution to the free energy from
the bending of the bilayer. On length scales that are large
compared to the bilayer thickness, this energy can be writ-
ten, in the Monge representation, as

Fpona [, HG  HL] = %KZ / &*r (V2" (x) — HY)’
(12)

1 m 2
3, / Pr (VI (x) — H)’,

where k9 and k!, are the bending modulii of the monolayers,
H§ and H} are their spontaneous curvatures, and 4”(r) is the
height of the bilayer midplane measured from each point r
in some external plane. We first assume that the bilayer is
flat so that V21" = 0. The bending free energy reduces to

0 !
Fhend = %" /dzr(Hg)er%" /dzr(H{))z. (13)

Thus, the total free energy is now

F, = /dzl”[p(ycg)f,.Os(TaySMayPCovyCo)

0

+% I:H()O(ySMa yPCmyCo):I 2:|

(14)
+/dzr[p(yCi)f:{s(TayPE;YPSayPCivyCi)

1

K 2
Jr? [H{) (v, yps, Yeci, }’a‘)] }

We must still specify the interaction energies and the
spontaneous curvatures of the two leaves. The interaction
energies can be obtained by solving exactly, via simulation,
multicomponent Ising-like lattice-gas models (41). The bi-
nary interactions within the model are adjusted until the
model reproduces experimental data, such as temperatures
of phase transitions, or specific heats. Many results from
this procedure have been collected by Almeida (42). For a
mixture of two components A and B, he denoted the inter-
action energy obtained in this manner as wg .

In contrast to an exact numerical solution for the free en-
ergy, the regular solution free energy we employ does not



contain any effect of local compositional fluctuations.
Hence, were we to employ w4 in our calculation, it would
produce a much higher transition temperature than observed
in the Ising simulation and experiment. Therefore, our bi-
nary interaction must be smaller than w,z. To obtain the cor-
rect transition temperature in our model, we must take (43)
€ap = (2/3In3)w,p = 0.6w4p. By this means, we can obtain
from Almeida (42) the interactions egy; c/kgT = —0.58 and
epc.c/kgT = 0.18. The interactions between cholesterol
and POPE or cholesterol and POPS are not in this table,
so we proceed as follows.

The interaction between cholesterol and PE is clearly quite
attractive. This is seen in the large solubility of cholesterol in
PE (0.51 mole fraction) (44), and in other experiments, both in
monolayers (45-47) and bilayers (47). Further, a table of
dimensionless interactions between cholesterol and DOPE
is given in Savva and Acheampong (45). These can be directly
related to our epg /kpT. From these observations, we choose
epe.c/kgT = —0.15. The interaction between cholesterol and
PS is not very attractive and is probably repulsive. This is
seen from the fact that POPS does not induce phase separation
in a ternary mixture of equal mole fractions of DOPC, POPS,
and cholesterol (48). Further, the solubility of cholesterol in
POPS is only 0.36 mole fraction (49). On this basis, we take
GPS,C/kBT =0.2.

As for the interactions between phospholipids, we assume
that unsaturated ones, being rather disordered, mix well with
one another. Hence, we set epcpr/ksT = epcpstkpl =
epe ps/ksT = 0. SM, on the other hand, is rather well ordered
even at 37°C, so the interaction between it and POPC is
taken to be repulsive: esy pc/kpT = 0.3.

As to the spontaneous curvatures, a word must be said
about the sign convention. As noted earlier, the displace-
ments of the bilayer above a position r on an external plane
are denoted A™(r). If " is arbitrarily taken to increase in the
direction from the exoplasm to the cytoplasm, then a lipid
with small headgroup and wide tails has a spontaneous cur-
vature that is negative if it is on the exoplasmic leaf. The
curvature of the same lipid is positive if it is on the cyto-
plasmic leaf. The product of the leaflets’ spontaneous curva-
tures and their bending moduli was obtained from
simulation in (37). They were found to depend on the
mole fraction of cholesterol in the leaf. In the relevant range
of cholesterol fraction, it was determined that in the exo-
plasmic leaf, the product of monolayer bending modulus
and spontaneous curvature was well fitted by the form-

KZH(()) o ySM
kgT Ysu + Yeco
0.25 <y, 0.6,

(asu — bsmuyco) +
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where, in units of nm !, asyy = 6.438, by, = 18.58,
apopc = 1.341, and bppopc = 9.267. Note that this is simply
a mole-fraction-weighted average of the spontaneous curva-
tures of the phospholipids but with those curvatures being
dependent on the amount of cholesterol present. The contri-
bution of cholesterol to the leaflet’s spontaneous curvature is
only through its effect on the phospholipids (50); it tends to
enlarge the area taken up by their acyl chains (37).

A similar fit to the product of the monolayer bending
modulus and spontaneous curvature of the cytoplasmic
leaf was found to be

Ko _ L, YPE

(aPOPE - bPOPEyCi)

kgT e + Yps + Yrci
+¢ (apops — bporsyci)
Ype + Yps + Ypci (16)
Yeci
9 (pope — broseyer
Yee + Yps + Yrci (arorc = brorcyci)

0.25<y<0.6,

with apopg — —3156, bPOPE = 271, and apops — —1223,
and bpops = 3.35, again all in nm ™"

The description of the free energy of a nonfluctuating
model membrane is now complete, but the mole fractions
of the various components that describe the mammalian
plasma membrane have not yet been specified. To do so,
we begin by noting that the free energy per particle, 1, of
the outer leaf is a function of the mole fractions ygu, Ypcos
yco, and the free energy per particle of the inner leaf, f, is
a function of ypg, Yps, Ypci» and yc;. However, because

1 = ysu + Yrco + Yco a7

and

1 = ypg + yps + Yrci + Ycis (18)

only five of the seven mole fractions are independent.
Furthermore, because cholesterol can flip-flop between
leaves rapidly (51-53), the chemical potentials of the
cholesterol in the two leaves should be equal:

Ypco
—————(aporc — brorcYco)
Ysm + Ypco (15)
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OF(T,{N,})
T7 ’ 0yYCo) — —
//«Co( Ysm, YpC )’c) aNg
(19)
OF (T, {N,
= ( {1 }‘) = uci(T, ype, yps, Yeci, Yci)
0N,

We further restrict the state of the system to be such that
the mole fraction of the cholesterol in the bilayer, x., be
equal to 0.4 (54). Utilizing the equality of the areas of the
two leaves as expressed in Eqs. 3 and 4, we can write

N+ N? _ YaitYeo —-2(1—
N' + N9 2—

tot tot

r)yciyco
(1 =7r)(yei + yeo)

0.4 = x, . (20)

Specification of the system is completed by requiring that
the mole fractions of SM/PC in the outer leaf be in the ratio
1:1 and the ratios of the mole fractions of PE/PS/PC be 5:3:1
(16).

Given these requirements, we find that the equilibrium
mole fractions of the various components, denoted here by
an overbar, are in the outer leaf

You = 0273, Y5 = 0273, 3, = 0454  (21)

and in the inner leaf

Ype = 0.365, ypg = 0.219, ype; = 0.073, y; = 0.343.
(22

The amount of the total cholesterol that is in the inner leaf
is 42%.

If we assume values for the bending moduli of the two
leaves, then we can obtain the spontaneous curvature of
the various molecules in the presence of the cholesterol
whose mole fractions in the two leaves are given above.
For this purpose, we assume that the bending modulus of
the two leaves are equal and equal to k,/2 = 22kgT, where
the bending modulus of the bilayer, «,, is that of red blood
cells (55) Then, from Eq. 15

kgT _ B
Hosy = —— (asy — bsu¥e,) = —0.091 nm™",

Km (23)
and similarly, Hypc, = —0.130 nm™!

in the outer leaf. For molecules in the inner leaf, keeping in
mind the change of sign, we obtain

HO,PE = 0.186 nmfl,
Hops = 0.108 nm™", 24)
HO,PCi = 0.083 nmfl .

With these spontaneous curvatures and the known mole
fractions of the phospholipids, their mole-fraction-weighted
contribution to the spontaneous curvatures of the two leaves,
Egs. 15 and 16, can be calculated. For example, SM is one-

1024 Biophysical Journal 118, 1019-1031, March 10, 2020

half the phospholipid mole fraction of the outer leaf, so its
contribution to the spontaneous curvature of the outer leaf
is —0.046 nm ', Similarly, the mole-fraction-weighted con-
tributions of the other phospholipids are PC,, —0.065 nm ™ ';
PE, 0.103 nm™'; PS, 0.036 nm™'; and PC;, 0.009 nm ™'
Simply adding these contributions to the outer leaf and to
the inner leaf, we obtain the spontaneous curvatures of the
leaves

H) = —0.111 nm™"

25
H) = 0.148 nm™". @)

The total spontaneous curvature of the bilayer is then
Hg + H{) = 0.036 nm™~'. This completes the review of the
model plasma membrane utilized earlier.

In this work, we extend this model free energy to include
Gaussian fluctuations about the averages calculated above
so that we can obtain the structure factors that the model
predicts. These structure factors are, of course, quite infor-
mative. We show that they provide illuminating insight
into the inhomogeneous plasma membrane.

To extend the free energy of Eq. 14, we define the devia-
tion of the mole fraction of the » component at position r
from its average value by

Oyy(r) = yo(r) =3, (26)

Because the mole fractions now fluctuate about their
average, we must add to the free energy the usual gradient
squared penalty for large fluctuations:

OF 4 = / &Pr 72 Voy,)? / &r 72 Véy,)’, 27)

with « taking the values of the outer leaf, SM, PC,, and C,
and v the values of the inner leaf PE, PS, PCi, and Ci. We
take (56) the energy cost b = SkgT.

The contribution to the free energy, Eq. 14, from the reg-
ular solution theory is expanded to second order to give the
additional term

1 62 pf
2 rs
O = /d Zz Y. 0y «0%
(28)

/dz Zz a(pgm)‘s V0%

Similarly, the terms in Eq. 14 that are quadratic in the
spontaneous curvatures contribute



K9 0’HY  0HY oHS
OF ponar = | d°r=2 HY 040
e / ’ 2 B [ ayaayﬁ - aya ayﬂ:| Y
K O’H!,  OH' oH)
+ / dr-=N |\H 2 0 0y 0y
2 Ml 0dy,0ys | Oy, Oys | T
(29)

Because the membrane’s spontaneous curvature can now
vary locally, we must permit the membrane’s local curvature
V2h™(r) to vary from being flat. Therefore, the bending en-
ergy of Eq. 12 contributes additionally

6F17€ndl = /dZ, {K ;—K I:Vzhm( )}
(30)

oHO oH! '
o 0 1 0 21.m
— [K”7Za:a—h 6ya + Km;a—yy (Sy7‘| V°h (r)}

Finally, because the membrane is no longer flat, we must
include the free energy cost of the additional surface area, a
cost that arises for the most part from the membrane’s
attachment to the cytoskeleton:

exp| — OF pem (T, A, {0y }) / keT] = CH/dh’”(k)exp[ 6F,,,‘,,,(T A, {6y, ), {h"(k

k

% +d!
6Fszu_‘f - m_; o

/ dr(Vh"), (31)

where 02 and an are the surface tensions of the two leaves.
The total contribution of Gaussian fluctuations to the free
energy is

5Fgauss2 [TaA7 {6ya}hm(r)] = 5ng + 5Frs + 5Fben(12
+ 6Fbendl + 6Fsmf7 (32)

where {0y, } denotes the set of the seven composition fluc-
tuations. The five terms are given in Eqgs. 27, 28, 29, 30, and
31.

It is convenient at this point to express all fluctuations in
terms of the Fourier transforms

oy, (r) = /dzkéy,,(k)exp(ik °r)

A
()’
(k) = 5 [ dron(rlexp(-ik ),

(33)
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and similarly for 2" (r). We shall assume that

1
% =d = 90 (34)

where we take g, = 4.7 x 10 kzT/nm” (30). Note that the
only terms that involve the fluctuations of the membrane
height are 6F,.,q1 and 0F,,z

OF nen (T, A, {8ya}, {H"(K)}) =

+1 KOZaHg 6_)7 ( +K Z 0(5}’ kth( )7
2 m - aya @ m 6 7

6Fhendl + 6Fsmf

+complex conjugate) }

(35)

where terms linear in the fluctuations have integrated to zero.

The contribution to the free energy from the fluctuations

in the height variable are obtained by integrating over all
values of these fluctuations:

)}/ kaT], (36)

where C is an uninteresting constant. Because the A"(k)
appear only quadratically in the free energy 6F ., this inte-
gration can be carried out explicitly. However, one obtains
additional insight—as well as the same result for the free en-
ergy, 0F .., up to an uninteresting constant—if we approx-
imate the integral by the method of steepest descents. This
approximates the integral by the contribution to it from
the largest value of the integrand, a value that occurs at those
A" that minimize 6F . These "(K), which dominate the
contribution of the height fluctuations to the free energy, are

[+ 5 5 )]
7{ ya}) - [kz 4 (Uh/Kb)] )
(37

hm (

nmin

where k;, =l< )+ & . This result shows that at large wave-
vectors or short dlstances, (k* > ) /kp), the dominant
fluctuation to the local membrane curvature —k>A"(K) ap-
proaches the change in the membrane spontaneous curva-
ture resulting from the composition fluctuations. However,
at larger distances, the response of the membrane to changes
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in the spontaneous curvature is suppressed by the surface
tension. The characteristic length below which the mem-
brane can respond to changes in the spontaneous curvature
is (ky/a5)"?. With the values of k, = 44kzT (55) and 0}, =
4.7 x 10_3I<)_[;T/nm2 (30), this length is 97 nm. This provides
an explanation for the characteristic length of domains and
is strong evidence that their origin lies in the coupling of the
local curvature of the plasma membrane to its local sponta-
neous curvature, as suggested previously (28).
We now substitute this result into 6F mem»> 1.€.,

6Fmem(T7Aa {5yzx}) :5Fmem (T,A, {6})04}7 h::m( I {6ya})

(38)

Note that 6F ., (Eq. 2) contain a term proportional to
h(k)h(—K), so 0F,,,.,, will contain a term proportional to

zaH

2

)+ Z Hy (sy7 : (39)

which couples composition fluctuations in the inner and
outer leaves (34). We note that this coupling from the outer
to inner leaves is particularly strong because of the large
change in the spontaneous curvature of the outer leaf with
respect to changes in the SM and PC concentrations there.
This can be seen from Eq. 15 and the rather large value of
bgy, a value that reflects the fact that the change in the mem-
brane’s spontaneous curvature with changes of SM concen-
tration is significantly increased in the presence of the
membrane’s cholesterol. A similar statement applies to PC.

We next express all the other second-order contributions
to the free energy Eq. 32 in terms of the Fourier components
0y,(Kk). Lastly, we recall that only five of the seven compo-
sition fluctuations are independent, as expressed in Eqs. 17
and 18. This implies that

0 = 0oysu (k) + 0ypco (k) + 0yc, (K),

0 = dype(k) + 0yps(K) + 0ypci(K) 4 dyci(K). (40)

We therefore eliminate 0ypc,(K) and 6ypc;i(K) in terms of
the other fluctuations. We finally arrive at an expression for
the Gaussian fluctuation contribution to the free energy,
OF g0uss(T, A, 0Ysa1, 0Yci» 0YpE, OYps, 0Yco)- It can be written
compactly as

6Fguuss Az / 2 T
= = [ ad’k E (KM,
kBT (271’)2(12 - ¢1 ( )

k)¢;(k), (41

where ¢! is the row matrix

¢iT(k) = (5)’SM(k) 5)’Co(k) 5)’PE(k) 5YPs(k)

(42)
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oyci(k) ),

¢, the corresponding column matrix, and M;(k)isa 5 x 5
symmetric matrix. Its 15 independent elements are given
in the Supporting Materials and Methods.

The desired structure factors are now obtained from

<6ya( >6yﬁ(_k)>

= (M) (k)

43)

where the brackets denote an ensemble average. The struc-
ture factors so obtained are a function only of the magni-
tude, k, of the wavevector, and not of its direction:

Sap(K) = Sq p(k).

RESULTS

We show in the next several figures results for some of the
28 correlation functions, of which 15 are independent.
Given the repulsion between SM and POPC in the outer
leaf, one expects the largest structure factors to be those
of the outer leaf. In Fig. 2, we show the structure factor of
the cholesterol in the outer leaf, Sc, c,(¢g). It is plotted in
terms of the dimensionless wavevector ¢ = k(Kb/O'b)l/ 2
The key observation is that the peak in the structure factor
is at a nonzero value of the wavevector. This indicates that
there is structure in the disordered fluid phase of the outer
leaf of the plasma membrane, that is, it is a microemulsion.
That the peak occurs at a value of ¢ = 7 implies that the
structure has a wavelength A = (27r/q)(/<b/ab)l/ 2 = 87 nm.
The structure factors of the other two components in the
outer leaf, Ssyssp(k) and Spc, peo(k), are similar to that of
the cholesterol and display a peak at about the same nonzero
wavevector. The cross-structure factors between SM and
cholesterol show that their fluctuations are correlated,
whereas the structure factor between SM and PC and be-
tween cholesterol and PC indicates that these components
are strongly anticorrelated. These correlations also follow
the sign of the binary interactions. Thus, one kind of domain

SCo.Co
091

0.8r
0.7r
0.6-
0.5r

04

. . . . . Log
5 10 15 20 25 30
FIGURE 2 Structure factor of the cholesterol in the outer leaf plotted
versus the dimensionless wavevector ¢ = k(kplop) 2. The structure factor
at zero q is Sc,,c,(0) = 0.36.
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FIGURE 3 Structure factor of the POPE in the inner leaf plotted versus
the dimensionless wavevector ¢ = k(lq,/ab)l/z. The structure factor at
zero q is Spg pe(0) = 0.297.

in the outer leaf consists of regions enriched in SM and
cholesterol, whereas the other is enriched in PC.

What about the inner leaf? There is a significant differ-
ence between the spontaneous curvature of POPE, with its
small headgroup, and those of the other phospholipids.
Hence, we expect the coupling of height and composition
fluctuations to tend to separate these phospholipids into
regions of characteristic size. That this supposition is cor-
rect is seen in Figs. 3 and 4, which show the structure fac-
tors of the POPE in the inner leaf, Spgpr, and of the
cholesterol in the inner leaf, S¢; ¢;. Both are plotted as a
function of the dimensionless wavevector g. Again, the
structure factors show a peak at a nonzero wavevector.
Those of the other two components, Spsps and Spc; pci,
are similar.

These structure factors clearly show that the inner leaflet
is a microemulsion because their peaks are at a nonzero
wavevector, indicating that the disordered fluid nevertheless
has structure. From the cross-structure factors, we infer that
there are two regions in the inner leaf: one rich in POPC and
POPS and the other rich in POPE and cholesterol. Given the
interactions between cholesterol and the other phospho-
lipids, this is not surprising.

Scici
0.345¢
0.340+F
0.335¢
0.330
0.325¢
0.320F
0315}

5 10 15 20 25 30 1

FIGURE 4 Structure factor of the cholesterol in the inner leaf plotted
versus the dimensionless wavevector ¢ = k(kplop) 2. The structure factor
at zero q is S¢;.c(0) = 0.302.
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To obtain a measure of how large the composition fluctu-
ations are, it is instructive to consider the quantity

) 1/2
AyaE % /dzr <ya(0)ya<‘(yr)>>2_ <ya> COS(kmax . l‘)
Suallona) |
~ (<ve>)
44)

where the brackets denote an ensemble average, and k,,,,, is
the wavevector at which the maximum in the structure factor
occurs for the component «. We find that this measure varies
from 4., = 1.5 to dpc, = 9.3 in the outer leaf and from
Apg = 1.5 to dpc; = 4.8 in the inner leaf. Thus, the differ-
ences in composition between the two regions are large; that
is, the distribution of compositions is characterized by a
variance that is larger than its mean.

The question now arises as to how the domains in the in-
ner and outer leaves are correlated. This is answered by
examining the structure factor of components in different
leaves. Recall that there are no direct interactions between
components of the inner and outer leaves, so their correla-
tions are not a priori obvious. However, the chemical po-
tential of the cholesterol has been enforced to be equal in
the two leaves, reflecting its rapid flip-flop between them.
Thus, the cholesterol provides one source of correlation be-
tween leaves. Indeed, the structure factor S¢, ¢, presented
in Fig. 5, shows that these fluctuations are anticorrelated.
This makes sense because a fluctuation of cholesterol
from the inner leaf augmenting the SM region in the outer
leaf leaves behind a deficit in the leaf below. Given this
anticorrelation between cholesterol in the two leaves and
the known correlations of the phospholipids with choles-
terol in the two leaves, then, were this the only source of
interleaf correlation, that between phospholipids in the in-
ner and outer leaves could be anticipated. There are other
sources of interleaf correlation, however. In particular, we

Scoci

-0.05+

-0.10+

-0.15¢

-0.20

FIGURE 5 Structure factor between the cholesterol in the inner and outer
leaves plotted versus the dimensionless wavevector g = k(kplap)'?. The
structure factor at zero wavevector is Sc, c;(0) = 0.
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FIGURE 6 Structure factor between the SM in the outer leaf and the
POPS in the inner leaf is plotted versus the dimensionless wavevector g
= k(Kb/ab)“ 2 The structure factor at zero wavevector is Ssm.ps(0) = 0.

have noted that the interaction between the membrane and
the composition-dependent spontaneous curvature couples
the fluctuations in both leaves. Another cross correlation,
that between SM in the outer leaf and POPS in the inner
leaf, is shown in Fig. 6.

By examining all interleaf structure factors, we find that
one kind of domain consists of regions enhanced in SM
and cholesterol in the outer leaf and enhanced in PS and
PC in the inner leaf. The other domain is enriched in PC
in the outer leaf and PE and cholesterol in the inner leaf.
This configuration is illustrated schematically in Fig. 7.

Because of the fluctuations in composition, dy,, the spon-
taneous curvatures of the two domains will be changed, and
this will tend to change the local membrane curvature at
these domains. In particular, one would expect that the
domain in which the PE is enriched in the inner leaf will ac-
quire a positive curvature and, consequently, that the local
membrane curvature of that domain will be positive. As a
simplified illustrative example, assume that this domain is,

PC-RICH

in its inner leaf, enriched in PE by an amount dy and
depleted in PS by the same amount. In its outer leaf, let it
be enriched in PC by oy and depleted of SM by the same
amount. Then, from the mole-fraction-weighted sponta-
neous curvatures obtained earlier, we see that the change
in spontaneous curvature of this domain is (0.103 —
0.036 — 0.065 + 0.046)6y nm ™" or 0.0486y nm . There-
fore, the local curvature at that domain will indeed be pos-
itive as expected and as depicted in Fig. 7. Similarly, the
other domain, rich in SM and depleted of PC in the outer
leaf and enriched in PS and depleted of PE in the inner
leaf, will have a spontaneous curvature of equal and oppo-
site sign, —0.0480y nm~'. The local membrane curvature
at that domain will tend to be negative, as depicted in the
figure. Note that nothing can be said directly about the mem-
brane thickness of the two domains because the theory does
not contain the membrane thickness explicitly. It appears
only implicitly as one obtains the compositions of the do-
mains and independently knows about the structure of these
components.

Given the structure factors obtained above, one could take
their Fourier transforms to obtain real-space correlation
functions. These are not very informative, however, because
the structure factors result from averages not only over the
directions of the wavevector but, more importantly, over
the ensemble of states. Although the microemulsion con-
tains internal structure, it still is a disordered fluid. Conse-
quently, most of the evidence of its structure in real space
is lost in the averaging. More informative about the internal
structure are “snapshots” from simulations that are real-
space images of a single configuration as opposed to an
average over configurations. Snapshots such as these are
found in Shlomovitz et al. (35), obtained from a Landau
model that is much simpler than that investigated here. A
large-scale simulation of the plasma membrane has been

SM, CHOL-RICH

M ARyt
(LKL ) g M

PE, CHOL-RICH

PS, PC-RICH

FIGURE 7 Schematic illustration of the correlated fluctuations of the components of the membrane and its spatial configuration. The key to the symbols is

the same as in Fig. .
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carried out (57), but because it did not include height fluctu-
ations of the membrane, no microemulsion brought about by
the mechanism discussed in this work would have been
produced.

DISCUSSION

We have employed a recent model (37) of the plasma
membrane that consists of the three principle lipids in
the exoplasmic leaf and four principle lipids in the cyto-
plasmic leaf and calculated its free energy up to Gaussian
fluctuations. Composition fluctuations are coupled to
height fluctuations of the membrane. The principal result
of this work is that the structure factors of all seven of
the components in the two leaves are characterized by a
peak at a nonzero wavevector. This clearly show that
both leaves of this model membrane are in a disordered
liquid, microemulsion phase; that is, a liquid phase with
fluctuating internal structure characterized by a well-
defined length. We have shown that the model membrane
displays two kinds of domains: one rich in SM and choles-
terol in the outer leaf and PS and PC in the inner leaf, the
other rich in PC in the outer leaf and in PE and cholesterol
in the inner leaf. That PS in the inner leaf should be corre-
lated with SM in the outer leaf has been hypothesized by
the Mayor group (58,59).

That the model membrane is a microemulsion is a result
that is robust independent of the binary interactions. This is
so because the microemulsion results from the coupling of
the composition fluctuations to the fluctuations of the mem-
brane height. To verify this, we have repeated the calcula-
tion setting all binary interactions to zero. As a
consequence, the cholesterol is equally distributed between
the leaves. The structure factors of all seven components
still display a peak at a nonzero wavevector. In the absence
of interactions, the entropy anticorrelates regions that are
rich in one of the components; e.g., in the outer leaf, there
are three kinds of regions, one rich in SM, one in POPC,
and one in cholesterol. The effect of the binary interactions
is to cause the cholesterol and sphingomyelin to be enriched
in the outer leaf of one region and the PC to be enriched in
the other. Similarly, the interactions cause the cholesterol
and PE to be enriched in one region and the PC and PS to
be enriched in the other. To restate this, the appearance of
a microemulsion in both the inner and outer leaves does
not depend upon the binary interactions. However, that there
are only two different kinds of domains and that their phos-
pholipid composition is as we have found does depend upon
those interactions.

The theory employed neatly addresses the two major
problems encountered in other theories. First is the exis-
tence of a characteristic length of the internal structure,
on the order of (k,/a,)"?, that arises from the properties
of the membrane whose height fluctuations are coupled
to the concentration fluctuations of the components. As

A Foundation for Rafts

noted above, with k, = 44kgT (55) and o, = 4.7 X
10™3kgT/nm? (30), this length is 97 nm, in accord with ex-
periments (3—6). This feature of the theory points to the
importance of the presence of the cytoskeleton in bringing
about rafts of this particular size. Second is the question of
how heterogeneous domains arise in both leaves of the
membrane, given that essentially all lipids in the inner
leaf are unsaturated. In this theory, however, lipids are
not distinguished and separated by their differences in de-
grees of unsaturation, but by differences in their sponta-
neous curvatures. In the plasma membrane, lipids in
both leaves have significant differences from one another
in their spontaneous curvatures.

The underlying theory is an experimentally testable
one. Indeed, some of its predictions have been confirmed,
such as the behavior of the characteristic domain size with
temperature and surface tension at large tensions. It would
be of interest in this experiment (33) or others (31) to
change at least one of the components and thus the spon-
taneous curvature. One expects that as the difference in
spontaneous curvatures of the components increases, the
characteristic domain size decreases (28). Experiments
on asymmetric membranes (60) would, of course, also
be very informative. The theory presented here has not
yet been applied explicitly to experimental symmetric
model membranes, ones without a cytoskeleton but with
a significant coupling between leaves (61,62). It would
also be of great interest to incorporate the coupling of
membrane and concentration fluctuations that are at the
heart of the Leibler-Andelman mechanism into computer
simulations.

In conclusion, we have examined a recent model of a
lipid plasma membrane, one with reasonable compositions
and elastic properties, and have shown that at biological
temperatures, it exhibits a microemulsion in both leaves
and have explicated their compositions and curvatures.
Our results thereby provide a rational basis for the concept
of an inhomogeneous plasma membrane, one exhibiting
“rafts.”
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We write the fluctuation part of the free energy, given by Eqgs (39) and (40) of the paper in

the form

oF A?
=y | 0 ) My 0,0, )

where M, ; = M;,; and p = a/?k.
We recall the expressions for the cholesterol-dependent spontaneous curvature of the outer

leaf, Eq.(15),

O 170
HmHO _ Ysm

(apc — bpcyco)| , 0.25 < yci <0.6

(2)

= | ————(asm — bsmYco) + _rce
kgT Ysm + Ypco Ysm + Ypco

and for the inner leaf, Eq.(16),

oty = - Jre (apg — bpryci) + urs (aps — bpsyci)+
kgT ype +Yprs + Yrci Y ype +yps +Yrci ‘
Ypci
- (apc — bpcyci)| 0.25 <yec; <06 (3)

Yyre + Yprs + Ypci

To evaluate the derivatives of the HY and H! with respect to the various mol fractions

y, we define the quantities

Zo = (1 - gCO)a



where the overbar denotes the equlibrium value, and

c° = fsmasar + frcoapc — Yool fsmbsm + freobpc)

Here f; is the fraction of phospholipids in the monolayer of type i, that is

fsn =
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fPCo -
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Coicci = (fre)Qpr + frsQps

With the above definitions, and Egs. (5) and (6) of the text for p(yc), the matrix elements

are as follows:
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