EM algorithm derivations and supplementary data

1 Algorithm derivations

1.1 Derivation of E-step filter updates

1.1.1 Probability mass function of m;
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1.1.2 Mean and variance of the posterior density function p(x;|y*)

We follow an approach similar to [1] in deriving the filter updates. Recall that linear models are assumed
to relate sympathetic arousal to the phasic-derived and tonic components.
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We take the two noise terms v; and wy to be independent of each other. Consequently, the density
functions p(rg|zy) and p(sg|zy) conditioned on already having observed zj, are independent of each other
in the following derivation.
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We take the partial derivative of the logarithm term above and set it to 0 to solve for the mean.
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Solving for zj in the equation above provides the filter update for zy;. We have taken,
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when calculating the partial derivative. Similarly, the second partial derivative is,
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The filter update for O']%‘ . is given by [1],
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1.2 Derivation of the M-step updates
1.2.1 Complete data log-likelihood

Taking X* = {z1,7,...,2x}, the complete data likelihood conditioned on the model parameters © is

given by,
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The expected log-likelihood is,
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Following [2], we take
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1.2.2 M-step updates for « and p
Let @1 denote the term in @) that contains « and p.
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While it is possible to determine the starting state xg as a separate parameter, we follow one of the
options in [2, 3] and set xyp = x1. This permits some bias at the beginning. Therefore,
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We take the partial derivatives of ()1 with respect to o and p and set them to 0 to obtain the M-step
updates.
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The solutions to these simultaneous equations provide « and p.



1.2.3 M-step updates for vy, 71, dp and &

Let Q2 denote the term in @ containing vy and ;.
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Taking the partial derivatives with respect to vy and ; yields,
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The solutions to these simultaneous equations provide vy and ~1. dg and §; may be obtained similarly
from the term in () containing sy.

1.2.4 M-step updates for o2 and o2

Let Q3 denote the term in @ containing o2.
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We take the partial derivative with respect to o2 and set it to 0.
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may be obtained likewise.
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1.2.5 M-step update for o2

Let Q4 denote the term in @ containing o2.
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We take the partial derivative with respect to o2 and set it to 0.
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1.2.6 M-step updates for 5, and (;
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Let @5 denote the expectation term containing By and [.
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We perform a Taylor expansion of the logarithm term around xx[1].
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Taking the partial derivative w.r.t. Jg,
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And similarly for 8; we arrive at,
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1.2.7 Approximation for the expectation term containing )\ ;

Let Qg denote the expectation term containing Ay ;.
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We perform a Taylor expansion of the summed term around xy [1].
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2 Experimental data — model parameter estimates

The experimental model parameters estimated for each participant are shown in Table 1. Recall that
we estimate xj at the E-step and calculate the model parameters at the M-step. Recall also that due to
computational complexity we split the estimation of the model parameters related to heart rate (i.e., the
0;’s and the n coefficient) into two parts and calculate them separately. We calculate the 6;’s offline based
on maximum likelihood estimation (MLE) and select 7 based on which value maximized a log-likelihood
term. As pointed out in the “Discussion” section of the main text, this separated-out calculation is a
limitation of our model (e.g. it can result in numerical issues). The separate estimation of the heart rate
parameters may be the reason why 7 values are small in the final estimates and why larger n values cause
convergence issues in the Newton-Raphson solution for the state update xy;, since the MLE estimation of
the 6;’s may account for much of the heart rate variability. The value of 81 also turned out to be negative
for two participants (the M-step updates turned out to be negative even after the first iteration). Our
algorithm provides two options for calculating 8y and 1 and it is possible to select the alternate option
which sets 8y = 1 and calculates 3; empirically as well if this is to be avoided beforehand. As noted in
the main text, a model with a less complex form of the conditional intensity function may enable all the
parameters to be recovered at once at the M-step. Lower computational load is also likely to have the
benefit of easier deployment onto a wearable platform.



Table 1: Estimated model parameters on experimental data
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