Online Supplement — Appendix: Proofs

Proof for Lemma 1: We calculate the determinant of the Hessian of the R’s profit IIg(p1, pe; w1, ws) =
(1 —w1)(o1 — Bip1 + p2) + (P2 — wa)(az + p1 — Papz) as:
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We calculate the derivatives and then the determinant as follows:
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det(HIg(p1,p2; wi,w2)) =4B102 —4=4(B1p2 — 1).
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Since, R(]hépg, w1, W) < 0, when (31 82—1 > 0 the critical point obtained by solving R(P1 ’8p2’ wy, W) =
P1 P1
o1l :
0 and r(p1 ’8p2’ w1, W) = 0 will be the local maximum of the profit, i.e., IIg(p1, p2; w1, ws) is concave in
P2
(p1,p2). A sufficient condition to preserve concavity is to assume 3; > 0 = (162 > 1, for i € {1,2}. O
Proof for Lemma 2: From (2), we have: pf(w;) = m + % The first order derivatives, w.r.t.
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Wi, O, O—4, 18i7 and /871' are:
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From the above first order conditions to be positive or negative, we see that pj(w;) is increasing in
the wholesale price w;, market sizes (a1, @2), and decreasing in product’s own price elasticity 5; and other
product’s price elasticity 5_;. 0.
Proof for Lemma 3: Supplier A’s profit is given by: IT4(w1,w2) = (w1 — ¢1)D1(p](w1), ph(we)) = (w1 —
c1)(a1 — Bipi(w1) + p5(w2)). In order to examine the concavity of II4(wi,w2) in w; and wa, we derive the

second order derivatives with respect to w; as:

821‘[A(w1,w2) _ _& <0 OHA(wl,wz) _ (w1 —Cl)
ow? 2 ’ Owo 2

OQHA(wl, ’wg)

=0.
8w§

>0, and

Since, the second order derivative of supplier A’s profit w.r.t. w; is negative, the profit is concave in

wy. Furthermore, we see that the first order derivative of the profit w.r.t. wso is independent of wy and



non-negative; also, the second order derivative is zero. This implies that the profit is linearly increasing in

wo. We can derive similar expressions for supplier B. ]

Proof for Proposition 1:
i) Consider the first order derivative of w{ (from (3)) w.r.t. 8; and By as:
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Since, w{ and w§ are symmetric, we present the first order derivatives for only w{ w.r.t. 51 and Sa.

Checking the sensitivity of p{ w.r.t. 51 and [a:
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ii) We look at the difference of w§ — w®:
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Therefore, if the market parameters for products 1 and 2 satisfy the above condition, then w{ > w¢,.

Next, we consider the difference of p§ — p€,:

i +ai—a i —a; | wi—w,

€ €
S — D . f— + ,
ai(ﬁ—i — 1) — Oz_i(ﬂi — 1) n wf — ’LUii
2(81P2 — 1) 2 7
== p; >p°; if Y > P and wé > wl,
e "
o — fBici g — B . .
We know that if -1 = 20 T then w§ > w®,. Combining with the above results, we have:
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Proof for Theorem 1: i) We first analyze the Stackelberg game where A leads, from (3) and (6), we have
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Aswi,, = % + %2 and ws, = % 4 %, it is easy to obtain that wj, > w5, by using

w{ ;, > wf,. Similarly, we can prove that pf, > pf, using (2).
We now use the “similarity” between the Stackelberg games to present the expressions for the case where
B leads the SC.
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ii) Again, we first analyze the Stackelberg game where A leads. We know that D =01 —5ipf s +p5
and Din =1 — ﬁlpin + pg,n:
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When B leads the SC, we have:
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Therefore, we have Di,,>D5,>D5,, and D5, < D5, <D, .

iii) Considering IT}, | (w1, w2) = max(y, p,)(p1 — w1) (a1 — B1p1 + p2) + (p2 — wa) (a2 — Bap2 +p1), and (2),
we have:
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0, as a1 — w1 + we > 0 because the market demand is non-negative for product 1 even when the retailer

We check the first order derivatives of H}‘%’n(wl, wy) w.r.t. to wi:

sets the market prices at the wholesale prices D;(p; = wy, p2 = wg) > 0.

iv) We present the proof when A leads, the proof for the case when B is the Stackelberg leader is
identical. From i) and ii) above, we know that w§,, > w§, and D5, > DS, , respectively. Therefore,
(w$,,, — c2)D5,, > (w§,, — c2)Ds,, or LS > II°.



v) Using (3)—(4) and (6)—(7), we obtain the expressions for II5:¢ and I as follows:
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Proof for Proposition 2: From the expressions for the emergency order’s wholesale price and the equi-
librium retail prices, it is easy to see that all the prices are linearly decreasing in 6. However, the level of
disruption is decreasing in §. Therefore, the equilibrium prices are increasing in the level of disruption. [

Proof for Lemma 4: From (12) and (15), we can explore wf  — w
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Therefore, if § < 2318 — 1, then W s, > W, Note that B; > 1, therefore 25182 — 1 — 9 > 0. Thus, the
inequality is always satisfied. O

Proof for Lemma 5: It is immediate from (15) and (18) that wi > wg . Consider wf — w§ =
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Proof for Lemma 6: i)
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Proof for Proposition 3: 2 sa
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we have:
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RHS of (A1) increases in 6 as ¢f ,, > ¢7 5, At 6 =0, RHS of (A1) is negative. Also, if ¢5,, > ¢f ,, RHS of
(A1) is again negative and for the special case when the products are symmetric, i.e., a3 = ay and 81 = B2,
RHS of (Al) is again negative. For a relatively low order quantity @n (due to the small market size ag
and/or high values of elasticity for product 33), we can have a positive RHS of (A1l). This is illustrated in
Figure 9.
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Figure 9: Variation of product 2 demand with § for different values of market potential ao and product
2 price elasticity Bs.
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Lemma 4, and ¢f ;. > qf ;, from Theorem 1.ii), respectively. Similarly, we have Dg:fl - Dg:iB > (. Therefore,
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Next, consider D
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>. Similarly, from Lemma 5 and Corollary 1, we obtain

From Lemma 5 and Corollary 1, the RHS in the above equality is positive if § € [0
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Therefore, Dg’;A > Dg’; if 6 € [O



