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Supporting Information Text

A. Linear wave analysis with anisotropy. In this section, we present the magnon spectrum when the anisotropy is present, and
separately discuss the cases of Ising anisotropy (8 > 0) and XY anisotropy (8 < 0).

Ising Anisotropy. Following the parametrization in equation (15), The Hamiltonian near the saddle point N§! is

H Z(Vx¢1)2 + (Vx¢2)2 — oui)(x) cos(p1 — ¢2) — B(cos2 é1 + cos® ¢2)

+(Vaun)® 4 (Vxtz)® 4 (Va01)? + (Vivz)® = 07 (Ve1)? — 03 (Vo)
1 . (1]

_§a<1>(x) [21}11;2 + cos(¢r — ¢2)(2uiug — ui — uj — v — vg)]

+ ﬂ(u% cos 2¢1 + U3 cos 22 + v: cos” ¢1 + v cos’ ¢2) +

where the first line is the Oth order contribution, and the dots in the end represent higher-order terms in u and v. Switching to
the symmetric and anti-symmetric basis, this becomes

1
H Hcl + 5 [(vxus)2 + (vxua)2 + (vxvs)g + (VXUQ)Q]

{02 (Vg + (0] + 40,00V Vi )
% (x) [ v2(1 — cos pa) 4+ va(1 + cos ¢a) + 2up cosq&a}
+ g [(vf +02) 4 (2uZ 4 2ul + v2 4 v2) cos ps co8 Po — (AUsta + 205V,) SN s sin gba]
where H; is defined in equation (10) of the main text.
For the second order terms of the Hamiltonian, we go to the Lagrangian by
Lo = 5o (100us]? + Ouual® + [0ral? + 100val?) — Ha, 3]
which leads to the following coupled linear wave equations for u, v’s:
&us = 02>, [Vfus — B(cos ¢s cos paus — sin @s sin d)aua)] ,
8t2ua = vzqi [Vfua — ai)(x) COS Patla — B(COS s COS Palia — sin P, sin qﬁaus)} ,
Bv, = v2q72n[vas + % (US(VX¢5)2 + vs(Vx(]ba)2 + QUEVX¢5VX¢E) + %é(x)(l — COS o) Vs
[4]

_B
2

(vs + Vs COS Ps COS Pa — Vg SIN P SiN P )],
(Ua(vx¢s)2 + Ua(vx¢a)2 + 27}svx¢svx¢a> - % ( )( + cos ¢a) Vs
(Va + vq COS s COS g — Vs SIN P sin g )].

Taking us/q(x,t) = e“tus/a(x) and using the Bloch ansatz (with k = k/¢,, being the dimensionless quasi-momentum
vector), ' _
Usja(X) = ﬁs/a(x)ezw7 Vs/a(X) = @S/a(x)e’k'x, [5]
we obtain
Wl = 71)2(1,2,L [(VX + ik)zﬁs — B(cos ¢s cos Palis — sin ¢s sin d)aﬁa)} ,
Wi, = —v2qT2n [(Vx —+ ik)zﬁa - oz<i)(x) €08 Palla — B(cOS s €OS Palla — sin P, sin <Z>aﬁ5)] ,
N2 1, . . X N
Wi = =0 o [(V + ik)*ds + 1 (05 (Vutps)? + 05(Vitpa)? + 200 Vxps Viha ) + %@(X)a — COS Ba ) s

— g(ﬁs + D5 COS (s COS g — D SIN G5 Sin Ga )], [6]

w e = =0 [(Vi + k) *00 + i (0 (Vxs)® + Da(Vida)? + 205 Vs Vha) — % () (1 + cos ¢a)da

- g(ﬁa + D COS Ps COS Po — Ds SIN P SIN Py )]

In the collinear phase, the Neel vectors in the two layers are uniform and point either to the +2 or the —Z2 direction. Namely,
there are four possible combinations that are degenerate in energy: (¢s, ¢a) = (0,0), (27,0), and (7, ), (m, —7). The last two
of them satisfying cos ¢s = cos ¢, = —1 have the same discrete symmetry as that of the twisted-s phase, i.e. a simultaneous

20f8 Kasra Hejazi, Zhu-Xi Luo and Leon Balents



spin reflection N, — —N, and layer exchange. For this type of solutions, Eq. (6) reduces to a pair of degenerate equations for
(us,va) and (ua,vs):

W s = 0@ [(Vx + k) = Blas,

2 2 N2 = N [7]

wla = =0 g [(Vx + k)" 4+ a®(x) — Bliq.
For the other two solutions with cos ¢s = cos ¢, = 1, Eq. (6) reduces to a pair of degenerate equations for (us,vs) and (uq,va)
instead. The us and u, modes satisfy the same set of equations as in Eq. (7) upon substituting & — —a. We will choose the
cos s = cos ¢, = —1 case below for concreteness.

The twisted-a phase is the only one that involves the interplay between the symmetric and anti-symmetric modes. As can
be observed from Eq. (6), the us, u, modes are mixed, so are vs and v,; the four branches thus combine into two, which we
will simply label as v and v. There is one Goldstone mode in the v-branch.

In the twisted-s phase, the four equations decouple, and there is again one Goldstone mode corresponding to the out-of-plane
rotation vs.

Wi = —v’ql, [(Vx + ik)® + B cos ¢a] s,
2

Wi, = =023 [(VX + ik)? — ad(x) cos ¢a + B cos ¢a] g,

W2, = —1)2q72n[(Vx + ik)2 + i(vxqﬁa)Q + %i)(x)(l — COS g ) — g(l — €08 ¢a )]s, 8]
W00 = —02 G2 [(Vx + iK)? + i(VXqSG)Q — B0 (1 +cosda) - gu — 05 )]

The magnon bands in the three phases are shown in figure S1.
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Fig. S1. Top row: The ten lowest magnon bands in the collinear phase for the four branches, where we have chosen cos ¢ = cos ¢, = —1. The dimensionless parameters

are a = 1, = 9. Middle: Magnon bands for the two branches u, v in the twisted-a phase at « = 9, 3 = 1. Bottom: Twisted-s phase for the four decoupled branches at
a=28=0.2.

Similar to the isotropic case, the magnon bands flatten at large « due to their confinement in the disconnected domains in a
large potential. Below we show an example a = 19, 8 = 9 in the twisted-a phase.
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Fig. S2. Flattening of magnon bands in the twisted-a phase at « = 19, g8 = 9.
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XY Anisotropy. Now we turn to the case d < 0, where the Neel vectors tend to lie in the XY plane. We thereby choose the
following ansatz:

N, = /1 —u2 — EN{ (x) + vy (x) + vvi(x),

[9]
N =sin gk + cosyy, w = cosdX —sindiy, vi=2.

The Hamiltonian at the saddle point Nfl is Hy = % [(VXQSS)Q + (quﬁa)2] — oﬁ)(x) cos ¢,. Classically, the system behaves as if

there is no anisotropy, and ¢; is uniform everywhere. Near the saddle point, following the same procedure as the section above,

we obtain in the symmetric/anti-symmetric basis:

Ha =3 [(Vewe)? + (Vetia)® + (Vs + (Vo)) = 5 (02 +02) (V)
[10]
+ %@(x) [—vf(l — Cos ¢q) + vg(l + cos ¢a) + 2u? cos ¢a] + g [(vf + vi)] ,

where the parametrization g = 2|d|/ pq2, has been used in the last line, which is slightly modified from that in the main text
(where 8 = 2d/pq2,). The corresponding Lagrangian then leads to the following linear wave equations:

s = UQqERVqu, O ug = v2q72n [Vfua — ai’(x) cos q&aua] ,

0, = V[V, 4 S (Ta60)? + 2800(1 — cos bu)vs — B, m
ﬁ%ZU%MV%W+%MV@0?—%@Uﬂ+m%@m—ﬁ%]

All the four branches decouple and almost reduce to the the isotropic form as in the main text, up to the constant shift of 8 in
the v-branches. With the Bloch ansatz, the above equations become

wis = —v g, [(Vi + ik) 4]

Wi, = fv2q3n [(Vx + ik)Qﬁa - a@(x) cos d)aﬁa] ,

w2y = —07qh[(Vx + k)0, + i@s(vx%)? + %@(x)u — 08 ¢a)0s — B, [12]

wW?e = =022 [(Vx + ik)0a + i@a(vx%)? — Z®(x)(1 4 €08 ¢pa)Da — Bba).

0| Q

There is one Goldstone mode in the @5 branch, corresponding to the rotation in the XY plane. As « increases, we will again
observe the flattening of u, and vs bands. We plot an example in the twisted phase in the figure S3 below.
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Fig. S3. The ten lowest magnon bands for the four branches at « = 9, 3 = 1 in the XY-anisotropy case.

B. General perturbative solution of the Euler Lagrange equations. We will encounter the following energy functional and the
subsequent partial differential equation in different situations in this work and thus we will first present a general study here.
One needs to minimize an energy density functional of the following form:

Ha = 5 V20l = (€60 + &) cos . 13

&(x) is a periodic function defining a triangular lattice, and it has zero mean funit cell d*x &(x) = 0 over one unit cell. One can
write a Fourier expansion for {(x) in terms of the reciprocal lattice vectors ¢ of the above traingular lattice:

€)= & e, [14]

G#0
‘We will be seeking solutions for ¢ that minimize the energy functional above and are periodic with the same period as that
given by £(x). There is always a trivial solution ¢ = 0, with an average energy per unit cell equal to —&oa. Here we present a

perturbative calculation of a nontrivial solution when a and &y are small; these two parameters are taken to be small with their
ratio %‘J kept a constant.
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In order to find the function ¢ that minimizes the above energy functional, we will use the following Euler-Lagrange equation:

Vip = (£(x) + &) sin g, [15]

which should be solved with periodic boundary conditions. Since we are interested in the specific limit of both a and &y being
small, while keeping their ratio § = %0 a constant, we will add a bookkeeping parameter € to keep track of orders in our
perturbation; we will ultimately set € = 1. The equation thus takes the form:

Vig =€ a(§(x) + eo) sin 6. [16]
We will find a nontrivial solution as a power series in e:
¢=¢" 40V +e7¢ 4. [17]
To zeroth order in €, one needs ¢ to be a constant, this constant will be determined in higher orders:
¢ = const. . [18]
To first order in €, the differential equation takes the form:
O(e) : Z (— \tj|2) ¢f§1)em‘x = asin ¥ Zéqem'x. [19]
970 G#0

It could be satisfied if ¢ takes the form:

¢(1) _ 7Oésin¢)(0> (Z 7 |2 £ €' '><) + ¢(1>[é:0]’ [20]

G#£0

where (W= denotes a constant needed in the first order solution, this constant should also be fixed using higher orders of
the equation. The second order in € of the differential equation now reads:

O(e%) : Z (— |cj|2) (j)ég)eiq'x = acos ¥ ( Z £¢1¢él2> ei(éﬁ'h)'x) + agosin (. [21]
q#0 41,4270
The left hand side of the above equation does not contain a § = 0 component while the right hand side does:
— a?cos ¢ sin ¢© Z e €417 + oo sin ¢, [22]
4#0

This needs to vanish so that the second order differential equation holds, and this fixes the value of qﬁ(O):
o 1 _ 1

=4
aY ezl X e Gl

This result shows that for values of § smaller than # \§,§|2, a nontrivial solution could exist. Furthermore, the second
order part of ¢ could be found also using Eq. (21):

ei(d1+d2)x
¢(2) = a?sin ¢(0) Ccos ¢J(0) < E a5 3 ld ‘ 1+ | )
q1#—q2 @ Ot g

—aCOS¢(0) <Z| |2 g€ ) ¢(1)[é=o] + ¢(2)[qzo]’

q#0

cos ¢(O) =

23]

[24]

with the constant (;5(2)[‘5:0] determined again by higher orders of the differential equation.
This procedure can be carried out order by order, we will just state the result for gb(l)[":()], which could be derived from the
g = 0 component of the €3 order of the differential equation:

a (1 — 3cos? (;3(0)) Zéhéa,qs W £a1€428a3 014424430
2 sin ¢(0) le T |§é‘2

Also, the average energy density per unit cell can be found to be:

R <Z| 7 1l ) (1+cos” ) +0 (o), [26]

47#0

pD1a=0] _

[25]
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where O (a3) denotes any cubic power of a and &y. This should be compared with the trivial solution energy density, i.e. —{o;
the twisted solution, when it exists, has lower energy to this order and thus it is the true ground state for § < Z ﬁ |€q|2. At

6= Z ﬁg |§4|2, interestingly, the two solutions coincide and thus this transition is continuous.

Finally we would like to emphasize that the above perturbative expansion works when both «a and &y are small with their
ratio § = %0 kept constant; & could be small or order one but the perturbation breaks down for large §. Below, we will elaborate
on the three cases that the above perturbative calculation has been used in this work.

C. Twisted antiferromagnets. One should consider solving the following Euler-Lagrange equations for a twisted antiferromagnet
as discussed in the main text:

V2hs = Bcos pa sin ¢s, [27]
Viga = (B cos ¢s + o@(x)) sin ¢a, [28]

with ®(x) = Zizl cos(§a - x) and |§a| = 1. One can find a nontrivial twisted solution (which we call twisted-s in the main text)
by setting ¢s = 0 or m; it will be shown below that the ¢s = 7 solution has lower energy. Starting from the twsited-s solution,
increasing [ at small « results in a transtion to the collinear phase, while on the other hand for large «, with increasing /3, one
encounters a transition to the twisted-a phase. We will discuss these two cases separately below.

Transtion from the twisted-s phase to the collinear phase, large angles. At large angles, both « and § are small and we will treat the
Euler-Lagrange equations perturbatively. With choosing 8 = 0 or 7, the equations read:

Viga = (<i>(x) +a 5) sin ¢a, [29]
where + corresponds to ¢s = 0 and — corresponds to ¢s = m, and we will be considering the limit where the ratio § = D% is

kept constant, so that we can use the perturbation series developed above; ®(x) plays the role of £(x), and « § plays the role of
&o0. The ¢, solution can be found order by order as discussed above:

$a = cos™! (:l:%é) — asin¢® (Ci)(x) - E — cot® ¢(O>D +0(a?, B). [30]
The energy density can also be calculated which leads to:
o= —2a” (1 + éﬁ) + La®s (1+46%) +0(a"). [31]
4 9 6

This result is kept to one higher order than the previous section; it is this higher order which shows that ¢s = 7 is preferred
energetically and so the — sign should be chosen throughout.

Also, it is worthwhile to note that the limit of & — 0, corresponds to cos ngLO) = 0, which simply means that N1 - N2 = 0 to
lowest order in .

Transition from twisted-s phase to the twisted-a phase, small angles. At small angles, where « is large but [ is kept still small, one
can take the configuration of ¢, to be completely determined by satisfying the —a@(x) Cos ¢ term in the Hamiltonian: cos ¢,
can be taken equal to sign [&(x)] This forms domains of constant ¢,, with narrow domain walls between them. On the other
hand, ¢s should be found using the Euler-Lagrange equations, which reduce to:

V2hs = B cos dq sin ¢s. [32]

For small 8, we can use the perturbation theory developed above, with 8, and cos ¢, = sign [ﬁ)(x)] (remember that ¢, is not

dynamical in the above equation) playing the roles of «, and £(x) + & respectively in Eq. (15). One can see that a twisted

solution with cos ¢§°) = T L0 L exists, if B is large enough. It is found numerically that

ﬁk«ﬂz s

1 . ra
& = i /unit . sign [®(x)] = —0.21,

which means that domains with antiferromagnetic interlayer exchange have larger area than those with ferromagnetic interlayer
coupling. Furthermore, one can also find numerically that

1
These two values show that a twisted solution for ¢s could appear if 5 > 0.29; this should correpsond to the g value for

which the transition between twisted-s and twisted-a phases occurs at large a, and it is indeed very close, with a few percent
error actually, to the value found numerically at large o in the phase diagram presented in the main text.
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D. Twisted ferromagnetic Crl; bilayer. For the properties of the interlayer exchange parameter in a bilayer Crls system, we will
be following the numerical results presented in Ref. (1), where first-principles calculations are carried out: it is shown that
the interlayer exchange can vary considerably if the bilayer stacking is altered, and in fact it can change its sign; the pristine
Crls bilayer exhibits antiferromagnetic interlayer exchange, but the above statement implies that this can be modified if the
stacking is varied. Remarkably in a twisted bilayer, the displacement between the layers is modulated periodically with a unit
cell given by the moiré length and so all the different kinds of displaced bilayer stacking are realized. With this in mind, one
can use the energy functional discussed in the main text

Ha = [8(VM)? = d(N7)?] = 7' @ (ur (@) — us()) M - M, 33]
1

where, as discussed in the main text, the stacking dependence of interlayer exchange, i.e. the function ®(u1 — us2), could be
extracted from some first principle calculations, for example those carried out in Ref. (1).

We have used the plots presented in Ref. (1), to find the Fourier components of the interlayer exchange which is indeed a
periodic function of the interlayer displacement. It turns out that unlike the antiferromagnetic case initially studied in the
main text, i.e. ®(x) = 22:1 cos(gq - ), the present ® (u1(x) — u2(x)) function needs several harmonics along with a constant
term to be reproduced (see Fig. S4). We will ultimately work with a rescaled Hamiltonian that has a form that is identical to
that in the antiferromagnetic case:

Ha = = (IVusl® + [Vial?) — (a®(x) + B cos ¢s) cos g [34]

N | =

«a and B are defined as before and <i>(x) = dgy + Zq;ﬁo ‘i)q €' where §’s are the rescaled moiré reciprocal lattice vectors.

We have kept the lowest five harmonics along with the constant term here. Furthermore, ® is normalized in a way that
A2

Zq 20 ﬁ "I)q‘ = 1. Variation of this energy functional leads to the same set of equations

VZ¢s = B cos ¢qsin ds, [35]
Vipy = (ﬂ cos ¢s + a@(x)) sin @g, [36]

which should be solved to minimize the energy here also. We will only discuss the case of a positive infinitesimal 8 here, the
case of general positive 8 should be similar to the antiferromagnetic case. The effect of a positive infinitesimal 3 is to fix a
value for ¢s, and in this case it turns out that ¢s = 0 is energetically favored; this will be justified below.

The only functionality that needs to be determined now is that of ¢,, and the only parameter is «; this time 'i'(x) has a
nonzero constant term ®¢ as well, and thus at small o the ¢, configuration is totally controlled by this constant term; we have
derived & = 0.026 > 0 which means that this constant imposes ferromagetic interlayer exchange, and thus the solution at
small a turns out to be ¢, = 0, with an energy density Hc = —ad;. One expects this trivial state to give way to a twisted
solution with lower energy at some value of «; since ®, is small itself, the transition to a twisted phase happens at a small «
and thus one can set up a perturbative calculation for the twisted solution of ¢, at small «; this perburbative calculation,
which is discussed in Sec. B of the SM, yields

~

o, . o R
ba = ¢ +a | —singl® ﬁ G% 4 ga=0 | 1 (a2, 0 dy), [37]
4#0

with cos qng) = ééo This means that the twisted solution exists for o« above ag = <f>o = 0.026 to leading order. The energy
density for this state turns out to be Hg = f% (a2 + @3) to leading order; this shows that indeed a continuous transition to
the twisted phase happens at a = «p.

Epy — Eapy (meV)

Fig. S4. A reproduced plot of interlayer exchange energy per unit cell of bilayer Crl3 as a function of the displacement between the two layers. The data is extracted from
figures in Ref. (1). The two axes show displacement in the two directions in the units of a real space unit cell length; the interlayer exchange is indeed a periodic function. The
blue and red regions show ferromagnetic and antiferromagnetc interlayer exchange.
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For very large values of « similar to what happens in the twisted antiferromagnets discussed in the main text, the twisted
solution implies that ¢, is either 0 or 7 almost everywhere, so that cos ¢, = sign[i)(x)] except for narrow domain wall regions
where ®(x) = 0.

Here we can see why ¢s = 0 is chosen for an infinitesimal positive 8 in two different limits: at small «, the constant term o,
is ferromagnetic and thus the energy will decrease by setting ¢, = 0; for large v on the other hand, since one is in the extreme
twisted phase, one should note that the area with ferromagnetic interlayer coupling is larger than that with antiferromagnetic
coupling, or in other words

1

—_— ign [®(x)]| > 0,
Ay, /unit cell S [ (X)}

and thus ¢s = 0 is again energetically favored. It is worthwhile to mention that this is a coincidence in Crls, that both small
and large «a limits prefer interlayer ferromagnetism; this could well not be the case in other materials in which cases it is
reasonable to expect a transition at intermediate o from ¢s = 0 to ¢s = m.
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