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Figure S1: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 100% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), all of which were shared by both populations. We set the product of SNP-
heritability and sample size of the GWAS to 500 (left column), 375 (middle column), and 250
(right column), which correspond to per-SNP effective sample sizes (N x per-snp variance) that
decrease from 25 to 5 (left), 18.75 to 3.75 (middle), and 12.5 to 2.5 (right). Each dot represents
the mean across 25 simulations and error bars represent ˘1.96 s.e.m.
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Figure S2: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 75% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 75% of which were shared; the remaining 25% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent ˘1.96 s.e.m.
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Figure S3: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 50% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 50% of which were shared; the remaining 50% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent ˘1.96 s.e.m.
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Figure S4: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 25% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 25% of which were shared; the remaining 75% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent ˘1.96 s.e.m.
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Figure S5: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 0% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), all of which were population-specific. We set the product of SNP-heritability
and sample size of the GWAS to 500 (left column), 375 (middle column), and 250 (right column).
Each dot represents the mean across 25 simulations and error bars represent ˘1.96 s.e.m.
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Figure S6: Effect of differential effective sample size on PESCA estimates of the genome-
wide numbers of population-specific/shared causal SNPs. Total SNP-heritability was fixed to
h2g “ 0.05 for both populations. NEAS “ 104 in all simulations; NEUR was varied from 1 ˆ 104 to
5 ˆ 104 (x-axis). Horizontal lines mark the number of shared (75), EAS-specific (25), and EUR-
specific (25) causal SNPs. Each dot represents the mean across 25 simulations and error bars
represent ˘1.96 s.e.m. The colors correspond to the estimators for the numbers of population-
specific (red and green) and shared (blue) causal variants.
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Figure S7: Effect of cross-population correlation of causal effects on PESCA estimates of
the genome-wide numbers of population-specific/shared causal SNPs. Total SNP-heritability
was fixed to h2g “ 0.05 for both populations. NEAS “ 1ˆ104 and NEUR “ 2ˆ104 in all simulations.
Horizontal lines mark the number of shared (75), EAS-specific (25), and EUR-specific (25) causal
SNPs. The correlation of effect sizes at causal SNPs was varied from 0 to 1 (x-axis). Each dot
represents the mean across 25 simulations and error bars represent ˘1.96 s.e.m. The colors
correspond to the estimators for the numbers of population-specific (red and green) and shared
(blue) causal variants.
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Figure S8: Accuracy of PESCA posterior probabilities in simulations using in-sample LD.
Each point represents the average correlation (across 25 simulation replicates) between the vector
of per-SNP posterior probabilities of causality and the vector of simulated causal statuses for one
of the possible causal configurations (EAS-specific, EUR-specific, or both) as a function of N ˆ h2g
(left), the total number of causal SNPs in both populations (middle), and the proportion of shared
causal SNPs (right). The correlations are calculated from a set of SNPs with MAF ą 5% in both
populations that satisfy r2ij ă 0.95 for all pairs of SNPs (i ‰ j) in both populations (Methods).
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Figure S9: Accuracy of PESCA posterior probabilities in simulations using external ref-
erence panel LD (1000 Genomes). Each point represents the average correlation (across 25
simulation replicates) between the vector of per-SNP posterior probabilities of causality and the
vector of simulated causal statuses for one of the possible causal configurations (EAS-specific,
EUR-specific, or both) as a function of N ˆh2g (left), the total number of causal SNPs in both popu-
lations (middle), and the proportion of shared causal SNPs (right). The correlations are calculated
from a set of SNPs with MAF ą 5% in both populations that satisfy r2ij ă 0.95 for all pairs of SNPs
(i ‰ j) in both populations (Methods).
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Figure S10: Posterior probabilities of true causal SNPs with respect to LD score quintiles.
Total SNP-heritability was fixed to h2g “ 0.05 for both populations and NEAS “ NEUR “ 104. In
each of the 200 simulation replicates, 75 shared (left panel), 25 EAS-specific (middle panel), and
25 EUR-specific (right panel) causal SNPs were drawn at random from 8,599 SNPs on chromo-
some 22. Each point in each boxplot represents a single true causal SNP. Each boxplot shows the
distribution of per-SNP posterior probabilities for the corresponding correct causal configuration
with respect to LD score quintiles in EAS (top) or EUR (bottom). We plot the square root of the
posteriors to facilitate visualization.
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Figure S11: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 obtained using in-sample LD (top row) or ancestry-matched
1000 Genomes LD (bottom row). We computed p-values from the enrichment test statistics of
SEG annotations in 53 GTEx tissues from 25 null simulations, where we drew 25 EAS-specific, 25
EUR-specific, and 75 shared causal variants at random. In all simulations, we set N ˆ h2g “ 500 in
both populations. Columns correspond to enrichment test statistics for the number of EAS-specific
(left), EUR-specific (middle), or shared (right) causal variants.
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Figure S12: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 (20 causal variants per population). We computed p-values
for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew 20 causal
variants at random for each population. In all simulations, we set Nˆh2g “ 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.



0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

ob
se

rv
ed

 
lo

g 1
0P

EAS specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

expected log10P

0

1

2

3

4

EUR specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

shared
using 1000 Genomes Project reference LD

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

ob
se

rv
ed

 
lo

g 1
0P

EAS specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

expected log10P

0

1

2

3

4

EUR specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

shared
using 1000 Genomes Project reference LD

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

ob
se

rv
ed

 
lo

g 1
0P

EAS specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

expected log10P

0

1

2

3

4

EUR specific

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

shared
using 1000 Genomes Project reference LD

Figure S13: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 (60 causal variants per population). We computed p-values
for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew 60 causal
variants at random for each population. In all simulations, we set Nˆh2g “ 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.
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Figure S14: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 (100 causal variants per population). We computed p-values
for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew 100 causal
variants at random for each population. In all simulations, we set Nˆh2g “ 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.
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Figure S15: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 (Nˆh2g “ 375, 60 causal variants per population). We computed
p-values for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew
60 causal variants at random for each population. In all simulations, we set N ˆ h2g “ 375 in both
populations. The top, middle, and bottom rows represent results from simulations where 0% (left),
50% (middle), and 100% (right) of the causal SNPs were shared. All results were obtained using
1000 Genomes Project reference LD.
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Figure S16: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations1 (Nˆh2g “ 250, 60 causal variants per population) We computed
p-values for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew
60 causal variants at random for each population. In all simulations, we set N ˆ h2g “ 250 in both
populations. The top, middle, and bottom rows represent results from simulations where 0% (left),
50% (middle), and 100% (right) of the causal SNPs were shared. All results were obtained using
1000 Genomes Project reference LD.
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Figure S17: Estimated numbers of population-specific/shared causal SNPs across itera-
tions of the EM algorithm (20 causal SNPs per population). We randomly selected 20 causal
SNPs on chr22 (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N ˆ h2g “ 500 for both populations. Each curve represents
the average estimate across 25 simulations.
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Figure S18: Estimated number of population-specific and shared causal variants across
iterations of the EM algorithm (60 causal SNPs per population). We randomly selected 60
causal SNPs (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N ˆ h2g “ 500 for both populations. Each curve represents
the average across 25 simulations.
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Figure S19: Estimated number of population-specific and shared causal variants across
iterations of the EM algorithm (100 causal SNPs per population). We randomly selected 100
causal SNPs (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N ˆ h2g “ 500 for both populations. Each curve represents
the average across 25 simulations.
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Figure S20: Average run-times for estimating the prior (MVB parameters) and evaluating
the per-SNP posterior probabilities of being causal in one or both populations. Each dot
represents the average run-time across 25 simulations; the total number of causal variants per
population is specified on the x-axis. N ˆ h2g “ 500 for both populations. Error bars represent
˘1.96 s.e.m.
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Figure S21: Estimated numbers of population-specific/shared causal variants across EM
iterations for BMI, MCH, and MCV.
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Figure S22: Estimated numbers of population-specific/shared causal variants across EM
iterations for HDL, LDL, TC, and TG.



0 100 200 300 400 500
0

2000

4000

6000

8000

10000

es
tim

at
ed

 n
um

be
r o

f c
au

sa
l S

NP
s EAS specific

0 100 200 300 400 500
iteration

0

2000

4000

6000

8000

10000
EUR specific

0 100 200 300 400 500
0

2000

4000

6000

8000

10000
shared

Major Depressive Disorder (MDD)

0 100 200 300 400 500
0

2000

4000

6000

8000

10000

es
tim

at
ed

 n
um

be
r o

f c
au

sa
l S

NP
s EAS specific

0 100 200 300 400 500
iteration

0

2000

4000

6000

8000

10000

EUR specific

0 100 200 300 400 500
0

2000

4000

6000

8000

10000

shared
Rheumatoid Arthritis (RA)

Figure S23: Estimated numbers of population-specific/shared causal variants across EM
iterations for MDD and RA.



Figure S24: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for BMI.



Figure S25: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for MCH and MCV.



Figure S26: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for HDL and LDL.



Figure S27: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for TC and TG.



Figure S28: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for MDD and RA.
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Figure S29: Regional number of causal variants for BMI, MCH, and MCV.
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Figure S30: Regional number of causal variants for HDL, LDL, TC, and TG.
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Figure S31: Regional number of causal variants for MDD and RA.
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Figure S32: Chromosomal number of causal variants for BMI, MCH, and MCV.
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Figure S33: Chromosomal number of causal variants for HDL, LDL, TC, and TG.
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Figure S34: Chromosomal number of causal variants for MDD and RA.
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Figure S35: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p ă 5 ˆ 10´5) in the East Asian GWAS only, in the European GWAS
only, in both GWASs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S36: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p ă 5 ˆ 10´5) in the East Asian GWAS only, in the European GWAS
only, in both GWASs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S37: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p ă 5 ˆ 10´5) in the East Asian GWAS only, in the European GWAS
only, in both GWASs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S38: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p ă 5 ˆ 10´5) in the East Asian GWAS only, in the European GWAS
only, in both GWASs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S39: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p ă 5 ˆ 10´5) in the East Asian GWAS only, in the European GWAS
only, in both GWASs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S40: Enrichment of population-specific and shared causal variants in specifically
expressed genes annotation across 53 GTEx tissues. Error bars represent 1.96 times the
standard error on each side. The darker the color, the more significant an enrichment is. We mark
enrichment with p-value less than 0.05{53 with a star.
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Figure S41: Enrichment of population-specific and shared causal variants in specifically
expressed genes annotation across 53 GTEx tissues. Error bars represent 1.96 times the
standard error on each side. The darker the color, the more significant an enrichment is. We mark
enrichment with p-value less than 0.05{53 with a star.



0.8

1.0

1.2

EA
S 

sp
ec

ifi
c

*

High Density Lipoprotein (HDL)

0.8

1.0

1.2

EU
R 

sp
ec

ifi
c

Adip
ose

 Su
bcu

tan
eo

us

Adip
ose

 Visc
era

l (O
men

tum
)

Cells
 EB

V-tra
nsf

orm
ed

 lym
ph

ocy
tes
Sp

lee
n

Who
le 

Bloo
d

Brai
n A

myg
da

la

Brai
n A

nte
rio

r c
ing

ula
te 

cor
tex

 (B
A24

)

Brai
n C

au
da

te 
(ba

sal
 ga

ng
lia)

Brai
n C

ere
be

llar
 Hem

isp
he

re

Brai
n C

ere
be

llum

Brai
n C

ort
ex

Brai
n F

ron
tal

 Cort
ex

 (B
A9)

Brai
n H

ipp
oca

mpu
s

Brai
n H

yp
oth

ala
mus

Brai
n N

ucl
eu

s a
ccu

mbe
ns 

(ba
sal

 ga
ng

lia)

Brai
n P

uta
men

 (b
asa

l g
an

glia
)

Brai
n S

pin
al 

cor
d (

cer
vic

al 
c-1

)

Brai
n S

ub
sta

nti
a n

igr
a

Arte
ry 

Aort
a

Arte
ry 

Coro
na

ry

Arte
ry 

Tib
ial

Hea
rt A

tria
l A

pp
en

da
ge

Hea
rt L

eft
 Ven

tric
le

Colo
n S

igm
oid

Colo
n T

ran
sve

rse

Eso
ph

ag
us 

Gast
roe

sop
ha

ge
al 

Jun
cti

on

Eso
ph

ag
us 

Muco
sa

Eso
ph

ag
us 

Musc
ula

ris

Sm
all 

Int
est

ine
 Te

rm
ina

l Ile
um

Sto
mach

Adre
na

l G
lan

d

Pit
uit

ary
Te

stis

Th
yro

id
Liv

er

Musc
le 

Sk
ele

tal

Blad
de

r

Brea
st 

Mam
mary

 Ti
ssu

e

Cells
 Tr

an
sfo

rm
ed

 fib
rob

las
ts

Cerv
ix E

cto
cer

vix

Cerv
ix E

nd
oce

rvi
x

Fal
lop

ian
 Tu

be

Kid
ne

y C
ort

ex
Lun

g

Mino
r S

aliv
ary

 Glan
d

Nerv
e T

ibia
l

Ova
ry

Pa
ncr

ea
s

Pro
sta

te

Sk
in 

Not 
Su

n E
xp

ose
d (

Su
pra

pu
bic

)

Sk
in 

Su
n E

xp
ose

d (
Low

er 
leg

)
Uter

us
Vag

ina
0.8

1.0

1.2

sh
ar

ed * * *

Adipose
Blood/Immune
CNS

Cardiovascular
Digestive
Endocrine

Liver
Musculoskeletal/connective
Other

en
ric

hm
en

t

0.8

1.0

1.2

EA
S 

sp
ec

ifi
c

Low Density Lipoprotein (LDL)

0.8

1.0

1.2

EU
R 

sp
ec

ifi
c

*

Adip
ose

 Su
bcu

tan
eo

us

Adip
ose

 Visc
era

l (O
men

tum
)

Cells
 EB

V-tra
nsf

orm
ed

 lym
ph

ocy
tes
Sp

lee
n

Who
le 

Bloo
d

Brai
n A

myg
da

la

Brai
n A

nte
rio

r c
ing

ula
te 

cor
tex

 (B
A24

)

Brai
n C

au
da

te 
(ba

sal
 ga

ng
lia)

Brai
n C

ere
be

llar
 Hem

isp
he

re

Brai
n C

ere
be

llum

Brai
n C

ort
ex

Brai
n F

ron
tal

 Cort
ex

 (B
A9)

Brai
n H

ipp
oca

mpu
s

Brai
n H

yp
oth

ala
mus

Brai
n N

ucl
eu

s a
ccu

mbe
ns 

(ba
sal

 ga
ng

lia)

Brai
n P

uta
men

 (b
asa

l g
an

glia
)

Brai
n S

pin
al 

cor
d (

cer
vic

al 
c-1

)

Brai
n S

ub
sta

nti
a n

igr
a

Arte
ry 

Aort
a

Arte
ry 

Coro
na

ry

Arte
ry 

Tib
ial

Hea
rt A

tria
l A

pp
en

da
ge

Hea
rt L

eft
 Ven

tric
le

Colo
n S

igm
oid

Colo
n T

ran
sve

rse

Eso
ph

ag
us 

Gast
roe

sop
ha

ge
al 

Jun
cti

on

Eso
ph

ag
us 

Muco
sa

Eso
ph

ag
us 

Musc
ula

ris

Sm
all 

Int
est

ine
 Te

rm
ina

l Ile
um

Sto
mach

Adre
na

l G
lan

d

Pit
uit

ary
Te

stis

Th
yro

id
Liv

er

Musc
le 

Sk
ele

tal

Blad
de

r

Brea
st 

Mam
mary

 Ti
ssu

e

Cells
 Tr

an
sfo

rm
ed

 fib
rob

las
ts

Cerv
ix E

cto
cer

vix

Cerv
ix E

nd
oce

rvi
x

Fal
lop

ian
 Tu

be

Kid
ne

y C
ort

ex
Lun

g

Mino
r S

aliv
ary

 Glan
d

Nerv
e T

ibia
l

Ova
ry

Pa
ncr

ea
s

Pro
sta

te

Sk
in 

Not 
Su

n E
xp

ose
d (

Su
pra

pu
bic

)

Sk
in 

Su
n E

xp
ose

d (
Low

er 
leg

)
Uter

us
Vag

ina
0.8

1.0

1.2

sh
ar

ed * * * * * * * * * * * *

Adipose
Blood/Immune
CNS

Cardiovascular
Digestive
Endocrine

Liver
Musculoskeletal/connective
Other

en
ric

hm
en

t

Figure S42: Enrichment of population-specific and shared causal variants in specifically
expressed genes annotation across 53 GTEx tissues. Error bars represent 1.96 times the
standard error on each side. The darker the color, the more significant an enrichment is. We mark
enrichment with p-value less than 0.05{53 with a star.
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Figure S43: Enrichment of population-specific and shared causal variants in specifically
expressed genes annotation across 53 GTEx tissues. Error bars represent 1.96 times the
standard error on each side. The darker the color, the more significant an enrichment is. We mark
enrichment with p-value less than 0.05{53 with a star.
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Figure S44: Enrichment of population-specific and shared causal variants in specifically
expressed genes annotation across 53 GTEx tissues. Error bars represent 1.96 times the
standard error on each side. The darker the color, the more significant an enrichment is. We mark
enrichment with p-value less than 0.05{53 with a star.



2 Supplemental Tables

true_cau_status Posterior > t mean_l2_EAS sem_l2_EAS mean_l2_EUR sem_l2_EUR t

shared shared 6.79 0.08 6.73 0.08 0.25
none shared 7.37 0.1 7.13 0.09 0.25
EUR_only shared 6.87 0.21 6.44 0.21 0.25
EAS_only shared 6.55 0.19 6.72 0.21 0.25
shared EAS_only 6.57 0.23 6.75 0.25 0.25
none EAS_only 6.54 0.22 6.58 0.25 0.25
EAS_only EAS_only 6.49 0.21 6.61 0.24 0.25
shared EUR_only 6.74 0.2 6.16 0.19 0.25
none EUR_only 7.02 0.26 6.57 0.22 0.25
EUR_only EUR_only 7.02 0.29 6.36 0.23 0.25
EAS_only EUR_only 5.27 0.18 5.46 0.75 0.25
shared shared 6.52 0.11 6.39 0.1 0.5
EUR_only shared 6.72 0.34 6.12 0.33 0.5
EAS_only shared 6.36 0.32 6.54 0.35 0.5
none shared 7.2 0.2 7.09 0.18 0.5
shared EAS_only 6.45 0.4 6.49 0.35 0.5
none EAS_only 7.18 0.73 7.89 0.9 0.5
EAS_only EAS_only 6.94 0.45 6.82 0.53 0.5
EUR_only EUR_only 6.3 0.35 5.84 0.3 0.5
shared EUR_only 7.27 0.39 6.4 0.31 0.5
none EUR_only 8.1 0.91 7.23 0.72 0.5

Table S1: Average LD scores of SNPs with posterior probability ą t for at least one causal
configuration. For each set of SNPs with posterior probability ą t (i.e. SNPs classified as shared,
EAS-specific, or EUR-specific with respect to a given threshold), we stratified the SNPs by their
true causal statuses and report the mean and S.E.M. of their EAS and EUR LD scores. Column
1 contains the true causal statuses; column 2 contains the causal configurations for which at least
two SNPs have posterior probability ą t.



3 Supplemental Material and Methods1

3.1 The multivariate Bernoulli (MVB) distribution2

The multivariate Bernoulli (MVB) is a generalization of the Bernoulli for modeling the distribution of3

a binary vector of arbitrary size2,3. Let B P t0, 1up represent a random binary vector of size p that4

follows an MVB distribution. The distribution of B can be described by 2p probabilities, namely5

PrpB “ 0, ¨ ¨ ¨ , 0q, ¨ ¨ ¨ ,PrpB “ 1, ¨ ¨ ¨ , 1q, one for each of the 2p possible realizations of B 2,3.6

Alternatively, one can adopt an index set representation of the binary vector B, A “ ti : Bi “ 1u,7

the set of indices of 1’s in B, and represent the distribution of B as the ratio8

PrpBq “ PrpAq “
exp

`
ř

CĎA fC
˘

ř

D exp
`
ř

CĎD fC
˘ “

exp pSAq
ř

D exp pSDq
, (1)

where fC contains the natural parameters of the MVB2,3 and SA “
ř

CĎA fC .9

We use the convention that the right-most bit in the binary vector is the first bit and the left-10

most bit is the last bit. For convenience, we use binary string and index set representation of11

binary vectors interchangeably (e.g., both the binary string 011 and the index set t1, 2u represent12

the binary vector p0, 1, 1q).13

As a concrete example, consider a binary vector of size 2. The probabilities of each possible14

realization of a binary vector of size 2 under the MVB are15

Prp00q “ Prpφq “
exppf00q

exppf00q ` exppf00 ` f01q ` exppf00 ` f10q ` exppf00 ` f01 ` f10 ` f11q

Prp01q “ Prpt1uq “
exppf00 ` f01q

exppf00q ` exppf00 ` f01q ` exppf00 ` f10q ` exppf00 ` f01 ` f10 ` f11q

Prp10q “ Prpt2uq “
exppf00 ` f10q

exppf00q ` exppf00 ` f01q ` exppf00 ` f10q ` exppf00 ` f01 ` f10 ` f11q

Prp11q “ Prpt1, 2uq “
exppf00 ` f01 ` f10 ` f11q

exppf00q ` exppf00 ` f01q ` exppf00 ` f10q ` exppf00 ` f01 ` f10 ` f11q

. (2)

3.2 MVB prior for a SNP’s causal status in two ancestral populations16

We use a binary vector of size 2, Ci “ pci1, ci2q, to model the causal statuses of SNP i in two17

ancestral populations. In total, there are 4 possible binary vectors of size 2: if Ci “ 00, the SNP18

is causal in neither population; if Ci “ 01, the SNP is causal in population 1 only; if Ci “ 10, the19

SNP is causal in population 2 only; and if Ci “ 11, the SNP is causal in both populations. Ci20

can be modeled using a multinomial distribution, Multpp00, p01, p10, p11q, where p00, p01, p10, and21

p11 represent the probability of each possible binary vector of size 2. Equivalently, one can model22



Ci through the MVB as23

PrpCi “ 00q “
exppf00q

η

PrpCi “ 01q “
exppf01 ` f00q

η

PrpCi “ 10q “
exppf10 ` f00q

η

PrpCi “ 11q “
exppf11 ` f10 ` f01 ` f00q

η
,

(3)

where η “ exppf00q`exppf01`f00q`exppf10`f00q`exppf11`f10`f01`f00q is the normalization24

constant and f “ pf00, f01, f10, f11q are the parameters of the MVB (see Equation (2)).25

Since the MVB distribution is invariant with respect to the parameter f00, we enforce f00 “ 0 as26

a convention2. The parameters f01 and f10 govern the probability of a SNP being causal in a single27

population and f11 governs the dependence of the causal statuses between two populations;28

f11 “ 0 indicates independence and f11 ‰ 0 indicates dependence2,3. Since the MVB parameters29

are real numbers (i.e. f P R4), they can be estimated using unconstrained optimization.30

3.3 Joint distribution of GWAS summary statistics in two ancestral populations31

We model a phenotype in two ancestral populations using the linear models Y 1 “ X1β1 ` ε132

and Y 2 “ X2β2 ` ε2, where Y 1 P Rn1 and Y 2 P Rn2 are the phenotype measurements for33

n1 individuals in population 1 and n2 individuals in population 2, respectively; X1 P Rn1ˆp and34

X2 P Rn2ˆp are column-standardized genotype matrices for p SNPs; β1 P Rp and β2 P Rp are the35

standardized causal effect sizes of the p SNPs in the two populations, and ε1 P Rn1 and ε P Rn236

are environmental effects. We further assume that, for population j, the genotype vector of each37

individual is drawn from a distribution with covariance V j (the pˆ p LD matrix in population j) and38

that εj „ N
´

0, σ2ejI
¯

, where σ2ej is the variance of the environmental effects in population j.39

In a typical GWAS, one obtains association statistics (Z-scores) of every SNP as40

Z1 “
1
?
n1
Xᵀ

1Y 1

Z2 “
1
?
n2
Xᵀ

2Y 2

(4)

which have been shown to follow the multivariate normal distributions4
41



Z1|β1 „ N
`?
n1V 1β1, σ

2
e1V 1

˘

Z2|β2 „ N
`?
n2V 1β2, σ

2
e2V 2

˘

(5)

Given the causal status vectors, c1 and c2, of every SNP in each population, one obtains the42

conditional distributions Z1|β1, c1 and Z2|β2, c2 as43

Z1|β1, c1 „ N
`?
n1V 1pβ1 ˝ c1q, σ

2
e1V 1

˘

Z2|β2, c2 „ N
`?
n2V 2pβ2 ˝ c2q, σ

2
e2V 2

˘

(6)

where ˝ denotes the Hadamard product5.44

Following Equation (6), one can evaluate the likelihood of Z1 and Z2 given the true causal45

effect size vectors β1 and β2. However, in reality the true causal effect size vectors are not given,46

and estimating these parameters from data will likely lead to over-fitting. Instead, we impose a47

normal prior on each causal SNP in β1 and β2 to obtain48

β1|c1 „ N

˜

0,
h2g1
|c1|

diagpc1q

¸

,

β2|c2 „ N

˜

0,
h2g2
|c2|

diagpc2q

¸

,

(7)

where h2g1 and h2g2 are the SNP-heritability of the phenotype in population 1 and 2, respectively, and49

|c1| and |c2| denote the number of 1’s (i.e. the number of causal SNPs) in the binary vectors6,7,8.50

With the normal prior on β1 and β2, the conditional distributions Z1|c1 and Z2|c2 are51

Z1|c1 „ N
`

0,V 1 ` σ
2
1V 1 diagpc1qV 1

˘

,

Z2|c2 „ N
`

0,V 2 ` σ
2
2V 2 diagpc2qV 2

˘

,
(8)

where σ21 “
n1h2g1
|c1|

and σ22 “
n2h2g2
|c2|

.52

Incorporating the MVB prior on the causal status vectors, the joint distribution of Z1 and Z2,53

which is parameterized by the MVB parameters, f “ pf00, f01, f10, f11q, is54



PrpZ1,Z2;fq “
ÿ

c1

ÿ

c2

PrpZ1,Z2, c1, c2;fq “
ÿ

c1

ÿ

c2

PrpZ1|c1qPrpZ2|c2qPrpc1, c2;fq

“
ÿ

c1

ÿ

c2

»

–

NpZ1;0,V 1 ` σ
2
1V 1 diagpc1qV 1qˆ

NpZ2;0,V 2 ` σ
2
2V 2 diagpc2qV 2q ˆ

śp
i“1

exppSCi
q

ř

B exppSBq

fi

fl

(9)

To model the joint distribution of GWAS summary statistics across L LD-independent regions, we55

take the product of the probability of Z-scores across regions:56

PrpZ1t1,¨¨¨ ,Lu,Z2t1,¨¨¨ ,Luu;fq “
L
ź

l“1

PrpZ1l,Z2l;fq

“

L
ź

l“1

$

&

%

ÿ

c1l

ÿ

c2l

»

–

NpZ1l;0,V 1l ` σ
2
1lV 1l diagpc1lqV 1lqˆ

NpZ2l;0,V 2l ` σ
2
2lV 2l diagpc2lqV 2lq ˆ

śpl
i“1

exppSCli
q

ř

B exppSBq

fi

fl

,

.

-

.

(10)

3.4 Model fitting using Expectation Maximization57

3.4.1 Expectation step58

We use expectation-maximization (EM) to estimate the model parameters f . First, we derive the59

complete log-likelihood of the data60

`
`

f |Z1t1,¨¨¨ ,Lu,Z2t1,¨¨¨ ,Lu, c1t1,¨¨¨ ,Lu, c2t1,¨¨¨ ,Lu
˘

“ log

$

&

%

L
ź

l“1

»

–

NpZ1l;0,V 1l ` σ
2
1lV 1l diagpc1lqV 1lqˆ

NpZ2l;0,V 2l ` σ
2
2lV 2l diagpc2lqV 2lq ˆ

śpl
i“1

exppSCli
q

ř

B exppSBq

fi

fl

,

.

-

“

L
ÿ

l“1

“

logNpZ1l;0,V 1l ` σ
2
1lV 1l diagpc1lqV 1lq ` logNpZ2l;0,V 2l ` σ

2
2lV 2l diagpc2lqV 2lq

‰

`

L
ÿ

l“1

pl
ÿ

i“1

SCli
´ log

˜

ÿ

B

exppSBq

¸

L
ÿ

l“1

pl.

(11)

In the expectation step of the EM algorithm, one finds the expectation of the log-likelihood with61

respect to the causal status vectors c1t1,¨¨¨ ,Lu, c2t1,¨¨¨ ,Lu, conditioned on the current estimate of the62

model parameters f ptq,63



Q
´

f |f ptq
¯

“ E
“

`
`

f |Z1t1,¨¨¨ ,Lu,Z2t1,¨¨¨ ,Lu, c1t1,¨¨¨ ,Lu, c2t1,¨¨¨ ,Lu
˘‰

“

L
ÿ

l“1

ÿ

c1l,c2l

Pr
´

c1l, c2l|f
ptq,Z1l,Z2l

¯

»

–

logNpZ1l;0,V 1l ` σ
2
1lV 1l diagpc1lqV 1lq

` logNpZ2l;0,V 2l ` σ
2
2lV 2l diagpc2lqV 2lq

fi

fl

`

L
ÿ

l“1

ÿ

c1l,c2l

Pr
´

c1l, c2l|f
ptq,Z1l,Z2l

¯

˜

pl
ÿ

i“1

SCli

¸

´ log

˜

ÿ

B

exppSBq

¸

L
ÿ

l“1

pl,

(12)

where Pr
´

c1l, c2l|f
ptq,Z1l,Z2l

¯

is64

Pr
´

c1l, c2l|f
ptq,Z1l,Z2l

¯

“

Pr
´

c1l, c2l,Z1l,Z2l|f
ptq
¯

ř

b1l,b2l
Pr

´

b1l, b2l,Z1l,Z2l|f
ptq
¯ . (13)

3.4.2 Maximization step65

The goal of the maximization step is to find66

f pt`1q “ argmaxf Q
´

f |f ptq
¯

“ argmaxf gpfq (14)

where67

gpfq “
L
ÿ

l“1

ÿ

c1l,c2l

Pr
´

c1l, c2l|f
ptq,Z1l,Z2l

¯

˜

pl
ÿ

i“1

SCli

¸

´ log

˜

ÿ

B

exppSBq

¸

L
ÿ

l“1

pl, (15)

removing the irrelevant constant in Qpf |f ptqq.68

Evaluating gpfq involves a summation over all possible causal status vectors, which has time69

complexity on the order of Op22plq and is intractable. Instead, we recognize that70

gpfq “
L
ÿ

l“1

ÿ

c1l,c2l

E

«

pl
ÿ

i“1

SCli

ff

´ log

˜

ÿ

B

exppSBq

¸

L
ÿ

l“1

pl

« hpfq “
L
ÿ

l“1

«

1

J

J
ÿ

j“1

˜

pl
ÿ

i“1

S
C
pjq
li

¸ff

´ log

˜

ÿ

B

exppSBq

¸

L
ÿ

l“1

pl,

(16)

where C
pjq
li “

´

c
pjq
1i , c

pjq
2i

¯

represents the causal status of the i-th SNP at locus l in the two71

populations, from the causal status vectors, cpjq1 , cpjq2 , sampled from the posterior distribution72

Pr pc1l, c2l|Z1l,Z2l,f
˚q. We use Gibbs sampling to efficiently sample causal status vectors from73



the posterior (see Section 3.5).74

It can be shown that the following parameter updates maximizes hpfq,75

f
pt`1q
00 “ 0,

f
pt`1q
01 “ log q̄01 ´ log q̄00,

f
pt`1q
10 “ log q̄10 ´ log q̄00,

f
pt`1q
11 “ log q̄11 ´ log q̄01 ´ log q̄10 ` log q̄00,

(17)

where q̄00, q̄01, q̄10, and q̄11 represent the average count of 01, 10, and 11 causal status at a single76

SNP in two ancestral populations across MCMC samples from the Gibbs sampler (see Section77

3.5).78

3.5 Sampling causal status vectors from the posterior distribution79

We use Gibbs sampling to sample C “ pc1, c2q from the posterior distribution,80

C „ Pr pC|f ,Z1,Z2q9Pr pZ1,Z2,C|fq . (18)

For notational simplicity, we drop the index l representing different loci. To advance the Markov81

chain from step j to step j ` 1 in Gibbs sampling, at step j we select SNP k and evaluate the82

probability of the four possible cross-population causal configurations at that SNP,83

Pr
´

Z1,Z2,Ck “ 00,C
pjq
 j |f

¯

Pr
´

Z1,Z2,Ck “ 01,C
pjq
 j |f

¯

Pr
´

Z1,Z2,Ck “ 10,C
pjq
 j |f

¯

Pr
´

Z1,Z2,Ck “ 11,C
pjq
 j |f

¯

,
(19)

where Cpjq j denotes the rest of the causal configurations, excluding that of SNP k in the j-th step.84

We then sample Cpj`1q based on the following probability85

Pr
´

Cpt`1q “
´

Ck “ b
1,C

pjq
 j

¯¯

“

Pr
´

Z1,Z2,Ck “ b
1,C

pjq
 j |f

¯

ř

b Pr
´

Z1,Z2,Ck “ b,C
pjq
 j |f

¯ . (20)

To evaluate PrpZ1,Z2, c1, c2|fq “ PrpZ1|c1qPrpZ2|c2qPrpc1, c2|fq, we note that previous86

work has shown that87

PrpZ1|c1q “ N
`

Z1|0,V 1 ` σ
2
1V

2
1

˘

9
N

`

Z1c1 |0,V 1c1 ` σ
2
1V

2
1c1

˘

N pZ1c1 |0,V 1c1q
,

(21)



where BF1 “
N
´

Z1c1 |0,V 1c1`σ
2
1V

2
1c1

¯

NpZ1c1 |0,V 1c1q
is the Bayes factor at only the causal SNPs, reducing the88

time complexity of evaluating the probability from p3 to p3causal. Let V 1c1 “
řpcausal
i“1 wiuiu

ᵀ
i be the89

eigenvalue decomposition of V 1c1 , where wi and ui are the eigenvalues and eigenvectors of V 1c1 ,90

respectively. We further note that BF1 can be expressed as91

BF1 “
detpV 1c1 ` σ

2
1V

2
1c1q

´ 1
2 exp

“

´1
2Z

ᵀ
1c1
pV 1c1 ` σ

2
1V

2
1c1q

´1Z1c1

‰

detpV 1c1q
´ 1

2 exp
`

´1
2Z

ᵀ
1c1
V ´11c1

Z1c1

˘

9

˜

pcausal
ź

i“1

1

1` σ21wi

¸
1
2

exp

«

1

2

pcausal
ÿ

i“1

σ21
1` σ21wi

`

Zᵀ
1c1
ui
˘2

ff

,

(22)

avoiding numerical instability introduced by small eigenvalues. The Bayes factor for Z2c2 can be92

obtained using the same approach.93

3.6 Posterior probability of each SNP to be ancestry-specific or shared94

For each SNP i, we evaluate95

PrpCi “ b|Z1,Z2,f
˚q (23)

for b P t01, 10, 11u, the three causal configurations of interest (causal in a single population or both96

populations), where f˚ denotes the estimated MVB parameter. We show below that Equation (23)97

can be evaluated using the Gibbs sampling procedure outlined in Section 3.5. First, we note that98

PrpCi “ b|Z1,Z2,f
˚q “

ÿ

C i

PrpCi “ b,C i|Z1,Z2,f
˚q

“
ÿ

C i

PrpCi “ b|C i,Z1,Z2,f
˚qPrpC i|Z1,Z2,f

˚q

“ E rPrpCi “ b|C i,Z1,Z2,f
˚qs “ E

“

Er1tCi“bu|C i,Z1,Z2,f
˚s
‰

“ Er1tCi“bu|Z1,Z2,f
˚s «

řJ
j“1 1tC

pjq
i “bu

J
,

(24)

whereCpjq is the j-th causal status vector sampled from the posterior distribution PrpC|Z1,Z2,f
˚q99

out of a total of J samples (see Section 3.5). To ensure stable estimates of the posterior probability,100

we run the Gibbs sampling procedure 20 times and report the average posterior probability.101
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