The American Journal of Human Genetics, Volume 7106

Supplemental Data

Localizing Components of Shared Transethnic
Genetic Architecture of Complex Traits

from GWAS Summary Data

Huwenbo Shi, Kathryn S. Burch, Ruth Johnson, Malika K. Freund, Gleb Kichaev, Nicholas
Mancuso, Astrid M. Manuel, Natalie Dong, and Bogdan Pasaniuc



Contents

1 Supplemental Figures

2 Supplemental Tables

3 Supplemental Material and Methods

3.1
3.2
3.3
3.4

3.5
3.6

The multivariate Bernoulli (MVB) distribution

MVB prior for a SNP’s causal status in two ancestral populations

Joint distribution of GWAS summary statistics in two ancestral populations
Model fitting using Expectation Maximization

3.4.1 Expectation step

3.4.2 Maximization step

Sampling causal status vectors from the posterior distribution

Posterior probability of each SNP to be ancestry-specific or shared



1 Supplemental Figures

---- simulated ¢ EAS specific ¢ EUR specific ¢ shared
using in-sample LD

1001 -{* 100 -- 100 --

80 —f 801 —+— { 80 --
601 + 601 4 601 1 + +

401 + 401 L] 401 +
20{ * 20 X 20{ * H
0 __.__._ _.__¢_ _+__+_ _+__+_ _+__+_ 0 |0 _’__t _+__+_ _+__+_ _+__+_ 0 __.__._ _+__+_ _+__+_ _+__+_ _—
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100

using 1000 Genomes Project reference LD

120 + 100 + * 1001 -
! | i

estimated number of causal SNPs

t _ - | !
o + N 60 ' 60 +
201 N 40 -- 40 --
) ¢
20l X 201 - + + 20{ -- * *
AL ++ _+__+_ les  $t _+__+_ ++ olte 44 H _+__+_
20 40 60 80 100 20 40 60 80 100 20 40 60 80 100

simulated total number of causal SNPs

Figure S1: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 100% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), all of which were shared by both populations. We set the product of SNP-
heritability and sample size of the GWAS to 500 (left column), 375 (middle column), and 250
(right column), which correspond to per-SNP effective sample sizes (N x per-snp variance) that
decrease from 25 to 5 (left), 18.75 to 3.75 (middle), and 12.5 to 2.5 (right). Each dot represents
the mean across 25 simulations and error bars represent +1.96 s.e.m.
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Figure S2: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 75% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 75% of which were shared; the remaining 25% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent +1.96 s.e.m.
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Figure S3: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 50% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 50% of which were shared; the remaining 50% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent +1.96 s.e.m.
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Figure S4: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 25% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), 25% of which were shared; the remaining 75% were population-specific.
We set the product of SNP-heritability and sample size of the GWAS to 500 (left column), 375
(middle column), and 250 (right column). Each dot represents the mean across 25 simulations
and error bars represent +1.96 s.e.m.
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Figure S5: PESCA estimators for the genome-wide numbers of population-specific/shared
causal SNPs when 0% of causal variants are shared. We simulated 20 to 100 causal variants
per population (x-axis), all of which were population-specific. We set the product of SNP-heritability
and sample size of the GWAS to 500 (left column), 375 (middle column), and 250 (right column).
Each dot represents the mean across 25 simulations and error bars represent +1.96 s.e.m.
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Figure S6: Effect of differential effective sample size on PESCA estimates of the genome-
wide numbers of population-specific/shared causal SNPs. Total SNP-heritability was fixed to
hZ = 0.05 for both populations. Npas = 10* in all simulations; Nz was varied from 1 x 10* to
5 x 10* (x-axis). Horizontal lines mark the number of shared (75), EAS-specific (25), and EUR-
specific (25) causal SNPs. Each dot represents the mean across 25 simulations and error bars
represent +£1.96 s.e.m. The colors correspond to the estimators for the numbers of population-
specific (red and green) and shared (blue) causal variants.
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Figure S7: Effect of cross-population correlation of causal effects on PESCA estimates of
the genome-wide numbers of population-specific/shared causal SNPs. Total SNP-heritability
was fixed to A2 = 0.05 for both populations. Npas = 1 x 10* and Ngyr = 2 x 10* in all simulations.
Horizontal lines mark the number of shared (75), EAS-specific (25), and EUR-specific (25) causal
SNPs. The correlation of effect sizes at causal SNPs was varied from 0 to 1 (x-axis). Each dot
represents the mean across 25 simulations and error bars represent +1.96 s.e.m. The colors
correspond to the estimators for the numbers of population-specific (red and green) and shared
(blue) causal variants.
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Figure S8: Accuracy of PESCA posterior probabilities in simulations using in-sample LD.
Each point represents the average correlation (across 25 simulation replicates) between the vector
of per-SNP posterior probabilities of causality and the vector of simulated causal statuses for one
of the possible causal configurations (EAS-specific, EUR-specific, or both) as a function of N x hg
(left), the total number of causal SNPs in both populations (middle), and the proportion of shared
causal SNPs (right). The correlations are calculated from a set of SNPs with MAF > 5% in both
populations that satisfy r?j < 0.95 for all pairs of SNPs (i # j) in both populations (Methods).
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Figure S9: Accuracy of PESCA posterior probabilities in simulations using external ref-
erence panel LD (1000 Genomes). Each point represents the average correlation (across 25
simulation replicates) between the vector of per-SNP posterior probabilities of causality and the
vector of simulated causal statuses for one of the possible causal configurations (EAS-specific,
EUR-specific, or both) as a function of N x hg (left), the total number of causal SNPs in both popu-
lations (middle), and the proportion of shared causal SNPs (right). The correlations are calculated
from a set of SNPs with MAF > 5% in both populations that satisfy rfj < 0.95 for all pairs of SNPs
(7 # j) in both populations (Methods).
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Figure S10: Posterior probabilities of true causal SNPs with respect to LD score quintiles.
Total SNP-heritability was fixed to h2 = 0.05 for both populations and Ngas = Ngyr = 10%. In
each of the 200 simulation replicates, 75 shared (left panel), 25 EAS-specific (middle panel), and
25 EUR-specific (right panel) causal SNPs were drawn at random from 8,599 SNPs on chromo-
some 22. Each point in each boxplot represents a single true causal SNP. Each boxplot shows the
distribution of per-SNP posterior probabilities for the corresponding correct causal configuration
with respect to LD score quintiles in EAS (top) or EUR (bottom). We plot the square root of the
posteriors to facilitate visualization.
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Figure S11: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations' obtained using in-sample LD (top row) or ancestry-matched
1000 Genomes LD (bottom row). We computed p-values from the enrichment test statistics of
SEG annotations in 53 GTEXx tissues from 25 null simulations, where we drew 25 EAS-specific, 25
EUR-specific, and 75 shared causal variants at random. In all simulations, we set N x hg = 500 in
both populations. Columns correspond to enrichment test statistics for the number of EAS-specific
(left), EUR-specific (middle), or shared (right) causal variants.
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Figure S12: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations' (20 causal variants per population). We computed p-values
for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew 20 causal
variants at random for each population. In all simulations, we set IV x hg = 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.
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Figure S13: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations' (60 causal variants per population). We computed p-values
for SEG annotations across 53 GTEXx tissues from 25 null simulations, where we drew 60 causal
variants at random for each population. In all simulations, we set N x h§ = 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.
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Figure S14: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations® (100 causal variants per population). We computed p-values
for SEG annotations across 53 GTEXx tissues from 25 null simulations, where we drew 100 causal
variants at random for each population. In all simulations, we set IV x hﬁ = 500 in both populations.
The top, middle, and bottom rows represent results from simulations where 0% (top), 50% (mid-
dle), and 100% (bottom) of the causal SNPs were shared. All results were obtained using 1000
Genomes Project reference LD.
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Figure S15: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations' (V x hg = 375, 60 causal variants per population). We computed
p-values for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew
60 causal variants at random for each population. In all simulations, we set N x hg = 375 in both
populations. The top, middle, and bottom rows represent results from simulations where 0% (left),
50% (middle), and 100% (right) of the causal SNPs were shared. All results were obtained using
1000 Genomes Project reference LD.
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Figure S16: Q-Q plot of p-values of the enrichments of population-specific/shared causal
variants in SEG annotations (IV x hg = 250, 60 causal variants per population) We computed
p-values for SEG annotations across 53 GTEx tissues from 25 null simulations, where we drew
60 causal variants at random for each population. In all simulations, we set N x h?] = 250 in both
populations. The top, middle, and bottom rows represent results from simulations where 0% (left),
50% (middle), and 100% (right) of the causal SNPs were shared. All results were obtained using
1000 Genomes Project reference LD.
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Figure S17: Estimated numbers of population-specific/shared causal SNPs across itera-
tions of the EM algorithm (20 causal SNPs per population). We randomly selected 20 causal
SNPs on chr22 (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N x hg = 500 for both populations. Each curve represents
the average estimate across 25 simulations.
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Figure S18: Estimated number of population-specific and shared causal variants across
iterations of the EM algorithm (60 causal SNPs per population). We randomly selected 60
causal SNPs (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N x hg = 500 for both populations. Each curve represents
the average across 25 simulations.
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Figure S19: Estimated number of population-specific and shared causal variants across
iterations of the EM algorithm (100 causal SNPs per population). We randomly selected 100
causal SNPs (out of 8,599) in both populations where either 0% (top), 50% (middle) or 100%
(bottom) were shared causal SNPs. N x hg = 500 for both populations. Each curve represents
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Figure S20: Average run-times for estimating the prior (MVB parameters) and evaluating
the per-SNP posterior probabilities of being causal in one or both populations. Each dot
represents the average run-time across 25 simulations; the total number of causal variants per
population is specified on the x-axis. N x hg = 500 for both populations. Error bars represent

+1.96 s.e.m.
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Figure S21: Estimated numbers of population-specific/shared causal variants across EM
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Figure S22: Estimated numbers of population-specific/shared causal variants across EM
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Figure S24: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for BMI.
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Figure S25: Manhattan-style plots for posterior probability of each SNP to population-

specific or shared for MCH and MCV.
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Figure S26: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for HDL and LDL.
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Figure S27: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for TC and TG.
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Figure S28: Manhattan-style plots for posterior probability of each SNP to population-
specific or shared for MDD and RA.
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Figure S29: Regional number of causal variants for BMI, MCH, and MCV.
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Figure S30: Regional number of causal variants for HDL, LDL, TC, and TG.
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Figure S31: Regional number of causal variants for MDD and RA.
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Figure S32: Chromosomal number of causal variants for BMI, MCH, and MCV.
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Figure S33: Chromosomal number of causal variants for HDL, LDL, TC, and TG.
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Figure S34: Chromosomal number of causal variants for MDD and RA.
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Figure S35: Distribution of regional number of causal variants at GWAS risk regions. Each
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ing significant associations (p < 5 x 107%) in the East Asian GWAS only, in the European GWAS
only, in both GWASSs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S36: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p < 5 x 107°) in the East Asian GWAS only, in the European GWAS
only, in both GWASSs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S37: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p < 5 x 107°) in the East Asian GWAS only, in the European GWAS
only, in both GWASSs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S38: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p < 5 x 107°) in the East Asian GWAS only, in the European GWAS
only, in both GWASSs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S39: Distribution of regional number of causal variants at GWAS risk regions. Each
violin plot shows the distribution of population-specific or shared causal variants at regions harbor-
ing significant associations (p < 5 x 107°) in the East Asian GWAS only, in the European GWAS
only, in both GWASSs, and in neither GWAS. The dark line represents the mean of the distribution.
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Figure S40: Enrichment of population-specific and shared causal variants in specifically
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2 Supplemental Tables

true_cau_status  Posterior>t mean_I2_EAS sem_I2_EAS mean_|2_EUR sem_|2_EUR t
shared shared 6.79 0.08 6.73 0.08 0.25
none shared 7.37 0.1 7.13 0.09 0.25
EUR_only shared 6.87 0.21 6.44 0.21 0.25
EAS_only shared 6.55 0.19 6.72 0.21 0.25
shared EAS_only 6.57 0.23 6.75 0.25 0.25
none EAS_only 6.54 0.22 6.58 0.25 0.25
EAS_only EAS_only 6.49 0.21 6.61 0.24 0.25
shared EUR_only 6.74 0.2 6.16 0.19 0.25
none EUR_only 7.02 0.26 6.57 0.22 0.25
EUR_only EUR_only 7.02 0.29 6.36 0.23 0.25
EAS_only EUR_only 5.27 0.18 5.46 0.75 0.25
shared shared 6.52 0.11 6.39 0.1 0.5
EUR_only shared 6.72 0.34 6.12 0.33 0.5
EAS_only shared 6.36 0.32 6.54 0.35 0.5
none shared 7.2 0.2 7.09 0.18 0.5
shared EAS_only 6.45 0.4 6.49 0.35 0.5
none EAS_only 7.18 0.73 7.89 0.9 0.5
EAS_only EAS_only 6.94 0.45 6.82 0.53 0.5
EUR_only EUR_only 6.3 0.35 5.84 0.3 0.5
shared EUR_only 7.27 0.39 6.4 0.31 0.5
none EUR_only 8.1 0.91 7.23 0.72 0.5

Table S1: Average LD scores of SNPs with posterior probability > ¢ for at least one causal
configuration. For each set of SNPs with posterior probability > ¢ (i.e. SNPs classified as shared,
EAS-specific, or EUR-specific with respect to a given threshold), we stratified the SNPs by their
true causal statuses and report the mean and S.E.M. of their EAS and EUR LD scores. Column
1 contains the true causal statuses; column 2 contains the causal configurations for which at least
two SNPs have posterior probability > ¢.
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3 Supplemental Material and Methods

3.1 The multivariate Bernoulli (MVB) distribution

The multivariate Bernoulli (MVB) is a generalization of the Bernoulli for modeling the distribution of
a binary vector of arbitrary size?3. Let B e {0, 1} represent a random binary vector of size p that
follows an MVB distribution. The distribution of B can be described by 2P probabilities, namely
Pr(B = 0,---,0),--- ,Pr(B = 1,---,1), one for each of the 2P possible realizations of B?23.
Alternatively, one can adopt an index set representation of the binary vector B, A = {i : B; = 1},

the set of indices of 1’s in B, and represent the distribution of B as the ratio

(B) = Pr(A) = P (Xccafc) _ exp(Sa)
Pr(B) = Pr(A) S b e fo)  Spexp (Sp)’ (1)

where fc contains the natural parameters of the MVB?2 and S4 = Ycca fC-

We use the convention that the right-most bit in the binary vector is the first bit and the left-
most bit is the last bit. For convenience, we use binary string and index set representation of
binary vectors interchangeably (e.g., both the binary string 011 and the index set {1, 2} represent
the binary vector (0,1, 1)).

As a concrete example, consider a binary vector of size 2. The probabilities of each possible
realization of a binary vector of size 2 under the MVB are

exp( foo)
exp(foo) + exp(foo + fo1) + exp(foo + fi0) + exp(foo + for + fio + fi1)
exp( foo + fo1)
Pr(01) = Pr({1}) = exp(foo) + exp(foo + for) + exp(foo + fi0) + exp(foo + for + fio + f11)
exp( foo + f10)
exp( foo) + exp(foo + for) + exp(foo + fi0) + exp(foo + for + fio + fi1)
exp(foo + for + fio + fi1)
exp(foo) + exp(foo + fo1) + exp(foo + fio) + exp(foo + for + fio + fi1)

Pr(00) = Pr(¢) =

(@)

Pr(10) = Pr({2}) =

Pr(11) = Pr({1,2}) =

3.2 MVB prior for a SNP’s causal status in two ancestral populations

We use a binary vector of size 2, C; = (¢;1, ¢i2), to model the causal statuses of SNP i in two
ancestral populations. In total, there are 4 possible binary vectors of size 2: if C; = 00, the SNP
is causal in neither population; if C; = 01, the SNP is causal in population 1 only; if C; = 10, the
SNP is causal in population 2 only; and if C; = 11, the SNP is causal in both populations. C;
can be modeled using a multinomial distribution, Mult(poo, po1, P10, p11), Where poo, po1, pio, and

p11 represent the probability of each possible binary vector of size 2. Equivalently, one can model
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C; through the MVB as

Pr(C; = 01) = exp(for + foo)

ex (fn+f ) (3)
Pr(C; = 10) = %
PH(C; = 11) = exp(fi1 + fio + for + foo)’

n
where n = exp(foo) +exp(fo1 + foo) +exp(fio + foo) + exp(f11 + fio + fo1 + foo) is the normalization
constant and f = (foo, fo1, fi0, f11) are the parameters of the MVB (see Equation (2)).
Since the MVB distribution is invariant with respect to the parameter fo, we enforce foo = 0 as
a convention?. The parameters fy; and fio govern the probability of a SNP being causal in a single
population and f1; governs the dependence of the causal statuses between two populations;
f11 = 0 indicates independence and f;; # 0 indicates dependence?3. Since the MVB parameters

are real numbers (i.e. f € R?*), they can be estimated using unconstrained optimization.

3.3 Joint distribution of GWAS summary statistics in two ancestral populations

We model a phenotype in two ancestral populations using the linear models Y, = X3, + €;
and Yy = X503, + €2, where Y; € R™ and Y, € R™ are the phenotype measurements for
ny individuals in population 1 and n. individuals in population 2, respectively; X; € R™*P and
X, e R™*P are column-standardized genotype matrices for p SNPs; 3, € R? and 3, € R? are the
standardized causal effect sizes of the p SNPs in the two populations, and €; € R™ and € € R™
are environmental effects. We further assume that, for population j, the genotype vector of each
individual is drawn from a distribution with covariance V'; (the p x p LD matrix in population ;) and
thate; ~ N (O, ong), where o?2; is the variance of the environmental effects in population ;.
In a typical GWAS, one obtains association statistics (Z-scores) of every SNP as

1
Z,=—XY
1 \/TTl 141
| (4)
Zy=—X]Y
2 \/@ 2L 2

which have been shown to follow the multivariate normal distributions*
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Zy|By ~ N (\/anl,@hUglVl)
Z5|By ~ N (Vn2V 1By, 05V )

()

Given the causal status vectors, ¢; and c,, of every SNP in each population, one obtains the

conditional distributions Z|3,, c1 and Z2|3,, ¢ as

Z1|By,e1 ~ N (yniVi(Byoer), 054 V1)
Z5|By,e2 ~ N (y/naVa(By 0 €2), 05V 2)

where o denotes the Hadamard product®.

Following Equation (6), one can evaluate the likelihood of Z; and Z, given the true causal
effect size vectors 3, and 3,. However, in reality the true causal effect size vectors are not given,
and estimating these parameters from data will likely lead to over-fitting. Instead, we impose a

normal prior on each causal SNP in 8, and 3, to obtain

2

hgl .
Biler ~ N | 0, = diag(c1) |,
e

2

hg2 .
Bylca ~ N | 0, —== diag(c2) |,
23

where hgl and hfﬂ are the SNP-heritability of the phenotype in population 1 and 2, respectively, and
lc1| and |c;| denote the number of 1’s (i.e. the number of causal SNPs) in the binary vectors®’8.

With the normal prior on 3, and 3, the conditional distributions Z;|c; and Zs|cs are

Zl|cl ~N (0, V1 + O'%Vl diag(cl)Vl) y

Z2|CQ ~N (0, Vao+ O’%Vz diag(CQ)Vz) ,

nlh?]l
e

Incorporating the MVB prior on the causal status vectors, the joint distribution of Z, and Z,,

2
nghg2

2 _
and o5 = ol

where o7 =

which is parameterized by the MVB parameters, f = (foo, fo1, fi0, f11), iS



Pr(Z,Zs; f) = ZZPF(Zh Zy,ci,co; f) = ZZPT(ZﬂCl) Pr(Zs|e2) Pr(ey, co; f)

Cc1 C2 Cc1 €2

N(Z1;0,V1 + 02V diag(c1) V1) x (9)
33|,

. xp(Sc.
c1 co ZQ; 0, V2 + U%VQ dlag(CQ)VQ) X le %

ss 10 model the joint distribution of GWAS summary statistics across L LD-independent regions, we

s6 take the product of the probability of Z-scores across regions:

L
Pr(Zig.. 1y Zogi nyyi F) = | [ Pr(Zu, Zos f)
=1

. (10)
_ ﬁ ZZ N(le;o, Vll —I-O'%IVU dlag(cu)VU)x
- N( DI eXp(SCM) ’

1 e Z91;0, Vo + 03, Vo diag(en) V) x [ 17, S ox(95)

s 3.4 Model fitting using Expectation Maximization
ss 3.4.1 Expectation step

s9 We use expectation-maximization (EM) to estimate the model parameters f. First, we derive the

so complete log-likelihood of the data

C(F1Z1g1, 1y Zoga e Ly C1{1,e L) €21, L})

| . ﬁ N(le;O,VU +O’%ZVU diag(cll)VU)x
=lo
. exp(Sc,.
1=1| N(Z2;0,Vy + 03 Vydiag(ea)Va) x 1L, %

L (11)

=Y [log N(Z1;0, V1 + 07,V diag(cu) Vi) + log N(Z2;0, Vo + 05, Vo diag(cx) V)|

=1
L p

L
+ Z Z Sc,; — log (Z exp(SB)> Zpl.
B =1

I=1i=1

1 In the expectation step of the EM algorithm, one finds the expectation of the log-likelihood with

(o2}

s2 respect to the causal status vectors c,y; ... 1}, ¢a(1...., 1}, conditioned on the current estimate of the

s model parameters f®,

(o2}



Q <f|f(t)) =E [5 (f|Z1{1,--~,L}> Z2{1,---,L}a Ci{1,--,L}> 02{1,..-,L})]

log N(Z11;0, V1, + 0%,V diag(c1) Vi)
D Pr <C1Z,sz\f(t),Zu,Z2z> 1; '
+ log N(Zgl; 0,Vy + J2IV2[ dlag(CQZ)Vgl)

l=1cu,c
L Dl L
+> > Pr (Cll702l|f(t)»zll,22l> (Z Sch) — log (Z:QXP(SB)) .o
=1 c11,C9; i=1 B =1

(12)
e« Where Pr (Clla Cgl|f(t), Z1, ZQZ) is

Pr (CllaCQbleaZ2l|f(t)>
Pr Cu,CQl‘f(t),le,Zgl = . (13)
t
Dby by FT (blubm, Zy, Zoy|f! ))

s 3.4.2 Maximization step

e 1he goal of the maximization step is to find

FE+D = argmax ¢ <f|f(t)> = argmax g(f) (14)

67 Where

L J 41 L
g(f)=>, > Pr <C1z7621|f(t)7z117Z21> <Z SC”) — log (Z exp(SB>> Y (15)
=1 cy;,Co i=1 B =1

s removing the irrelevant constant in Q(f|f®).
69 Evaluating ¢(f) involves a summation over all possible causal status vectors, which has time

70 complexity on the order of O(22Pt) and is intractable. Instead, we recognize that

L ji L
g(f) = Z Z E [ SCM] - 10g (Z eXp(SB)> Zpl
=1 i=1 =1

c11,Ca1 = B 1

L[y (b L (16)
<103 [53 (550 ) | - s (St S0

=1 j=1 \i=1 ’ B =1

71 where Cl(f) = (cg),cg)) represents the causal status of the i-th SNP at locus [ in the two

72 populations, from the causal status vectors, cgj), céj) sampled from the posterior distribution

73 Pr(ey,colZy, Zoy, f*). We use Gibbs sampling to efficiently sample causal status vectors from
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the posterior (see Section 3.5).

It can be shown that the following parameter updates maximizes h(f),

t+1
60+):07

1 _ _
(()t1+ ) = log qo1 — log Goo,

1 _ _
ﬁf ) — log q10 — log qoo,

1 _ _ _ _
§t1+ ) — log 11 — log go1 — log 10 + log Goo,

(17)

where ¢oo, Go1, G10, and ¢i1 represent the average count of 01, 10, and 11 causal status at a single
SNP in two ancestral populations across MCMC samples from the Gibbs sampler (see Section
3.5).

3.5 Sampling causal status vectors from the posterior distribution
We use Gibbs sampling to sample C = (¢y, ¢2) from the posterior distribution,
CNPI'(C|f,Z1,ZQ)OCPI'(Zl,ZQ,C’f). (18)

For notational simplicity, we drop the index [ representing different loci. To advance the Markov
chain from step j to step j + 1 in Gibbs sampling, at step ;7 we select SNP %k and evaluate the

probability of the four possible cross-population causal configurations at that SNP,

Pr <Z17Z2,Ck200709;‘f> Pr (Zl’Z2’Ck:01’C(j;’f)
' , (19)
Pr(21,25.Cy = 10,CY)|f) Pr(21,22,C, = 11,CY)]f),

where C(j]) denotes the rest of the causal configurations, excluding that of SNP & in the j-th step.
We then sample CU+1) based on the following probability
Pr (Zh Z5,Cy = b/709])-\f)

ZbPr (Z13Z27Ck = b7 C(ﬁ]])|f>

Pr(ct) = (cp=v,C9)) - (20)
To evaluate Pr(Z, Zs,c1,co|f) = Pr(Zi|e1) Pr(Zz|e2) Pr(er, co|f), we note that previous

work has shown that

Pr(Zile1) = N (210, V1 + 07V7)
N (216,10, Ve, + 02V2,) (21)

ler

N<Zlc1‘ovvlc1) ’
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N(zlcl\o,vlc1 +o%V§cl)
N(Zlcl |O7V1c1>
time complexity of evaluating the probability from p? to p2, .. Let Vie, = Y wu;ul be the

where BF, = is the Bayes factor at only the causal SNPs, reducing the
eigenvalue decomposition of V'1.,, where w; and u; are the eigenvalues and eigenvectors of V1., ,

respectively. We further note that BF; can be expressed as

1
F det(vlcl + O%V%cl)iﬁ exp [_%Z.{cl (V]-Cl + U%V%cl)_lzlm]
1= T —
det(vvlq)i5 €xp (_%ZT Vlcll Z1c1)

ler

1
Pcausal 2 Pcausal 2
1 1 Ul 2
oC | | - — €ex - — ZT U;
( 1+ a%wi) P [2 Z 1+ odw; ( ler Z) ’

=1 =1

avoiding numerical instability introduced by small eigenvalues. The Bayes factor for Z,., can be

obtained using the same approach.

3.6 Posterior probability of each SNP to be ancestry-specific or shared

For each SNP ¢, we evaluate

Pr(C; = b|Zy, Zo, *) (23)

for b€ {01, 10, 11}, the three causal configurations of interest (causal in a single population or both
populations), where f* denotes the estimated MVB parameter. We show below that Equation (23)

can be evaluated using the Gibbs sampling procedure outlined in Section 3.5. First, we note that
Pr(C; = b Z1, Zs, f*) = Y| Pr(Ci = b,C-|Z1, Z, *)
C-;

= > Pr(C; = b|C—;, Z1, Z3, £*) Pr(Ci| Z1, Z3, £*)
Cni (24)

=E [Pr(Cl = b|Cﬁi7 Zlu Z27 .f*)] =E [E[]]'{Clzb”CﬁZ? Z17 Z27 f*]]

X1 Loty

=E[lc,—8}1 21, Z2, f*] ~ 7 :

where C) is the j-th causal status vector sampled from the posterior distribution Pr(C|Z4, Z,, f¥)
out of a total of J samples (see Section 3.5). To ensure stable estimates of the posterior probability,

we run the Gibbs sampling procedure 20 times and report the average posterior probability.
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