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I. CONNECTION fields of well defined parity MY, (r) and N%, (r):
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In this appendix we will prove Eq. (6) in the main text,
which connects the T-matrix setting
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w @ where k¥ = wy/e“u“ is the frequency dependent

wavenumber, r = |r|, # = r/|r|, j;(+) are spherical Bessel
functions, and T, (F) are the vector spherical harmon-
ics as defined in [1, Eq. (16.88)]. Importantly, the spher-
ical Bessel functions contain all the radial dependence of

to the polarizability tensor setting

w ¥ ¥ E“(0) the multipolar fields, and the T, () all their angular
Llr)l“’] = L(};E ;UZJ’H ] [H“’ (0)} , (S2)  dependence. The second equality in the second line of
=mE =mH Eq. (S3) follows from [1, Eq. (16.100)] and the relation-

and allows to build the T-matrix of a molecule to dipo-
lar order using data obtained from quantum chemistry
molecular simulations.

We will start from Eq. (S1) and transform it towards
Eq. (S2). We begin by connecting the {a%,,,b%,} to
{E¥(0),H¥(0)}. The bottom line is that the {a¥,,, b5,
are essentially the coordinates of {E¥(0), H*(0)} in the
spherical vector basis.

Let us start by writing expressions for the multipolar
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ships between spherical Bessel functions in [2, p. 172].

At the origin (r = 0) the spherical Bessel functions
Ji(+) are all zero except when I = 0: jo(0) = 1. It follows
that from all the multipolar fields in Eq. (S3), only the
ones containing jo(0) are non-zero at the origin. Since
j=1,2,..., only electric dipolar fields

Tm(0) = i\/leom(f“% (S4)

where m = [—1,0, 1] are non-zero at the origin. Using [1,

Eq. (16.88)] and a table of Clebsch-Gordan coefficients

we obtain
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where {&_1,8p,&1} are the spherical vector basis. We
write a vector w in the spherical vector basis as:

W =w_1€_1 + wp€p + w1éq, (S6)
with
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This choice of basis induces the following relationship
between the Cartesian and spherical coordinates of w in
the spherical and Cartesian basis:
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We can now use Eqs. (S4
plicit version of Eq. (4) ir

1
E“(0) = i,/% l Z a‘fmém] ,
iZ9H*(0) = iy — o l Z blmem] ,

which says that the a{,, and b%,, are respectively pro-
portional to the coordinates of the incident electric and
magnetic fields at the origin in the spherical vector basis
coordinates.

We now turn to the left hand side of Eq. (S1). We
need to relate the electric and magnetic dipole moments
p* and m* to the multipolar coefficients cf,, and df,,
of their radiated fields. This task can be achieved us-
ing expressions from [3, Chap. 9]. The idea is to equate
two different expressions of the magnetic(electric) field
radiated by an electric(magnetic) dipole moment. One
of the expressions involves p*(m®) in [3, Eq. (9.19)]([3,
Eq. (9.36)]), and the other the multipolar coefficients of
the field [3, Eq. (9.149)](far field limit of [3, Eq. (9.122)]
which can be obtained using [3, Eq. (9.89)]). One then
uses an expression of the cross product in spherical coor-

dinates
Z Wy Xy (F) \/ w X T,

m=—1

and (S5) to write a more ex-
the main text:
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with the definition of Xy, () in [3, Eq. (9.119)], and
the scale factor differences between the coefficients in the
multipole expansions that we are using [Eq. (2) in the
main text] and those in [3, Eq. (9.122)] to conclude that:
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where ¢ = 1/,/e“u®.

We can now perform the connection between Eq. (S1)
and (S2). First we use Eq. (S11) on the left hand side
of Eq. (S1), and Eq. (S9) on the vector of its right hand

side:
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Re-arranging the scalar factors we obtain
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which, after modifying the 3x3 matrices to obtain the
desired input and output vectors produces
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And it follows form comparing Eq. (S2) with Eq. (S14)
that
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This result leads directly to Eq. (6) in the main text by
recalling that in the typical case where the polarizabili-
ties are available in the Cartesian basis, we must change
the basis to spherical. The change of basis matrix C in
Eq. (6) in the main text is the one in Eq. (S8). N

II. ABSORPTION

The absorption of an object upon a particular illumi-
nation is best analyzed using the S-matrix. Given the
T-matrix, the S-matrix or scattering matrix can be com-
puted as:

S =1+ 2T, (S16)

where I is the identity matrix. Notwithstanding the sim-
ple numerical relationship in Eq. (S16), there is an impor-
tant physical difference between the two matrices. While
the T-matrix relates incident and scattered fields, the S-
matrix relates total incoming and outgoing fields. The
total incoming(outgoing) fields are the total fields be-
fore(after) the interaction. The difference is that an inci-
dent field has a mixed incoming and outgoing character
and exists before and after the interaction. Its incoming
part is the total incoming field, its outgoing part plus
the scattered field equals the total outgoing field. The
fact that the S-matrix connects total fields allows for the
simple following derivation of the absorption.

A. Oriented CD

Having assumed that the light-matter interaction does
not change the frequency of the fields, we can just focus



on a single frequency component. Let us consider an in-
coming field represented by its coordinates in the helicity
basis a*. Its norm squared is a*Ta®. The outgoing field

is S¥a%, with norm squared a‘”TS‘“TS“’ “. The absorp-
tion must hence be the difference
nggw _QwTéwTé’wa- (817)

After using the block decomposition of the T-matrix in
Eq. (8) in the main text, Eq. (S17) becomes
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Particularizing o to a plane wave of a given helicity
with momentum direction ¥ quickly leads to Eq. (9) in
the main text. Let us do it for an incoming plane wave
of positive helicity, which has zero projection on the neg-
ative helicity multipoles A%, _(r) [Eq. (7) in the main

text], so half of the vector is filled with zeros:

{O‘ﬁé{’)} . (S19)

Then Eq. (S18) can be written as:
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which readily results into the first line of Eq. (9) in the
main text after considering the following point. The vec-
tors of coefficients pi(¥) in Eq. (9) in the main text
represent incident plane waves, while the vectors of coef-
ficients 4 (V) represent the incoming part of the incident
plane waves. The numerical relation

SO S
0w (9) = S (9), (821)
can be deduced from the expansion of an incident plane
wave into regular multipoles, featuring spherical Bessel
functions, which can be written as the following sum

of incoming and outgoing spherical Hankel functions:

2u() = [l () + hi()]/2.

B. Rotationally averaged CD

We now address the rotationally averaged CD, that
is, the differential absorption averaged over all possible
spatial directions of an incident plane wave:

where AY are defined in Eq. (9) in the main text. As
per [2, Eq. (8.4-6)], each p¢ (V) and p® (V) can be ob-
tained by a corresponding rotation of a reference vector
representing a plane wave whose momentum is aligned
with the Z direction: p4 (V) = R(V)p+(z). This allows
us to write Eq. (S22) as -

CD* = puf (

RO{A }u+ (2)—

where Ro{F} = [dVR(¥)
erage of matrix F.
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Tg@(\?) is the rotational av-

The rotatlonally averaged matrices Ro{A } and

Ro { A"j} exhibit spherical symmetry, which means that
they are diagonal in the multipolar basis of well defined
total angular momentum, indexed by j, and angular mo-
mentum along the Z axis, indexed by m. Moreover, for
each j subspace, the diagonal elements are equal for all

m € [—j...7] (see [2, Eq. (7.5-13)]). The structure of the
matrices is hence

cilsxz QO3xs ... ...

O5x3
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We now need the expansion of the circularly polarized
incident plane waves p4 (2) into regular multipolar fields.
It can be found for example in [3, Eq. (10.55)]. In the
notation used in this paper it reads:

o0
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For a plane wave of helicity +1 the coefficients are zero
except in the positions corresponding to angular momen-
tum m = £1. In order to bring Eq. (S25) to our conven-
tions, we first note that, as per [3, Eq. (10.46)], it cor-
responds to the expansion of E(r) = (X £ i§) exp(ikz),
whose polarization vector is a factor of v/2 larger than its
corresponding unitary vector. After we divide Eq. (S25)
by v/2, we can take this factor into the multipolar func-
tions to obtain

1
7

which we manipulate to match the definitions of multi-
polar fields of well defined helicity A = £1 in Eq. (7) in
the main text

%[ @ () 4 AME,_\(1)] = A%,y \(x), (527)

It then follows that the expansion coefficients p% (V) that
we are looking for are
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where dy,, is the Kronecker delta.
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We can now evaluate the quadratic forms in Eq. (523).
For A = 1, and recalling the diagonal structure of
Ro {A% } from Eq. (524), we can write

RO{A f s (2)
47TTT{R0{A b }+47rTr{Ro{A b} +
47T {Ro {49} } +.

. (S29)
= 4nTr {Ro {A }}

where Tr {£ }j is the trace of the submatrix of F' which

connects multipoles of order j at the input to multipoles
of the same order j at the output. Equation (S29) is
reached by considering that, from Eq. (S24), the diag-
onal elements of Ro {44} are ¢; = Tr {F} /(25 + 1),

and that the combined action of u% (Z 2)" and e (z) is
to select a single element on the diagonal for each multi-
polar order, and, according to Eq. (S28), multiply it by
A (i) \/(4m) (25 + 1) .

The final step is the realization that it is not neces-
sary to perform the rotational averages of the matrices

because:
{ } : (S30)

Tr{Ro{A }} Tr{A }

Equations (S30) and (S31) follow from the facts that the
trace is a rotationally invariant quantity, and that rota-
tions do not mix the submatrices corresponding to dif-
ferent values of j.

After collecting these results, we obtain that Eq. (523)
can be written as

Te {Ro {47} } =

and hence

(S31)

CD* =4nTr {AY — A% }. (S32)

The quantity in Eq. (S32) can be seen as a differen-
tial absorption probability. We now show how to ex-
press it in the familiar CD units [liter/mol/cm]. We can
achieve this in two steps: 1) Convert absorption proba-
bility to absorption cross-section, and 2) use the conver-
sion factor between absorption cross-section and units of
[liter/mol/cm]: 10N4/In(10) where N4 = 6.0221409 x
10% is Avogadro’s number. Step 1) can be achieved com-
paring the expression for the absorption cross-section of
a sphere under a circularly polarized plane-wave illumi-
nation in [3, Eq. (10.61)]

Oabs = 57132 2(23 +1) (2 - oy =12 = |85 — 1),
2(kw) 5
(S33)
with our expression for the absorption probability
Pivys = 15 (2) AR 18 (2)- (S34)

We start by exploiting the structure of the T-matrix of a
sphere. First, it does not couple multipoles with different

j or different m. Second, for each multipolar order j, it
does not depend on m. And third, in the basis of mul-
tipoles of well defined helicity [Eq. (7) in the main text],
the 2x2 submatrices relating incident and scattered mul-
tipoles of equal m and j read

1 [a¥ +bY a¥ — b
P J J J J
2 | —t% a¥ 4k (535)

where a¥ and b%

7 are the electric and magnetic Mie coef-
ficients of the sphere, respectively.
Using the definitions of AY in Eq. (9) in the main
text, and Eqs. (S28) and (S35), one readily reaches from
Eq. (S34)

Pibs = 21 ) (27 + 1) (R{ay + b5} — laf | = [b5]%),
J

(S36)
where R{-} takes the real part of its argument. We
now need to relate the Mie coefficients (af ,b;“) to the
(g, B%y) coefficients in Eq. (S33), which can be done
using the expansion of the field scattered by a sphere
upon illumination with a circularly polarized incident
plane wave [3, Eq. (10.57)]. Particularized for incident
helicity A = 1, it reads:
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where M“(r) and N“(r) are outgoing multipoles. We
now change the basis, the position of the leading 1/2

factor, and divide by the previously discussed v/2 factor:

We keep Eq. (S38) for future use and we now use the
relationship between the coefficients of the incident plane
wave p4 (%), and the scattered field p*(2z) [Eq. (8) in the

main text]
pw Iw Iw_ w
FlREEE] e
and Egs. (528) and (S35) to write:
" (a +b‘*’
pjm+ = \/ 47T 2.7 +1 51ma
(a5~ b“’ (S40)
p;-’mfz— \/ (4m) (25 + 1)d—1m.-
Comparing Egs. (S38) and (S40) shows that:
afy = =2b7, BY = —2a7, (S41)



and allows to change Eq. (S33) into:

abs: 222.7

1) (R{ay + b5} — lag > = [b5]%) .

(S42)
The same result is obtained using the opposite circular
polarization.

Now, we note that the definition of the absorption
cross-section includes the division by the incident flux.
This means in particular that the 1/4/2 factor that we
have been compensating for does not change it. We can
hence, finally, compare Eqgs. (S42) and (S36) to reveal
that

w
O = (1,';1’);2. (843)

Therefore, in units of [liter/mol/cm], the frequency de-
pendent circular dichroism as a function of the T-matrix
reads:

10N 47r
_ln( A { + T £ }

=W

(S44)

IIT. PARITY TO HELICITY CHANGE

The change of basis of Eq. (7) in the main text

N;Jm(r) + M* (I‘) Au N(]Um( ) - M;}m (I‘)
’ 'mf( ) ’
J NG

(S45)

Ajm i (r) = 7

induces the relationships

\/§ wm = Cwm :l:dwm
Poma = Cm =65 (S46)
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and
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where [ is the identity matrix.
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