
Appendix for “On high-dimensional constrained

maximum likelihood inference”

A Technical details of the counter example

Lemma 1 (A counter example) In (5) in the main text, we write y = β0 +β>x, where x =

(x1, . . . , xp) are independently distributed from N(µi, 1) with µ1 = 0 and µj = 1; 2 ≤ j ≤ p,

and ε is N(0, 1 − n−1), independent of x. Assume that β0 = 0 and β = n−1/2, 0, . . . , 0),

or, y = n−1/2x1 + ε. Then Assumption 3 is violated. Now consider a hypothesis test of

H0 : β0 = 0 versus H1 : β0 6= 0. If log p
n
→ 0 as n, p → ∞, then Λn(B)

p→ ∞ as n, p → ∞,

with B = {0}.

Proof of Lemma 1. Under the linear model, we have that

yi = β0 + β>xi + εi; i = 1, . . . , n , (A.1)

where β = (β1, 0, · · · , 0) and β0 = 0, xi = (xi1, . . . , xip) ∼ N(µ, Ip×p), and εi ∼ N(0, 1− β2
1)

and is independent of xi. Then, the constrained MLE for β0 is

β̂
(1)
0 = argmin∑p

i=1 I(βi 6=0)≤1

n∑
i=1

(yi − β0 − β>xi)2 = ȳ − ĉor(x·j? , y)
sy
sx·j?

x̄·j? , (A.2)

where x·j denotes a n-dimensional vector (x1j, . . . , xnj), ĉor denotes the sample correlation

between two vectors, x̄ and sx denote the sample mean and sample covariance of a vector x,
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respectively, and

j? = argmax
1≤j≤p

ĉor(x·j, y) (A.3)

denotes the index of which feature has the largest sample correlation between y. For each

observation (yi,xi), it is easy to write out its joint distribution

(yi, xi1, . . . , xip) ∼ N


(β1µ1, µ1, . . . , µp)

>,



1 β1 0 · · · 0

β1 1 0 · · · 0

0 0 1 · · · 0

...
...

. . .

0 0 0 · · · 1




. (A.4)

Hence, the conditional distribution of xi given yi is

xi|yi ∼ N


(β1(yi − β1µ1) + µ1, µ2, . . . , µp)

>,



1− β2
1 0 · · · 0

0 1 · · · 0

...
...

. . .
...

0 0 · · · 1




(A.5)

from which we can easily see that components of xi are conditionally independent given yi.

Note that

ĉor(x·j, y) =
(n− 1)−1

∑n
i=1 xij(yi − ȳ)

s·jsy
, j = 1, . . . , p (A.6)

and Var(y) = Var(xij) = 1. Hence,

√
nĉor(x·j, y)|y d

= Zj + op(1) , (A.7)

where Zj =
∑n
i=1 xij(yi−ȳ)

(n−1)sy
, j = 1, . . . , p, and Zj’s are independent and normally distributed
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conditioned on y. By (A.5), we have that

Z1 ∼ N
(
β1sy, 1− β2

1

)
and Zj ∼ N(0, 1) for j = 2, . . . , p . (A.8)

Consequently, conditioned on y,

β̂
(1)
0 = ȳ− ĉor(x·j? , y)

sy
sx·j?

x̄·j? = ȳ−β1µ1 +β1µ1− ĉor(x·j? , y)sy
x̄·j? − µj?
sx·j?

− ĉor(x·j? , y)sy
µj?

sx·j?

Now, we let µ1 = 0 and µ2 = · · · = µp = 1. Moreover, note that

ȳ − β1µ1 = Op

(
1√
n

)
and

∣∣∣∣ x̄j? − µj?sxj?

∣∣∣∣ ≤ max
1≤j≤p

∣∣∣∣ x̄j − µjsxj

∣∣∣∣ ≤ O

(√
log p

n

)
. (A.9)

Hence, if
√

log p
n
≤ O(1), then

β̂
(1)
0 = −ĉor(x·j? , y)sy

µj?

sx·j?
+Op

(
1√
n

)
. (A.10)

Now we choose β1 to be small number so that with nonzero probability {j? 6= 1}, that is,

we need P(Z1 ≤ min2≤j≤p Zj) to be nonzero, which is easy to achieve when β1 is chosen to

be close to 0. Under the event {j? ≥ 2}

β̂
(1)
0 = −ĉor(x·j? , y)sy

µj?

sx·j?
+Op

(
1√
n

)
= − max

2≤j≤p
ĉor(x·j, y)

sy
sx·j?

+Op

(
1√
n

)
= Op

(√
log p

n

)
+Op

(
1√
n

)
,

because max2≤j≤p ĉor(x·j, y) = Op

(√
log p
n

)
and sy → 1 in probability and sx·j? → 1 in

probability. Hence, n
(
β̂

(1)
0

)2

→ ∞ if p → ∞ as n → ∞. Next, we show that under this

model, the log-likelihood ratio test statistic is of the same order as nβ̂2
0 under the null model.

3



Toward this end, denote by f(β0) = sup‖β‖0≤1,σ>0 n
−1Ln(β0,β, σ). By definition of β̂

(1)
0 ,

it must maximizes f(β0) as a function of β0 and hence must satisfies f ′(β̂
(1)
0 ) = 0. Moreover,

we note that the log-likelihood ratio can be rewritten in terms of f(·)

Λn(B) = 2n(f(β̂
(1)
0 )− f(0)) (A.11)

Applying a Taylor expansion around β̂
(1)
0 , we obtain

Λn(B) = −n(β̂
(1)
0 )2f ′′(β?) (A.12)

where β? is some number between 0 and β̂
(1)
0 . Under log p/n→ 0, it is easy to show that β̂

(1)
0

is consistent, hence converges to 0 in probability. Hence, Λn(B) = −n(β̂
(1)
0 )2(f ′′(0)+op(1))

P→

∞, which completes the proof.

B Proofs of Lemmas 2-9

This section provides detailed proofs of Lemmas 2-9 to be used in “On high-dimensional

constrained maximum likelihood inference”.

Lemma 2 For any symmetric matrices C1 and C2, vec(C1)> vec(C2) = tr(C1C2). More-

over, for any positive definite matrix C � 0,

∇ (log detC) = − vec(C−1) , ∇2 (− log det Ω0) = C−1 ⊗s C−1 , (B.1)

I = 1
2
Σ0 ⊗s Σ0, (B.2)

Var
(
vec(XX>)

)
= 4I with X ∼ N(0,Σ0) , (B.3)

vec(C)>I vec(C) = 1
2

tr (Σ0CΣ0C) . (B.4)
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Proof of Lemma 2: By the definition, (B.1) follows from an identity:

vec(C1)> vec(C2) =
∑
i≤j

(1 + I(i 6= j))S1(i, j)S2(i, j) =
∑
i,j

S1(i, j)S2(i, j) = tr(S1S2) .

Moreover, it follows from Taylor’s expansion of the log det function that

log det(C + ∆)− log det(C) = tr(C−1∆)− 1

2
tr
(
(C−1∆)2

)
+ o(‖C−1/2∆C−1/2‖2

F )

= vec(C−1)> vec(∆)− 1

2
vec(∆)> vec(C−1∆C−1) + o(‖C−1/2∆C−1/2‖2

F )

= vec(C−1)> vec(∆)− 1

2
vec(∆)>

(
C−1 ⊗s C−1

)
vec(∆) + o(‖C−1/2∆C−1/2‖2

F ) ,

where the definition of ⊗s and (B.1) have been used. This yields (B.2).

For (B.3), the log-likelihood forX ∼ N(0,Σ0) is −1
2

vec(Ω0)> vec(XX>)+ 1
2

log det(Ω0).

Using properties of the exponential family [2], Var
(

1
2

vec(XX>)
)

= ∇2
(
−1

2
log det Ω0

)
= I,

implying (B.3). Finally, for any symmetric matrix C, note that

vec(C)>I vec(C) =
1

2
vec(C)>

(
Σ0 ⊗s Σ0

)
vec(C)

=
1

2
vec(C)> vec(Σ0CΣ0) =

1

2
tr(CΣ0CΣ0),

leading to (B.4). This completes the proof.

Lemma 3 For any symmetric matrix T and ν > 0

P (| tr ((S −Σ0)T ) | ≥ ν) ≤ 2 exp
(
−n ν2

9‖T ‖2+8ν‖T ‖

)
, (B.5)

where ‖T ‖2 = n
2

Var (tr ((S −Σ0)T )). Furthermore, for T1, · · · ,TK such that ‖Tk‖ ≤ c0; k =
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1, · · · , K with c0 > 0 and any ν > 0, we have that

P
(

max
1≤k≤K

∣∣tr((S −Σ0)Tk)
∣∣ ≥ ν

)
≤ 2 exp

(
−n ν2

9c2
0 + 8c0ν

+ logK

)
, (B.6)

which implies that max1≤k≤K |tr((S −Σ0)Tk)| = Op

(
c0

√
logK
n

)
. Particularly, for any ν > 0

and any index set B,

P
(
‖ vecB(S −Σ0)‖∞ ≥ ν

)
≤ 2 exp

(
−n ν2

9λ2
max(Σ

0) + 8νλmax(Σ0)
+ log |B|

)
, (B.7)

implying that ‖ vecB(S −Σ0)‖∞ = Op

(
λmax(Σ

0)
√

log |B|
n

)
.

Proof of Lemma 3: By Markov’s inequality, for any ν > 0,

P
(
tr
(
(S −Σ0)T

)
≥ ν

)
≤ exp

(
−γ
√
nν

2

)
E exp

(
γ
√
n

2
tr
(
(S −Σ0)T

))
≤ exp

(
logE exp

(
γ
√
n

2
tr
(
(S −Σ0)T

))
− γ
√
nν

2︸ ︷︷ ︸
I1

)
,

where γ is chosen such that γ ∈
[
0, M0

√
n

‖
√

Σ0T
√

Σ0‖F

]
for some constant 0 < M0 < 1, which is to

be determined later. Moreover, after some calculations, we have that

E exp
(γ√n

2
tr
(
(S −Σ0)T

) )
=

(
E exp

(
γ
√
n

2
tr
(
(XXT −Σ0)T

)))n
= exp

(
−γ
√
n

2
tr(Σ0T )

)
det

(
I − γ√

n
Σ0T

)−n/2
,(B.8)

where X ∼ N(0,Σ0) and the last equality requires that
√
nΩ0 � γT , which is ensured by

the fact that γ ≤ M0
√
n

‖
√

Σ0T
√

Σ0‖F
<

√
n

‖
√

Σ0T
√

Σ0‖F
. Consequently,

logE exp

(
γ
√
n

2
tr
(
(S −Σ0)T

))
= log det

(
I − γ√

n
Σ0T

)−n/2
− γ
√
n

2
tr(Σ0T ) . (B.9)
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An expansion of the log det function gives

log det(I − γ√
n

Σ0T )−n/2

=
γ
√
n

2
tr(Σ0T ) +

γ2

4
tr((Σ0T )2) +

n

2

∞∑
l=3

l−1 tr
(
(
γΣ0T√

n
)l
)

︸ ︷︷ ︸
I2

. (B.10)

For I2, note that I2 ≤ n
2

∑∞
l=3 l

−1
(
γ‖T ‖√
n

)l
≤ γ2‖T ‖2 3−M0

12(1−M0)
. Similarly, I1 ≤ M1+1

4
γ2‖T ‖2−

γ
√
nν

2
, where M1 = 3−M0

3(1−M0)
. Minimizing this upper bound of I1 as a function of γ over the

interval
[
0, M0

√
n

‖T ‖

]
, we obtain that

I1 ≤ − nν2

4(1+M1)‖T ‖2 if ν ≤M0(1 +M1)‖T ‖

I1 ≤ − nM0

2‖T ‖

(
ν − M0(1+M1)

2
‖T ‖

)
otherwise.

A combination of these two cases yields that I1 ≤ − nM0ν2

4M0(M1+1)‖T ‖2+2ν‖T ‖ . Set M0 = 4−1, and

then M1 = 11/9, we obtain the desired results

P
(

tr
(
(S −Σ0)T

)
≥ ν

)
≤ exp

(
− n ν2

9‖T ‖2 + 8ν‖T ‖

)
,

for any ν > 0. The other direction follows exactly the same argument, and thus is omitted.

Finally, (B.7) follows by letting {T1, · · · ,Tk} =
{

(e>i ej + e>j ei)/2
}

(i,j)∈B then applying

an inequality ‖
√

Σ0(e>i ej + e>j ei)
√

Σ0/2‖2
F ≤ λmax(Σ0) and a union bound. This completes

the proof.

Lemma 4 (The Kullback-Leibler divergence and Fisher-norm) For a positive definite matrix
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Ω the following connection holds:

K(Ω0,Ω) ≥ min

(
1

16
√

2
,

√
K(Ω0,Ω)

2
√

6

)
‖Ω−Ω0‖, (B.11)

K(Ω0,Ω) ≥ min

(
1

16
√

2
,
‖Ω−Ω0‖

24

)
‖Ω−Ω0‖. (B.12)

Proof of Lemma 4: Let ∆ = Ω − Ω0 and λ1, · · · , λp be the eigenvalues of
√

Σ0∆
√

Σ0.

Then λj > −1; j = 1, · · · , p, because Ip×p +
√

Σ0∆
√

Σ0 =
√

Σ0Ω
√

Σ0 is positive definite.

Moreover, let B1 =
∑p

i=1 λ
2
i I(λi ≤ 1/3), B2 =

∑p
i=1 λ

2
i I(λi > 1/3), and B3 =

∑p
i=1 λiI(λi >

1/3). Easily, ‖Ω − Ω0‖ =
√
B1 +B2. Using the inequality x − log(1 + x) ≥ 6−1x2I(x ≤

1/3) + 8−1xI(x > 1/3) for x > −1, we have that

K(Ω0,Ω) =
1

2

(
tr(
√

Σ0∆
√

Σ0)− log det(Ip×p +
√

Σ0∆
√

Σ0)
)

=
1

2

p∑
i=1

λi −
1

2

p∑
i=1

log(1 + λi)

≥ 12−1

p∑
i=1

λ2
i I(λi ≤ 1/3) + 16−1

p∑
i=1

λiI(λi > 1/3) = 12−1B1 + 16−1B3 .

Next we examine two cases. First, if B1 < B2, then K(Ω0,Ω)
‖Ω−Ω0‖ ≥

12−1B1+16−1B3√
B1+B2

≥ B3

16
√

2B2
≥ 1

16
√

2

because B2
3 ≥ B2. If B1 ≥ B2, then

K(Ω0,Ω)

‖Ω−Ω0‖
≥ 12−1B1 + 16−1B3√

B1 +B2

≥ B1

12
√
B1 +B2

≥ B1 +B2

24
√
B1 +B2

≥
√
B1 +B2

24
=
‖Ω−Ω0‖

24
.

Similarly,

K(Ω0,Ω)

‖Ω−Ω0‖
≥
√
K(Ω0,Ω)

√
12−1B1 + 16−1B3√

B1 +B2

≥
√
K(Ω0,Ω)

√
24−1(B1 +B2)√
B1 +B2

=

√
K(Ω0,Ω)

2
√

6
.

This leads to (B.12) and (B.11).
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Lemma 5 (Rate of convergence of constrained MLE) Let Ã ⊇ A0 be an index set. For Ω̂Ã,

we have that

‖Ω̂Ã −Ω0‖ ≤ 12‖I−1/2

Ã,Ã
vec(Σ0 − S)‖2 . (B.13)

on the event that {‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2 <

1
8
√

2
}. Moreover, if |Ã| log p

n
→ 0, then

‖Ω̂Ã −Ω0‖ = Op

√ |Ã| log p

n

 . (B.14)

Proof of Lemma 5: By definition of the CMLE, Ln(Ω̂Ã)−Ln(Ω0) ≥ 0, or − log det Ω̂Ã +

log det Ω0 ≤ − tr((Ω̂Ã −Ω0)S). By the Cauchy-Schwarz inequality, this inequality becomes

2K(Ω0, Ω̂Ã) ≤ tr((Ω̂Ã −Ω0)(Σ0 − S)) ≤ ‖
√

Σ0(Ω̂Ã −Ω0)
√

Σ0‖F‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2

= ‖Ω̂Ã −Ω0‖‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2 (B.15)

On the other hand, by (B.12)
K(Ω0,Ω̂Ã)

‖Ω̂Ã−Ω0‖
≥ min

(
1

16
√

2
,
‖Ω̂Ã−Ω0‖

24

)
, which, together with (B.15),

implies that min
(

1
8
√

2
,
‖Ω̂Ã−Ω0‖

12

)
≤ ‖I−1/2

Ã,Ã
vecÃ(Σ0−S)‖2. If

‖Ω̂Ã−Ω0‖
12

≤ 1
8
√

2
, then it follows

immediately that ‖Ω̂Ã − Ω0‖ ≤ 12‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2. If

‖Ω̂Ã−Ω0‖
12

> 1
8
√

2
, then 1

8
√

2
≤

‖I−1/2

Ã,Ã
vec(Σ0 −S)‖2, which does not happen on the event {‖I−1/2

Ã,Ã
vecÃ(Σ0 −S)‖2 <

1
8
√

2
}.

Moreover, by property of exponential family [2], Var(vecÃ(Σ0 − S)) = 4n−1IÃ,Ã. Thus,

Var(I
−1/2

Ã,Ã
vecÃ(Σ0 − S)) = 4n−1I|Ã|×|Ã|. This, combined with Lemma 3, implies that

‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2 ≤

√
|Ã|‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖∞ = Op

√ |Ã| log p

n

 (B.16)

on the event that {‖I−1/2

Ã,Ã
vecÃ(Σ0 − S)‖2 <

1
8
√

2
}. This event, on the other hand, happens

with probability tending to 1 by the assumption that |Ã| log p
n
→ 0. This completes the proof.
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Lemma 6 (Selection consistency) If K = |A0|, τ ≤ λ̄min min(
√
Cmin,C

2
min)

12|A0| , then

max
(
P
(
Ω̂(0) 6= Ω̂A0

)
, P
(
Ω̂(1) 6= Ω̂A0∪B

))
≤ 2 exp

(
−nCmin

2560
+ 2 log p

)
+ exp

(
−n

2560× 512
+ |A0| log p

)

+2 exp

−nmin
(√

min(Cmin/512 ,3/32)

48λ̄2max(|A0|+|B|) , λmax(Σ
0)
)2

18λ2
max(Σ

0)
+ 2 log p

 −→ 0 (B.17)

as n→∞ under Assumptions 1-2, where Ω̂(0), Ω̂(1), and Cmin are as defined in (1)–(3).

Proof of Lemma 6: Let Â = {(i, j) : |ω̂(1)
ij | ≥ τ, (i, j) /∈ B}. By definition, |Â| ≤ |A0|,

Â ∩ B = ∅ and
∑

(i,j)/∈Â∪B |ω̂
(1)
ij | ≤ τ(|A0| − |Â|). Hence, if Â = A0, then Ω̂(1) = Ω̂A0∪B.

Suppose Â 6= A0. On event {Â = A}; with fixed A 6= A0, |A| ≤ |A0|, and A ∩ B = ∅,

we bound the Fisher-norm between Ω̂
(1)
A∪B and an approximating point of Ω0, Ω̄0

A∪B =

argminΩ:Ω(A∪B)c=0K(Ω0,Ω). Let Σ̄0
A∪B = (Ω̄0

A∪B)−1. By the Karush-Kuhn-Tucker condi-

tions, vecA∪B(Σ̄0
A∪B) = vecA∪B(Σ0). Moreover, let λ̄max = maxA:|A|≤K,A∩B=∅ λmax(Ω̄0

A∪B)

and λ̄min = minA:|A|≤K,A∩B=∅ λmin(Ω̄0
A∪B). We also define

G =

‖S −Σ0‖∞ ≤ min

 1

16
√

2λ̄max

√
|A0|+ |B|

,

√
C̃min

48λ̄2
max|A0 ∪B|

, λmax(Σ0)

 ,

where

C̃min = min
A:A 6=A0, |A|=|A0|, A∩B=∅

min

(
max(K(Ω0, Ω̄0

A∪B), K2(Ω0, Ω̄0
A∪B))

|A0 \ A|
, 1

)
. (B.18)

By definition of the CMLE, Ln(Ω̂(1))−Ln(Ω̄0
A∪B) ≥ 0, or − log det Ω̂(1) + log det Ω̄0

A∪B ≤

− tr((Ω̂(1) − Ω̄0
A∪B)S). Now let ∆̂ = Ω̂

(1)
A∪B − Ω̄0

A∪B and Φ = Ω̂(1) − Ω̂
(1)
A∪B, where ‖Φ‖1 =∑

(i,j)/∈Â∪B |ω̂
(1)
ij | ≤ (|A0| − |A|)τ . By the Cauchy-Schwarz inequality, the forgoing inequality
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becomes

− log det(Ip×p +
√

Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B) + tr(

√
Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B)

≤ tr((∆̂ + Φ)(Σ̄0
A∪B − S)) = vecA(∆̂)> vecA(Σ̄0

A∪B − S) + tr(Φ(Σ̄0
A∪B − S))

= (Ī
1/2
A∪B,A∪B vecA∪B(∆̂))>Ī

−1/2
A∪B,A∪B vecA∪B(Σ0

A∪B − S) + tr(Φ(Σ̄0
A∪B − S))

≤
∥∥∥∥√Σ̄0

A∪B∆̂
√

Σ̄0
A∪B

∥∥∥∥
F

∥∥∥Ī−1/2
A∪B,A∪B vecA∪B(Σ0

A∪B − S)
∥∥∥

2
+ τ(|A0| − |A|)‖Σ̄0

A∪B − S‖∞

≤
∥∥∥∥√Σ̄0

A∪B∆̂
√

Σ̄0
A∪B

∥∥∥∥
F

λmax(Ω̄0
A∪B)

√
|A ∪B|‖Σ0 − S‖∞

+(2λmax(Σ0) + λmax(Σ̄0
A∪B))τK

≤ λ̄max

√
|A0 ∪B|

∥∥∥∥√Σ̄0
A∪B∆̂

√
Σ̄0
A∪B

∥∥∥∥
F

‖Σ0 − S‖∞ + 3λ̄−1
minτK (B.19)

on the event G, where ĪA∪B,A∪B =
[
Σ̄0
A∪B,A∪B ⊗s Σ̄0

A∪B,A∪B
]
A∪B,A∪B. On the other hand, by

Lemma 4,

− log det(Ip×p +
√

Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B) + tr(

√
Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B)

≥ min

(
‖
√

Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B‖F

8
√

2
,
‖
√

Σ̄0
A∪B(∆̂ + Φ)

√
Σ̄0
A∪B‖2

F

12

)

≥ min

(
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖F

8
√

2
,
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖2

F

24

)

−max

(
(|A0| − |A|)λmax(Σ̄0

A∪B)τ

8
√

2
,
(|A0| − |A|)2λ2

max(Σ̄0
A∪B)τ 2

12

)
≥ min

(
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖F

8
√

2
,
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖2

F

24

)
− λmax(Σ̄0

A∪B)Kτ

8

where the last two inequalities use that ‖M1+M2‖2
F ≥ 2−1‖M1‖2

F−‖M2‖2
F , ‖

√
Σ̄0
A∪BΦ

√
Σ̄0
A∪B‖2

F ≤

λ2
max(Σ̄0

A∪B)‖Φ‖2
F ≤ λ2

max(Σ̄0
A∪B)‖Φ‖2

1 ≤ λ2
max(Σ̄0

A∪B)(|A0|− |A|)2τ 2, and min(a− b, c− d) ≥

11



min(a, c)−max(b, d). Combining this with (B.19), we obtain

λ̄max

√
|A0 ∪B|

∥∥∥∥√Σ̄0
A∪B∆̂

√
Σ̄0
A∪B

∥∥∥∥
F

‖Σ0 − S‖∞ + 4λ̄−1
minτK

≥ min

(
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖F

8
√

2
,
‖
√

Σ̄0
A∪B∆̂

√
Σ̄0
A∪B‖2

F

24

)
,

which implies that

∥∥∥∥√Σ̄0
A∪B∆̂

√
Σ̄0
A∪B

∥∥∥∥
F

≤ 24λ̄max

√
|A0 ∪B|‖S −Σ0‖∞ + 4

√
6λ̄−1

minτK ,

on the event {Â = A} ∩ G. Next, note that

2

n

(
Ln(Ω̂(1))− Ln(Ω0)

)
+ 2

(
L(Ω0)− L(Ω̄0

A∪B)
)

=
2

n

(
Ln(Ω̂(1))− Ln(Ω̄0

A∪B)
)

+ tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)

= 2
(
L(Ω̂(1))− L(Ω̄0

A∪B)
)

+ tr((S − Σ̄0
A∪B)(Ω̂(1) − Ω̄0

A∪B)) + tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)

≤ tr((S − Σ̄0
A∪B)(Ω̂(1) − Ω̂

(1)
A∪B) + tr((S −Σ0)(Ω̂

(1)
A∪B − Ω̄0

A∪B))

+ tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)

(B.20)

For the first two terms, using τ ≤ λ̄min min(
√
C̃min,C̃

2
min)

12|A0| and ‖S−Σ0‖∞ ≤
√

C̃min

48λ̄2max(|A0|+|B|) , we

have that on the event G

tr((S −Σ0)(Ω̂
(1)
A∪B − Ω̄0

A∪B)) + tr((S − Σ̄0
A∪B)(Ω̂(1) − Ω̂

(1)
A∪B)

≤
∥∥∥∥√Σ̄0

A∪B∆̂
√

Σ̄0
A∪B

∥∥∥∥
F

∥∥∥Ī−1/2
A∪B,A∪B vecA∪B(S −Σ0)

∥∥∥
2

+ τK‖S − Σ̄0
A∪B‖∞

≤ 24 min

(
λ̄2

max|A0 ∪B|‖S −Σ0‖2
∞ ,

λ̄max

√
|A0 ∪B|‖S −Σ0‖∞

16
√

2

)

+

√
3λ̄−1

minτK

4
+ 3λ̄−1

minτK

≤ 2−1K(Ω0, Ω̄0
A∪B) + 2−1K(Ω0, Ω̄0

A∪B)) = L(Ω0)− L(Ω̄0
A∪B) ,

12



which, together with (B.20), implies that for any A 6= A0, |A| ≤ K,A∩B = ∅, we have that

{
Ln(Ω̂(1))− Ln(Ω0) ≥ 0; Â = A;G

}
⊆
{

tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)
≥ L(Ω0)− L(Ω̄0

A∪B)
}

Hence,

P
(
Ω̂(1) 6= Ω̂A0∪B

)
≤

∑
A:A 6=A0,|A|≤K,A∩B=∅

P
(
Ln(Ω̂(1))− Ln(Ω0) ≥ 0; Â = A;G

)
+ P(Gc)

≤
∑

A:A 6=A0,|A|≤K,A∩B=∅

P
(
tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)
≥ L(Ω0)− L(Ω̄0

A∪B)
)

+ P(Gc) ,

where the first probability can be further bounded by applying Lemmas 3 and 4.

∑
A:A 6=A0,|A|≤K,A∩B=∅

P
(
tr
(
(Ω0 − Ω̄0

A∪B)(S −Σ0)
)
≥ L(Ω0)− L(Ω̄0

A∪B)
)

≤
∑

A:A 6=A0,|A|≤K,A∩B=∅

exp

(
−n10−1K2(Ω0, Ω̄0

A∪B)

‖Ω̄0
A∪B −Ω0‖2 +K(Ω0, Ω̄0

A∪B)‖Ω̄0
A∪B −Ω0‖

)

≤
∑

A:A 6=A0,|A|≤K,A∩B=∅

exp

(
−nmin

(
128−1 , K(Ω0, Ω̄0

A∪B)
)

20

)

≤
∑

A:A 6=A0,|A|≤K,A∩B=∅,K(Ω0,Ω̄0
A∪B)≤1

exp

(
−nK(Ω0, Ω̄0

A∪B)

2560

)

+
∑

A:A 6=A0,|A|≤K,A∩B=∅,K(Ω0,Ω̄0
A∪B)>1

exp

(
−n

2560

)

≤
|A0|∑
j=1

|A0|−j∑
i=1

(
|A0|
j

)(
p− |A0|

i

)
exp

(
−njC̃min

2560

)
+ exp

(
−n

2560
+ |A0| log p

)

≤
|A0|∑
j=1

exp

(
−njC̃min

2560
+ 2j log p

)
+ exp

(
−n

2560
+ |A0| log p

)

≤ 2 exp

(
−nC̃min

2560
+ 2 log p

)
+ exp

(
−n

2560
+ |A0| log p

)
−→ 0

as n→∞, provided that |A
0| log p
n
≤ 3000−1 and C̃min ≥ 3000 log p

n
.

13



To bound P(Gc), we apply Lemma 3 with ν = min

(
1

16
√

2λ̄max

√
|A0|+|B|

,
√

C̃min

48λ̄2max|A0∪B| , λmax(Σ0)

)
and get

P(Gc) ≤ P
(
‖S −Σ0‖∞ ≥ ν

)
≤ 2 exp

(
−n ν2

9λ2
max(Σ0) + 8νλmax(Σ0)

+ 2 log p

)
≤ 2 exp

(
−n ν2

18λ2
max(Σ0)

+ 2 log p

)
−→ 0 ,

provided that C̃min ≥ 2000 λ̄2max

λ2min(Ω0)

(|A0|+|B|) log p
n

and λ̄2max

λ2min(Ω0)

(|A0|+|B|) log p
n

≤ 18000. Combining,

we obtain

P
(
Ω̂(1) 6= Ω̂A0∪B

)
≤ exp

(
−nC̃min

2560
+ 2 log p

)
+ exp

(
−n

2560
+ |A0| log p

)

+ exp

−n
min

(√
min(C̃min ,3/32)
48λ̄2max(|A0|+|B|) , λmax(Σ0)

)2

18λ2
max(Σ0)

+ 2 log p


For P

(
Ω̂(0) 6= Ω̂A0

)
, we let B = ∅ and a similar bound can be established. Moreover, by

Lemma 4, it is easy to see that max(K(Ω0,Ω), K2(Ω0,Ω)) ≥ ‖Ω0−Ω‖2
512

for any Ω. Conse-

quently, C̃min ≥ Cmin

512
. Thus, the bound in (B.17) is established. This completes the proof.

Lemma 7 Let Γk = (γk1, · · · γkm) ∈ Rm; k = 1, · · · , n be iid random vectors with Var(γ1) =

Im×m. If m is fixed, then

n−1‖
n∑
k=1

γk‖2
2

d−→ χ2
m, as n→∞ . (B.21)

Otherwise, if max
(
m,m2m/n,m3/n,m3m

3/2/n2
)
→ 0, where mj = max1≤i≤m Eγ2j

1i ; j = 2, 3,

then

‖
∑n

k=1 γk‖2
2 − nm

n
√

2m

d−→ N(0, 1), as n→∞ . (B.22)

14



Proof of Lemma 7: If m is fixed, then (B.21) follows from the central limit theorem and

the continuous mapping theorem.

For (B.22), let Γk =
∑k

j=1 γj; k = 1, · · · , n be a partial sum of k iidm-dimensional vectors

γj’s. Next we apply Theorem 18.1 of [1] to show that
‖Γn‖22−nm
n
√

2m
→ N(0, 1) for triangular

arrays of martingale differences {ηn,k =
‖Γk‖22−‖Γk−1‖22−m

n
√

2m
=
‖γk‖22−m+2γ>k Γk−1

n
√

2m
}. Towards this

end, we verify that

n∑
k=1

E
(
η2
n,k |γ1, · · · ,γk−1

) P→ 1,
n∑
k=1

E|ηn,k|3 → 0. (B.23)

For the first condition of (B.23), we compute E and Var of E
(
η2
n,k |γ1, · · · ,γk−1

)
. Note that

γ1, · · · ,γm are iid vectors with Var(γm) = Im×m, EΓk−1 = 0, and E‖Γk−1‖2
2 = (k − 1)m.

Then, for each k = 1, · · · , n, EE
(
η2
n,k |γ1, · · · ,γk−1

)
becomes

(2mn2)−1
(
E
(
‖γk‖2

2 −m
)2

+ 4E
(
(‖γk‖2

2 −m)γk
)>EΓk−1 + 4EE

(
(γ>k Γk−1)2 |γ1, · · · ,γk−1

))
= (2mn2)−1

(
Var(‖γk‖2

2) + 4E‖Γk−1‖2
2

)
= (2mn2)−1

(
Var(‖γk‖2

2) + 4(k − 1)m
)
,

which, after summing over k = 1, · · · , n, leads to

n∑
k=1

2(k − 1)

n2
≤ E

( n∑
k=1

E
(
η2
n,k |γ1, · · · ,γk−1

))
≤ mm2

2n
+

n∑
k=1

2(k − 1)

n2
,

where Var(‖γk‖2) ≤ m2m2; k = 1, · · · , n. Consequently,
∣∣∣E(∑n

k=1 E
(
η2
n,k |γ1, · · · ,γk−1

))
− 1
∣∣∣ ≤

2
n

+ mm2

2n
. Let a = E

(
(‖γ1‖2

2 − m)γ1

)
. Similarly, using an inequality (a1 + a2 + a3)2 ≤

15



3(a2
1 + a2

2 + a2
3) for real numbers aj; j = 1, · · · , 3.

Var
( n∑
k=1

E
(
η2
n,k |γ1, · · · ,γk−1

))
=

4

m2n4
Var

(
n∑
k=1

(
a>Γk−1 + ‖Γk−1‖2

2

))

=
4

m2n4
Var

(
n∑
k=1

(n− k)
(
a>γk + ‖γk‖2

2

)
+ 2

∑
k<k′

(n− (k ∨ k′))γ>k γk′
)

≤ 12

m2n4

[
Var

(
n∑
k=1

(n− k)a>γk

)
+ Var

(
n∑
k=1

(n− k)‖γk‖2
2

)

+ Var

(∑
k<k′

(n− (k ∨ k′))γ>k γk′
)]
≡ 12

m2n4

[
T1 + T2 + T3

]
. (B.24)

For T1, note that ‖a‖2
2 ≤

∑m
k=1 E2

(
(‖γ1‖2

2 −m)γ1k

)
≤
∑m

k=1 E
(
(‖γ1‖2

2 −m)2
)
Eγ2

1k ≤ m3m2.

Then

Var

(
n∑
k=1

(n− k)a>γk

)
=

n∑
k=1

(n− k)2E
(
a>γk

)2
=

n∑
k=1

(n− k)2

m∑
j=1

a2
jEγ2

kj

=
‖a‖2

2

6
(n− 1)n(2n− 1) ≤ n3m3m2 .

For T2, note that Var (
∑n

k=1(n− k)‖γk‖2
2) ≤

∑n
k=1(n− k)2m2m2 = 1

6
(n− 1)n(2n− 1)m2m2.

To bound T3, note that, for k 6= k′ and j 6= j′, E
(
γ>k γk′γ

>
j γj′

)
= I({j, j′} = {k, k′})E

(
γ>k γk′

)2
=

I({j, j′} = {k, k′})m, yielding that

Var

(∑
k<k′

(n− (k ∨ k′))γ>k γk′
)

=
∑
k<k′

(n− (k ∨ k′))2E
(
γ>k γk′

)2 ≤ n4m.

Combining (B.24) with the bounds of T1 − T3, we obtain

Var
( n∑
k=1

E
(
η2
n,k |γ1, · · · ,γk−1

))
≤ 12 (n3m3m2 + n3m2m2 + n4m)

m2n4
.

Hence the first condition of (B.23) is implied by the assumption that mm2/n → 0 and

16



m→∞.

For the second condition of (B.23), note that E|ηn,k|3 = E
(∣∣‖γk‖2

2 −m+ 2γ>k Γk−1

∣∣3) is

bounded by

4E
(∣∣‖γk‖2

2 −m
∣∣3)+ 16E

(∣∣γ>k Γk−1

∣∣3) ≤ E
(
‖γk‖6

2

)
+
√

E
(
(γ>k Γk−1)6

)
≤ m3m3 +

√
(k − 1)3m3m3 + (k − 1)2m3m2m3 + (k − 1)m3m2

3

≤ m3m3 + k3/2m3/2m
1/2
3 + km3/2m

1/2
2 m

1/2
3 + k1/2m3/2m3.

Summing over k,
∑n
k=1 E

(
|‖γk‖22−m+2γ>k Γk−1|3

)
n3m3/2 is upper bounded by

(
nm3m3 + n5/2m3/2m

1/2
3 + n2m3/2m

1/2
2 m

1/2
3 + n3/2m3/2m3

)
n3m3/2

=
m3/2m3

n2
+
m

1/2
3

n1/2
+
m

1/2
2 m

1/2
3

n
+

m3

n3/2
→ 0 ,

provided that max
(
m2m/n,m3/n,m3m

3/2/n2
)
→ 0. Thus the second condition in (B.23) is

met. As a consequence of Theorem 18.1 of [1], the desired asymptotic normality is estab-

lished. This completes the proof.

Lemma 8 Let X ∼ N(0,Σ0) and γ = tr(XX>−Σ0)T ) with T a symmetric matrix. Then

E(γ2m) ≤ (2m− 1)! 2m−1
(
E(γ2)

)m
for any integer m ≥ 1 . (B.25)

Proof of Lemma 8: As in (B.8) and (B.10), we expand the moment generating func-

tion of γ: Mγ(λ) = E exp (λγ) = λ2‖
√

Σ0T
√

Σ0‖2
F + (1/2)

∑∞
l=3 l

−1λl tr
[
(2TΣ0)l

]
for any

|λ| < ‖
√

Σ0T
√

Σ0‖F/2. Direct computation of high-order derivatives of Mγ(λ) in λ yields

that E(γ2m) = (2m − 1)! 22m−1 tr
(

(TΣ0)2m
)

for any integer m ≥ 1. An application of

tr
(

(TΣ0)2m
)
≤ ‖
√

Σ0T
√

Σ0‖2m
F yields that E(γ2m) ≤ (2m − 1)! 22m−1‖

√
Σ0T

√
Σ0‖2m

F =

(2m− 1)! 2m−1 (E(γ2))
m

. This completes the proof.
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Proof of Lemma 9: Let ∆̂Ã = Ω̂Ã −Ω0 for any Ã ⊇ A0. Applying Lemma 5 to ∆̂Ã and

∆̂A0 , we have that both ‖∆̂Ã‖ and ‖∆̂A0‖ tend to zero in probability as n goes to infinity.

Hence, we could assume throughout the proof that max
(
‖∆̂Ã‖ , ‖∆̂A0‖

)
≤ 1/2 holds with

probability tending to one. Note that Ω0 = (Σ0)−1, and log det(Ω̂Ã) = log det(Ip×p +

∆̂ÃΣ0) + log det(Ω0). Then

log det(Ip×p + ∆̂ÃΣ0)

= log det(Ip×p + [Σ0]1/2∆̂Ã[Σ0]1/2) = tr(log(Ip×p + [Σ0]1/2∆̂Ã[Σ0]1/2))

= tr

(
∞∑
i=1

(−1)i+1

(
[Σ0]1/2∆̂Ã[Σ0]1/2

)i
i

)
,

= tr
(
∆̂ÃΣ0

)
− 1

2
tr
(
∆̂ÃΣ0∆̂ÃΣ0

)
+R1(∆̂Ã) , (B.26)

where R1(∆̂Ã) =
∑∞

i=3
(−1)i+1

i
tr
((

∆̂ÃΣ0
)i)

and the expansion is valid since ‖∆̂Ã‖ ≤ 1/2 <

1. As a result,

n−1
(
Ln(Ω̂Ã)− Ln(Ω0)

)
=

1

2
tr
(
∆̂ÃΣ0

)
− 1

4
tr
(
∆̂ÃΣ0∆̂ÃΣ0

)
− 1

2
tr(∆̂ÃS) +

1

2
R1(∆̂Ã)

=
1

2
tr
(
∆̂Ã(Σ0 − S)

)
− 1

4
‖∆̂Ã‖

2 +
1

2
R1(∆̂Ã). (B.27)

Moreover, using the property of the CMLE, ∆̂Ã satisfies a score equation: [−(∆̂Ã+Ω0)−1 +

S]Ã = 0. This, in turn, yields that[
Σ0∆̂ÃΣ0

]
Ã

=
[
R2(∆̂Ã) + Σ0 − S

]
Ã
, (B.28)

where (∆̂Ã+Ω0)−1 = Σ0−Σ0∆̂ÃΣ0+R2(∆̂Ã) is used, andR2(∆̂Ã) = Σ0
∑∞

i=2(−1)i
(
∆̂ÃΣ0

)i
.

By the definition of ⊗ and (B.2), (B.28) can be rewritten in a vector form as

2IÃ,Ã vecÃ(∆̂Ã) = vec
(
R2(∆̂Ã) + Σ0 − S

)
. (B.29)

Moreover, after taking the inner product with ∆̂Ã for both sides of (B.28), we obtain

tr
(
∆̂ÃΣ0∆̂ÃΣ0

)
= tr

(
∆̂ÃR2(∆̂Ã)

)
+ tr

(
∆̂Ã(Λ)

)
, (B.30)

where Λ = Σ0 − S. Hence, combining (B.29) and (B.30) with (B.27) yields that
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2n−1
(
Ln(Ω̂Ã)− Ln(Ω0)

)
=

1

2
tr
(
∆̂ÃΛ

)
− 1

2
tr
(
∆̂ÃR2(∆̂Ã)

)
+R1(∆̂Ã)

=
1

2

(
vecÃ(∆̂)

)>
vecÃ

(
Λ−R2(∆̂Ã)

)
+R1(∆̂Ã)

=
1

4
vecÃ

(
Λ +R2(∆̂Ã)

)>
I−1

Ã,Ã
vecÃ

(
Λ−R2(∆̂Ã)

)
+R1(∆̂Ã)

=
1

4
vecÃ(Λ)>I−1

Ã,Ã
vecÃ(Λ)− 1

4
vecÃ

(
R2(∆̂Ã)

)>
I−1

Ã,Ã
vecÃ

(
R2(∆̂Ã)

)
+R1(∆̂Ã) .

Similarly,

2n−1
(
Ln(Ω̂A0)− Ln(Ω0)

)
=

1

4
vecA0(Λ)>I−1

A0,A0 vecA0(Λ)− 1

4
vecA0

(
R2(∆̂A0)

)
I−1
A0,A0 vecA0

(
R2(∆̂A0)

)
+R1(∆̂A0).

Combining, we obtain that

2
(
Ln(Ω̂Ã)− Ln(Ω̂A0)

)
=

n

4
vecÃ

(
Λ
)>
I−1
B,B vecÃ

(
Λ
)

−n
4

vecA0

(
Λ
)>
I−1
A0,A0 vecA0

(
Λ
)

+R(∆̂Ã, ∆̂A0) (B.31)

where

R(∆̂Ã, ∆̂A0) = nR1(∆̂Ã)− n

4
vecÃ

(
R2(∆̂Ã)

)>
I−1

Ã,Ã
vecÃ

(
R2(∆̂Ã)

)
−nR1(∆̂A0) +

n

4
vecA0

(
R2(∆̂A0)

)>
I−1
A0,A0 vecA0

(
R2(∆̂A0)

)
(B.32)

is the remainder to be bounded subsequently. For now, we focus on the leading term in the

likelihood ratio expansion. Let λ =
√
n vecÃ

(
Σ0 − S

)
. Now write I−1

Ã,Ã
as

I−1

Ã,Ã
=

JA0,A0 JA0,B

JB,A0 JB,B

 . (B.33)

Note that IA0,A0 = [J−1]A0,A0 =
(
JA0,A0 − JA0,BJ

−1
B,BJB,A0

)−1
. Thus,

n

4
vecÃ

(
Λ
)>
I−1

Ã,Ã
vecÃ

(
Λ
)
− n

4
vecA0

(
Λ
)>
I−1
A0,A0 vecA0

(
Λ
)

=
1

4
λ>
Ã
I−1

Ã,Ã
λÃ −

1

4
λ>A0I−1

A0,A0λA0

=
1

4
λ>
Ã
JλÃ −

1

4
λ>A0

(
JA0,A0 − JA0,BJ

−1
B,BJB,A0

)
λA0

=
1

4

(
JB,A0λA0 + JÃ\A0,B\A0λB

)>
J−1
A\A0,B

(
JÃ\A0,A0λA0 + JB\A0,BλB

)
=

1

4
λ>
Ã
JÃ,BJ

−1
B,BJÃ\A0,AλÃ =

∥∥∥∥1

2
J
−1/2
B,B JB,Ã

√
n vecÃ(Λ)

∥∥∥∥2

2

. (B.34)

This, together with (B.31), implies that

2
(
Ln(Ω̂Ã)− Ln(Ω̂A0)

)
=

∥∥∥∥1

2
J
−1/2
B,B JB,Ã

√
n vecÃ(Λ)

∥∥∥∥2

2

+R(∆̂Ã, ∆̂A0), (B.35)
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Recall from (B.47) that Var
(

1
2
J
−1/2
B,B JB,Ã

√
n vecA(Λ)

)
= I|B|×|B|, thus by Lemma 7 and

Lemma 8, if |B| is a fixed constant, 2
(
Ln(Ω̂Ã) − Ln(Ω̂A0)

)
P0−→ W|Ã\A0| provided that

R(∆̂Ã, ∆̂A0) = op(1); if |Ã\A0| → ∞, (2|Ã\A0|)−1/2
(

2
(
Ln(Ω̂Ã)−Ln(Ω̂A0)

)
−|Ã\A0|

)
P0−→

N(0, 1) provided that R(∆̂Ã, ∆̂A0)/
√
|B| = op(1). Next it remains to prove that the remain-

der term R(∆̂Ã, ∆̂A0) satisfies the aforementioned conditions. Toward this end, we bound

R1(∆̂Ã)−R1(∆̂A0) and vecÃ
(
R2(∆̂Ã)

)
I−1

Ã,Ã
vecÃ

(
R2(∆̂Ã)

)
−vecA0

(
R2(∆̂A0)

)
I−1
A0,A0 vecA0

(
R2(∆̂A0)

)
respectively.

For vecÃ
(
R2(∆̂Ã)

)
I−1

Ã,Ã
vecÃ

(
R2(∆̂Ã)

)
, recursively applying ‖C1C2‖F ≤ ‖C1‖F‖C2‖F

and using the fact that ‖C1C2‖F ≤ λmax(C2)‖C1‖F and ‖C1C2‖F ≤ λmax(C1)‖C2‖F , we

obtain ∥∥∥∥vecÃ

(
Σ0
(
∆̂ÃΣ0

)i)∥∥∥∥
2

≤
∥∥∥∥√Σ0

(√
Σ0∆̂Ã

√
Σ0
)i√

Σ0

∥∥∥∥
F

≤ λmax(Σ0)
∥∥∥√Σ0∆̂Ã

√
Σ0

∥∥∥i
F

= λmax(Σ0)‖∆̂Ã‖
i (B.36)

Summing over i yields that∥∥∥vecÃ
(
R2(∆̂Ã)

)∥∥∥
2
≤

∞∑
i=2

∥∥∥∥vecÃ

(
Σ0
(
∆̂ÃΣ0

)i)∥∥∥∥
2

≤ λmax(Σ0)
∞∑
i=2

‖∆̂Ã‖
i ≤ 2λmax(Σ0)‖∆̂Ã‖

2. (B.37)

Consequently,

vecB
(
R2(∆̂Ã)

)
I−1
B,B vecÃ

(
R2(∆̂Ã)

)
≤
∥∥I−1

B,B

∥∥
opt

∥∥∥vecÃ
(
R2(∆̂Ã)

)∥∥∥2

2

≤ λ−2
min(Σ0)

∥∥∥vecÃ
(
R2(∆̂Ã)

)∥∥∥2

2
≤ 4κ2

0‖∆̂Ã‖
4 . (B.38)

Similarly, vecA0

(
R2(∆̂A0)

)
I−1
A0,A0 vecA0

(
R2(∆̂A0)

)
≤ 4κ2

0‖∆̂A0‖4. Hence,
1

4
vecÃ

(
R2(∆̂Ã)

)
I−1

Ã,Ã
vecÃ

(
R2(∆̂Ã)

)
− 1

4
vecA0

(
R2(∆̂A0)

)
I−1
A0,A0 vecA0

(
R2(∆̂A0)

)
≤ κ2

0‖∆̂Ã‖
4 + κ2

0‖∆̂A0‖4 (B.39)

For R1(∆̂Ã) − R1(∆̂A0), by Cauchy-Schwartz inequality, we have that tr(
(
∆̂ÃΣ0

)i
) ≤

‖
√

Σ0∆̂Ã

√
Σ0‖F

∥∥∥(
√

Σ0∆̂Ã

√
Σ0)i−1

∥∥∥
F
≤ ‖∆̂Ã‖i; i = 2, · · · ,. Hence,∣∣∣ ∞∑

i=4

(−1)i+1

i
tr(
(
∆̂ÃΣ0

)i
)
∣∣∣ ≤ ∞∑

i=4

i−1‖∆̂Ã‖
i ≤ ‖∆̂Ã‖4

4(1− ‖∆̂Ã‖)
≤ 1

2
‖∆̂Ã‖

4 . (B.40)

Similarly,
∣∣∣∑∞i=4

(−1)i+1

i
tr(
(
∆̂A0Σ0

)i
)
∣∣∣ ≤ 1

2
‖∆̂A0‖4. Combining, we have that
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∣∣∣R1(∆̂Ã)−R1(∆̂A0)
∣∣∣ ≤

∣∣∣tr((∆̂ÃΣ0
)3
)
− tr

((
∆̂A0Σ0

)3
)∣∣∣

3
+
‖∆̂Ã‖4 + ‖∆̂A0‖4

2
.(B.41)

Let fÃ(vecÃ(∆)) = tr
((

∆Σ0
)3
)

with vecAc(∆) = 0. A Taylor expansion of fÃ(vecÃ(∆))

at vecA0(∆)) yields that
1

3

∣∣∣tr((∆̂ÃΣ0
)3
)
− tr

((
∆̂A0Σ0

)3
)∣∣∣ =

1

3

(
vecÃ(∆̂Ã)− vecÃ(∆̂A0)

)>
∇f(vecÃ(∆̂∗))

=
(

vecÃ(∆̂Ã − ∆̂A0)
)>

vecÃ

(
Σ0(∆̂∗Σ0)2

)
= tr

(
Σ0(∆̂Ã − ∆̂A0)(Σ0∆̂∗)2

)
≤ 2

∥∥∥√Σ0(∆̂Ã − ∆̂A0)
√

Σ0

∥∥∥
F

max
(
‖
√

Σ0∆̂A0

√
Σ0‖2

F , ‖
√

Σ0∆̂Ã

√
Σ0‖2

F

)
(B.42)

where ∆̂∗ is some convex combination of ∆̂Ã and ∆̂A0 and the last equality uses (B.36).

Lastly, we bound
∥∥∥√Σ0(∆̂Ã − ∆̂A0)

√
Σ0

∥∥∥
F

=
∥∥∥I1/2

Ã,Ã
vecÃ(∆̂Ã − ∆̂A0)

∥∥∥
2
. By (B.29), we

have that

I
1/2

Ã,Ã
vecÃ(∆̂Ã − ∆̂A0) = I

1/2

Ã,Ã

(
vecÃ(Ω̂Ã −Ω0)− vecÃ(Ω̂A0 −Ω0)

)
=

1

2
I
−1/2

Ã,Ã
vecÃ(Λ +R2(∆̂Ã))− 1

2
I

1/2

Ã,Ã

 I−1
A0,A0 vecA0(Λ +R2(∆̂A0))

0


=

1

2
I
−1/2

Ã,Ã

vecÃ(Λ +R2(∆̂Ã))−

 vecA0(Λ +R2(∆̂A0))

IB,A0I−1
A0,A0 vecA0(Λ +R2(∆̂A0))




=
1

2
I
−1/2

Ã,Ã

 vecA0(R2(∆̂Ã)−R2(∆̂A0))

vecB(Λ +R2(∆̂Ã))− IB,A0I−1
A0,A0 vecA0(Λ +R2(∆̂A0))

 , (B.43)

where Λ = Σ0 − S. Let J = I−1

Ã,Ã
. An application of an inequality ‖I−1/2

Ã,Ã
x‖2

2 = x>Jx ≤

2x>A0JA0,A0xA0 + 2x>BJB,BxB yields that∥∥∥∥∥∥∥I−1/2

Ã,Ã

 vecA0(R2(∆̂Ã)−R2(∆̂A0))

vecB(Λ +R2(∆̂Ã))− IB,A0I−1
A0,A0 vecA0(Λ +R2(∆̂A0))


∥∥∥∥∥∥∥

2

F

≤ 2
∥∥∥J1/2

B,B

(
vecB\A0(Λ +R2(∆̂Ã))− IB,A0I−1

A0,A0 vecA0(Λ +R2(∆̂A0))
)∥∥∥2

2

+2
∥∥∥J1/2

A0,A0 vecA0(R2(∆̂Ã)−R2(∆̂A0))
∥∥∥2

2
. (B.44)

Moreover, J−1
B,BJB,A0 + IB,A0I−1

A0,A0 = 0. Using this, we have that
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∥∥∥J1/2
B,B

(
vecB(Λ)− IB,A0I−1

A0,A0 vecA0(Λ)
)∥∥∥2

2

=
∥∥∥J−1/2

B,B (JB,B vecB(Λ) + JB,A0 vecA0(Λ))
∥∥∥2

2
=
∥∥∥J−1/2

B,B JB,Ã vecÃ(Λ)
∥∥∥2

2
. (B.45)

This, together with (B.43) and (B.44), implies that∥∥∥√Σ0(∆̂Ã − ∆̂A0)
√

Σ0

∥∥∥2

F

≤ 1

2

∥∥∥J1/2

A0,A0 vecA0(R2(∆̂Ã)−R2(∆̂A0))
∥∥∥2

2
+

1

2

∥∥∥J−1/2
B,B JB,B vecB(Λ)

∥∥∥2

2
. (B.46)

By (B.3), the covariance matrix of J
−1/2
B,B JB,B vecÃ(Λ) is

Var
(
J
−1/2
B,B JB,B vecB(Λ)

)
= n−1J

−1/2
B,B JB,B Var

(√
n vecÃ(Λ)

)
JÃ,BJ

−1/2
B,B

= n−1J
−1/2
B,B JB,Ã

(
4J−1

)
JÃ,BJ

−1/2
B,B = 4n−1J

−1/2
B,B JB,BJ

−1/2
B,B = 4n−1I|B|×|B| , (B.47)

By Lemma 3,
∥∥∥J−1/2

B,B JB,A vecÃ(Λ)
∥∥∥2

2
≤ |B|

∥∥∥J−1/2
B,B JB,Ã vecA(Λ)

∥∥∥2

∞
= Op

(
|B| log |B|

n

)
. Using

this and (B.37), we bound (B.46) as follows:∥∥∥√Σ0(∆̂Ã − ∆̂A0)
√

Σ0

∥∥∥2

F
≤ 2−1λ−2

min(Σ0)
∥∥∥R2(∆̂Ã)−R2(∆̂A0)

∥∥∥2

F
+Op

(
|B| log |B|

n

)
≤ 2λ−2

min(Σ0) max

(∥∥∥R2(∆̂Ã)
∥∥∥2

F
,
∥∥∥R2(∆̂A0)

∥∥∥2

F

)
+Op

(
|B| log |B|

n

)
≤ 8κ2

0 max
(
‖∆̂Ã‖

4, ‖∆̂A0‖4
)

+Op

(
|B| log |B|

n

)
.

Let ∆ = max
(
‖∆̂Ã‖, ‖∆̂A0‖

)
. Then combining the above bound with (B.42), we obtain

1

3

∣∣∣tr((∆̂ÃΣ0
)3
)
− tr

((
∆̂A0Σ0

)3
)∣∣∣

≤ 2
∥∥∥√Σ0(∆̂Ã − ∆̂A0)

√
Σ0

∥∥∥
F

max
(
‖∆̂A0‖2, ‖∆̂Ã‖

2
)

≤ 4∆2 max

(
3κ0∆2 , Op

(√
|B| log |B|

n

))
.

This together with (B.39) and (B.41) implies that the remainder term R(∆̂Ã, ∆̂A0) defined

in (B.32) is bounded by n∆2 max

(
κ2

0∆2 , Op

(√
|B| log |B|

n

))
up to some positive constants.

By Lemma 5, we have that ∆2 = Op

(
|Ã| log p

n

)
. This together with (B.39) and (B.41) yields

that

R(∆̂Ã, ∆̂A0) = Op

(
max

(
κ2

0|Ã|2 log2(p+ 1)

n
, |Ã| log(p+ 1)

√
|B| log |B|

n

))
Hence, if |B| is fixed, R(∆̂Ã, ∆̂A0) = op(1), provided that

κ20|A|2 log2 p

n
→ 0; and if |Ã\A0| → ∞,
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R(∆̂Ã, ∆̂A0)/
√
|B| = op(1), provided that

κ20|Ã|2 log2 p log(|B|)
n

→ 0. This completes the proof.

C Proofs of Theorem 3 and 4

Proof of Theorem 3. Let Λn(B) be the likelihood ratio test statistic defined in Theorem

1. A measure change from Pθn to Pθ0 yields that for any u ≥ 0,

Pθn(Λn(B) ≥ u) = EθnI(Λn(B) ≥ u)

= Eθ0
(
I(Λn(B) > u) exp(

√
n vecB(δn)>Zn −

n vecB(δn)>IB,B vecB(δn)

2
+Rn(θ0, δn))

)
,

where Pθn is the probability measure underHa, Zn = n−1/2 ∂Ln(θ0)
∂θB

, I is the Fisher information

matrix, and Rn(θ0, δn)) = Ln(θn) − Ln(θ0) −
√
n vecB(δn)>Zn +

n vecB(δn)>IB,B vecB(δn)

2
. We

will verify later that

Rn(θ0, δn))
Pθ0−→ 0 (C.1)

in the Gaussian graphical model and linear regression model.

For the Gaussian graphical model, we first verify (C.1). Now let hn =
√
n vecB(δn) with

‖hn‖2 = h. Then Zn = n−1/2 ∂Ln(Ω)
∂ΩB

=
√
n vecB((Ω0)−1 − S) =

√
n vecB(Λ). It follows from

the Taylor expansion of log det(·) that

Ln(θn)− Ln(θ0) = n
(
log det(Ωn)− tr(ΩnS)− log det(Ω0) + tr(Ω0S)

)
= h>n

√
n vecB((Ω0)−1 − S)−

√
nh>n vecB((Ω0)−1) + n(log det(Ωn)− log det(Ω0))

= h>nZn −
1

2
h>n IB,Bhn + r(Ωn) ,
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where we have used (B.26) and

r(Ωn) = n

∞∑
i=3

(−1)i+1
tr
[
(
√

Σ0(Ωn −Ω0)
√

Σ0)i
]

i
(C.2)

By similar calculations as in (B.40), we have that

|r(Ωn)| ≤


n
3

∑n
i=3(h>n IB,Bhn)i/2

(
|B|1/4√

n

)i
if |B| → ∞

n
3

∑n
i=3(h>n IB,Bhn)i/2

(
1√
n

)i
if |B| is fixed.

(C.3)

Hence, when |B| is fixed and n is large enough, we have that |r(Ωn)| ≤ (h>n IB,Bhn)3/2n−1/2 →

0. When |B| → ∞ but |B|3/2/n → 0, we have that |r(Ωn)| ≤ (h>n IB,Bhn)3/2 |B|3/4
n1/2 → 0.

Therefore,

Rn(θ0, δn) = Ln(θn)− Ln(θ0)− h>nZn +
1

2
h>n IB,Bhn = r(Ωn)→ 0 . (C.4)

By (B.35), we have that, with probability tending to 1 under Pθ0 ,

Λn(B) =

∥∥∥∥1

2
J
−1/2
B,B JB,Ã

√
n vecÃ(Λ)

∥∥∥∥2

2

+R(∆̂Ã, ∆̂A0). (C.5)

Note that Var(vecÃ(Λ)) = 4I. Hence, by Lemmas 7 and 8,

(
1

2
J
−1/2
B,B JB,Ã

√
n vecÃ(Λ),

1

2

√
n vecB(Λ)

)
d→ (Z1, Z2) ∼ N

0,

I|B|×|B| J−1/2
B,B

J
−1/2
B,B IB,B


 ,

(C.6)

where J = I−1. Therefore,

Z1 ∼ N(0, I|B|×|B|) and Z2 | Z1 = z1 ∼ N
(
J
−1/2
B,B z1 , IB,A0I−1

A0,A0IA0,B

)
(C.7)
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where the fact that JB,B = (IB,B − IB,A0I−1
A0,A0IA0,B)−1 is used. Hence, for any θj; j ∈ Bc,

PHa(Λn(B) ≥ u)→ E
(
I(‖Z1‖2

2 ≥ u) exp(h>nZ2 −
1

2
h>n IB,Bhn)

)
= exp

(
−1

2
h>n IB,Bhn

)
EZ1

[
I(‖Z1‖2

2 ≥ u)EZ2|Z1

(
exp(h>nZ2

)]
= exp

(
−1

2
h>nJ

−1
B,Bhn

)
EZ1

[
I(‖Z1‖2

2 ≥ u) exp
(
Z>1 J

−1/2
B,B hn

)]
= EZ1I(‖Z1 + J

−1/2
B,B hn‖

2
2 ≥ u) = P

(
‖Z1 + J

−1/2
B,B hn‖

2
2 ≥ u

)

where we have used the fact that J−1
B,B = IB,B − IB,A0I−1

A0,A0IA0,B. Hence, we must have

Λn(B)
d→ ‖Z1 + bmJ

−1/2
B,B hn‖2

2 with Z1 ∼ N(0, I|B|×|B|) when |B| is fixed. When |B| → ∞,

for any vector v with ‖v‖2 = c|B|1/4 for some constant c, we have that

‖Z + v‖2
2 − |B|√

2|B|
=
‖Z‖2

2 − |B|√
2|B|

+
‖v‖2√
2|B|1/4

(
2v>Z

‖v‖2|B|1/4
+
‖v‖2

|B|1/4

)
d→ N

(
c2

√
2
, 1

)
, (C.8)

because the first term converges to N(0, 1) by CLT, and the second term converges c2/
√

2

to since 2v>Z
‖v‖2|B|1/4

→ 0 in probability.

Consequently, the local limiting power functions for the proposed CMLR test is

πLR(h, θBc) =


P
(
‖Z + J

−1/2
B,B hn‖2

2 ≥ χ2
α,|B|

)
when |B| is fixed,

P
(
Z +

h>n J
−1
B,Bhn√
2|B|

≥ zα

)
when |B| → ∞,

where α > 0 is the level of significance, Z ∼ N(0, I|B|×|B|) is a multivariate normal random

variable, and JB,B is the asymptotic variance of vecB(Ω̂(1)).

To make a comparison between the debiased lasso test proposed in [3], we consider the

case when |B| = 1. Assume that B = {(i, j)}. In this case, the local limiting power functions
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for the proposed method is

πLR(h, θBc) = P

((
Z +

|h|
σLR

)2

> χ2
α

)
= P

(∣∣∣∣Z +
|h|
σ

∣∣∣∣ > zα/2

)
(C.9)

where σ2
LR is the asymptotic variance of ω̂

(1)
ij . In contrast, The local limiting power functions

for the debiased lasso test proposed in [3] is

πdebias(h, θBc) = P

∣∣∣∣∣∣Z +
|h|√

ω2
ij + ωiiωjj

∣∣∣∣∣∣ > zα/2

 (C.10)

where Z ∼ N(0, 1) is a standard normal random variable. By applying Corollary 1, we have

that σ2
LR < ω2

ij +ωiiωjj, which implies that our πLR(h, θBc) ≥ πdebias(h, θBc). This completes

the proof.

Proof of Theorem 4. The proof is similar to that of Theorem 3. Again, we first verify

that (C.1) is satisfied for linear regression. Toward that end, let hn =
√
n vecB(δn) with

‖hn‖2 = h. Notice that Ln(θ) = Ln(β, σ) = n log(1/
√

2πσ)− (2σ2)−1‖y −Xβ‖2
2.

Zn = n−1/2∂Ln(β0)

∂β0
B

= n−1/2σ−2 vecB
(
X>(y −Xβ0)

)
= n−1/2σ−2 vecB(X>ε) , (C.11)

where ε ∼ N(0, σ2In×n). Moreover, we have that

Ln(θn)− Ln(θ0) = (2σ2)−1
(
‖y −Xβ0‖2

2 − ‖y −X(β0 + δn)‖2
2

)
=
√
n vecB(δn)>n−1/2σ−2 vecB(X>(y −Xβ0))− (2σ2)−1 vecB(δn)>(X>X)B,B vecB(δn)

= h>nZn −
1

2
h>n IB,Bhn

where I = (nσ2)−1X>X. Hence (C.1) is satisfied with the remaining term to be exactly 0.

By similar arguments used in Theorem 2 and the fact that ‖ε‖2
2/n

Pβ0−→ 0, we have that
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the likelihood ratio test statistic is

Λn(B) = ε>(PA0∪B − PA0)ε+R(ε) (C.12)

where R(ε)
Pβ0−→ 0. Moreover, since the matrix PA0∪B −PA0 is idempotent and has rank |B|,

there must exist a1, . . . ,a|B| such that PA0∪B − PA0 =
∑|B|

k=1 aka
>
k and

Λn(B) =

|B|∑
k=1

(a>k ε)
2 +R(ε) (C.13)

Note that, under Pβ0 , we have that

(
(a>1 ε, . . .a

>
|B|ε), vecB(X>ε)

)
= (Z1, Z2) ∼ N

0,

I|B|×|B| AXB

X>BA
> X>BXB


 (C.14)

where A = (a1, . . . ,a|B|)
> ∈ R|B|×n.

Therefore,

Z1 ∼ N(0, I|B|×|B|) and Z2 | Z1 = z1 ∼ N
(
X>BA

>z1 ,X
>
B (In×n −A>A)XB

)
(C.15)
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Hence, for any βj; j ∈ Bc and any u ≥ 0,

PHa(Λn(B) ≥ u)

→ E
(
I(‖Z1‖2

2 ≥ u) exp(h>nZ2 −
1

2
h>nX

>
BXBhn

)
= exp

(
−1

2
h>nX

>
BXBhn)

)
EZ1

[
I(‖Z1‖2

2 ≥ u)EZ2|Z1

(
exp(h>nZ2

)]
= exp

(
−1

2
h>nX

>
BXBhn

)
EZ1

[
I(‖Z1‖2

2 ≥ u) exp

(
Z>1 AXBhn +

1

2
h>nX

>
B (In×n −A>A)XBhn

)]
= exp

(
−1

2
h>nX

>
BA

>AXBhn

)
EZ1

[
I(‖Z1‖2

2 ≥ u) exp
(
Z>1 AXBhn

)]
= EZ1I(‖Z1 +AXBhn‖2

2 ≥ u) = P
(
‖Z1 +AXBhn‖2

2 ≥ u
)

Hence, we must have Λn(B)
d→ ‖Z +AXBhn‖2

2 with Z ∼ N(0, I|B|×|B|) when |B| is fixed.

When |B| → ∞, a similar argument used in Theorem 3 can be applied.

Consequently, the local limiting power functions for the proposed CMLR test is

πLR(h, βBc) =


P
(
‖Z +AXBhn‖2

2 ≥ χ2
α,|B|

)
if |B| is fixed,

P
(
Z1 +

‖AXBhn‖22√
2|B|

≥ zα

)
if |B| → ∞ .

(C.16)

where α > 0 is the level of significance, Z ∼ N(0, I|B|×|B|) is a multivariate normal random

variable, and Z1 ∼ N(0, 1) is a standard normal random variable.

Since AXB has full rank |B|, it is easy to see that when ‖hn‖2 → ∞ and |B| is finite,

then πLR(h, βBc) → 1; and when ‖hn‖2
2/
√
|B| → ∞ and |B| → ∞, then πLR(h, βBc) → 1.

This completes the proof.
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