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Recommendation?
Major revision is needed (please make suggestions in comments)

Comments to the Author(s)

I think this is a really interesting paper with a novel simplified approach to understanding and
optimising the embolisation process. The discussion regarding the overtake of one discontinuity
by another and optimal approach seem very insightful. However, I think some revisions are
required and some concerns need to be addressed before I would be happy to recommend
publication.

comments/suggestions:

the paper is poorly written in some places and as a result the reasoning remains somewhat
unclear (particularly section 4 and section 7).

The authors quite rightly acknowledge at the end of section 8 that more detailed studies are
required that include aspects such as embolic agent behaviour, spatial characteristics of AVM,
blood rheology and wall properties. My feeling though is that some of this should be mentioned
in the introduction - particularly concerning what is assumed regarding how blood and different
embolic agents interact and if that is realistic for embolic agents in use.

I am marginally unconvinced regarding removing the cardiac cycle effect given the typical
timescale of injection and the possible large fluctuations in pressure and flow rate so perhaps
some further comment on that is necessary.

The explanation regarding the incoming blood concentration in equations (6) and (7) is unclear -
please rewrite and explain better.

Equation (13) - should this have a 1/L in front of the integral?

Equation (14) - I am a little concerned about the following comment below this equation: "if on
some interval k_b is a zero value then the conductivity G(t) is considered equal to zero" - could
this be troubling from a grid dependence perspective? My point is that perhaps during/after the
process a very thin region may be become completely occluded in the model but this region is
highly unlikely to remain stable post surgery and will be considered a failed embolisation.

Section 7 - I found section 7.1 incredibly unclear and difficult to follow - please rewrite. In the first
paragraph of pl4 please just explain better (or properly highlight in the figure) the line where
t*=0. In the second paragraph what is the purple area? And what do you mean by "obvious
medical condition" (line 21 p 14)? i understand T cannot be zero but I am missing something?
Figure 6 -The solid contour lines that go from the origin to near the corner point of the 60%

contour line display very significant wiggling - is this a problem with the numerics? An
explanation should be mentioned in the text.

Decision letter (RS0S-191992.R0)

18-Mar-2020
Dear Dr Cherevko,

The editors assigned to your paper ("Modeling of the arteriovenous malformation embolization
optimal scenario") have now received comments from reviewers. We would like you to revise



your paper in accordance with the referee and Associate Editor suggestions which can be found
below (not including confidential reports to the Editor). Please note this decision does not
guarantee eventual acceptance.

Please submit a copy of your revised paper before 10-Apr-2020. Please note that the revision
deadline will expire at 00.00am on this date. If we do not hear from you within this time then it
will be assumed that the paper has been withdrawn. In exceptional circumstances, extensions
may be possible if agreed with the Editorial Office in advance. We do not allow multiple rounds
of revision so we urge you to make every effort to fully address all of the comments at this stage.
If deemed necessary by the Editors, your manuscript will be sent back to one or more of the
original reviewers for assessment. If the original reviewers are not available, we may invite new
reviewers.

To revise your manuscript, log into http://mc.manuscriptcentral.com/rsos and enter your
Author Centre, where you will find your manuscript title listed under "Manuscripts with
Decisions." Under "Actions," click on "Create a Revision." Your manuscript number has been
appended to denote a revision. Revise your manuscript and upload a new version through your
Author Centre.

When submitting your revised manuscript, you must respond to the comments made by the
referees and upload a file "Response to Referees" in "Section 6 - File Upload". Please use this to
document how you have responded to the comments, and the adjustments you have made. In
order to expedite the processing of the revised manuscript, please be as specific as possible in
your response.

In addition to addressing all of the reviewers' and editor's comments please also ensure that your
revised manuscript contains the following sections as appropriate before the reference list:

* Ethics statement (if applicable)

If your study uses humans or animals please include details of the ethical approval received,
including the name of the committee that granted approval. For human studies please also detail
whether informed consent was obtained. For field studies on animals please include details of all
permissions, licences and/or approvals granted to carry out the fieldwork.

* Data accessibility

It is a condition of publication that all supporting data are made available either as
supplementary information or preferably in a suitable permanent repository. The data
accessibility section should state where the article's supporting data can be accessed. This section
should also include details, where possible of where to access other relevant research materials
such as statistical tools, protocols, software etc can be accessed. If the data have been deposited in
an external repository this section should list the database, accession number and link to the DOI
for all data from the article that have been made publicly available. Data sets that have been
deposited in an external repository and have a DOI should also be appropriately cited in the
manuscript and included in the reference list.

If you wish to submit your supporting data or code to Dryad (http://datadryad.org/), or modify
your current submission to dryad, please use the following link:
http:/ /datadryad.org/submit?journalID=RSOS&manu=RSOS-191992

* Competing interests
Please declare any financial or non-financial competing interests, or state that you have no
competing interests.

¢ Authors’ contributions
All submissions, other than those with a single author, must include an Authors” Contributions
section which individually lists the specific contribution of each author. The list of Authors



should meet all of the following criteria; 1) substantial contributions to conception and design, or
acquisition of data, or analysis and interpretation of data; 2) drafting the article or revising it
critically for important intellectual content; and 3) final approval of the version to be published.

All contributors who do not meet all of these criteria should be included in the
acknowledgements.

We suggest the following format:

AB carried out the molecular lab work, participated in data analysis, carried out sequence
alignments, participated in the design of the study and drafted the manuscript; CD carried out
the statistical analyses; EF collected field data; GH conceived of the study, designed the study,
coordinated the study and helped draft the manuscript. All authors gave final approval for
publication.

* Acknowledgements
Please acknowledge anyone who contributed to the study but did not meet the authorship
criteria.

* Funding statement
Please list the source of funding for each author.

Once again, thank you for submitting your manuscript to Royal Society Open Science and I look
forward to receiving your revision. If you have any questions at all, please do not hesitate to get
in touch.

Kind regards,
Anita Kristiansen
Editorial Coordinator

Royal Society Open Science
openscience@royalsociety.org

on behalf of Dr Oliver Jensen (Associate Editor) and Mark Chaplain (Subject Editor)
openscience@royalsociety.org

Associate Editor's comments (Dr Oliver Jensen):

Comments to the Author:

Please revise your paper in line with the comments from the reviewer, being careful to address
every point in full. There are elements of the presentation that are unclear, where further
explanation would be helpful, as the reviewer has indicated. In addition, there are some aspects
of the writing that could be clarified. Specifically, "nidus" will be an unfamiliar term to most
readers that needs explanation when it is introduced, "eloquent" (page 2) seems inappropriate, as
does "high request" (page 2) and "income" (page 14). Please ensure that the physical assumptions
underlying the transport equation (1) are explained fully, perhaps by presenting the underlying
model using physical time, and define clearly the "energy" of the flow (page 7). Finally, retitle
Section 8 as "Discussion," as results have been presented previously.

Reviewers' Comments to Author:
Reviewer: 1

Comments to the Author(s)

I think this is a really interesting paper with a novel simplified approach to understanding and
optimising the embolisation process. The discussion regarding the overtake of one discontinuity
by another and optimal approach seem very insightful. However, I think some revisions are



required and some concerns need to be addressed before I would be happy to recommend
publication.

comments/suggestions:

the paper is poorly written in some places and as a result the reasoning remains somewhat
unclear (particularly section 4 and section 7).

The authors quite rightly acknowledge at the end of section 8 that more detailed studies are
required that include aspects such as embolic agent behaviour, spatial characteristics of AVM,
blood rheology and wall properties. My feeling though is that some of this should be mentioned
in the introduction - particularly concerning what is assumed regarding how blood and different
embolic agents interact and if that is realistic for embolic agents in use.

I am marginally unconvinced regarding removing the cardiac cycle effect given the typical
timescale of injection and the possible large fluctuations in pressure and flow rate so perhaps
some further comment on that is necessary.

The explanation regarding the incoming blood concentration in equations (6) and (7) is unclear -
please rewrite and explain better.

Equation (13) - should this have a 1/L in front of the integral?

Equation (14) - I am a little concerned about the following comment below this equation: "if on
some interval k_b is a zero value then the conductivity G(t) is considered equal to zero" - could
this be troubling from a grid dependence perspective? My point is that perhaps during/after the
process a very thin region may be become completely occluded in the model but this region is
highly unlikely to remain stable post surgery and will be considered a failed embolisation.

Section 7 - I found section 7.1 incredibly unclear and difficult to follow - please rewrite. In the first
paragraph of pl4 please just explain better (or properly highlight in the figure) the line where
t*=0. In the second paragraph what is the purple area? And what do you mean by "obvious
medical condition" (line 21 p 14)? i understand T cannot be zero but I am missing something?
Figure 6 -The solid contour lines that go from the origin to near the corner point of the 60%

contour line display very significant wiggling - is this a problem with the numerics? An
explanation should be mentioned in the text.

Author's Response to Decision Letter for (RS0OS-191992.R0)

See Appendix A.

RSOS-191992.R1 (Revision)

Review form: Reviewer 1

Is the manuscript scientifically sound in its present form?
Yes



Are the interpretations and conclusions justified by the results?
Yes

Is the language acceptable?
No

Do you have any ethical concerns with this paper?
No

Have you any concerns about statistical analyses in this paper?
No

Recommendation?
Accept with minor revision (please list in comments)

Comments to the Author(s)

The authors have addressed the majority of my comments and so I am happy to recommend
publication provided the language is improved. I cannot list all potential typos/errors but here
are some examples/suggestions:

using "than" instead of "then"
Just above equation (1) "Denote local.... " -> "We denote the local... "
Just above equation (2) " Under this assumptions..."

Missing articles throughout
for example - just above equation (7) ", determined by operation strategy" .... "determined by the
chosen clinicail /embolisation strategy"

Decision letter (RS0S-191992.R1)

We hope you are keeping well at this difficult and unusual time. We continue to value your
support of the journal in these challenging circumstances. If Royal Society Open Science can assist
you at all, please don't hesitate to let us know at the email address below.

Dear Dr Cherevko,

On behalf of the Editors, I am pleased to inform you that your Manuscript RSOS-191992.R1
entitled "Modeling of the arteriovenous malformation embolization optimal scenario" has been
accepted for publication in Royal Society Open Science subject to minor revision in accordance
with the referee suggestions. Please find the referees' comments at the end of this email.

The reviewers and Subject Editor have recommended publication, but also suggest some minor
revisions to your manuscript. Therefore, I invite you to respond to the comments and revise your
manuscript.

* Ethics statement

If your study uses humans or animals please include details of the ethical approval received,
including the name of the committee that granted approval. For human studies please also detail
whether informed consent was obtained. For field studies on animals please include details of all
permissions, licences and/or approvals granted to carry out the fieldwork.



* Data accessibility

It is a condition of publication that all supporting data are made available either as
supplementary information or preferably in a suitable permanent repository. The data
accessibility section should state where the article's supporting data can be accessed. This section
should also include details, where possible of where to access other relevant research materials
such as statistical tools, protocols, software etc can be accessed. If the data has been deposited in
an external repository this section should list the database, accession number and link to the DOI
for all data from the article that has been made publicly available. Data sets that have been
deposited in an external repository and have a DOI should also be appropriately cited in the
manuscript and included in the reference list.

If you wish to submit your supporting data or code to Dryad (http://datadryad.org/), or modify
your current submission to dryad, please use the following link:
http:/ /datadryad.org/submit?journalID=RSOS&manu=RSOS-191992.R1

* Competing interests
Please declare any financial or non-financial competing interests, or state that you have no
competing interests.

* Authors’ contributions

All submissions, other than those with a single author, must include an Authors” Contributions
section which individually lists the specific contribution of each author. The list of Authors
should meet all of the following criteria; 1) substantial contributions to conception and design, or
acquisition of data, or analysis and interpretation of data; 2) drafting the article or revising it
critically for important intellectual content; and 3) final approval of the version to be published.

All contributors who do not meet all of these criteria should be included in the
acknowledgements.

We suggest the following format:

AB carried out the molecular lab work, participated in data analysis, carried out sequence
alignments, participated in the design of the study and drafted the manuscript; CD carried out
the statistical analyses; EF collected field data; GH conceived of the study, designed the study,
coordinated the study and helped draft the manuscript. All authors gave final approval for
publication.

* Acknowledgements
Please acknowledge anyone who contributed to the study but did not meet the authorship
criteria.

* Funding statement
Please list the source of funding for each author.

Please note that we cannot publish your manuscript without these end statements included. We
have included a screenshot example of the end statements for reference. If you feel that a given
heading is not relevant to your paper, please nevertheless include the heading and explicitly state
that it is not relevant to your work.

Because the schedule for publication is very tight, it is a condition of publication that you submit
the revised version of your manuscript before 28-Jun-2020. Please note that the revision deadline
will expire at 00.00am on this date. If you do not think you will be able to meet this date please let
me know immediately.

To revise your manuscript, log into https:/ /mc.manuscriptcentral.com/rsos and enter your
Author Centre, where you will find your manuscript title listed under "Manuscripts with
Decisions". Under "Actions," click on "Create a Revision." You will be unable to make your



revisions on the originally submitted version of the manuscript. Instead, revise your manuscript
and upload a new version through your Author Centre.

When submitting your revised manuscript, you will be able to respond to the comments made by
the referees and upload a file "Response to Referees" in "Section 6 - File Upload". You can use this
to document any changes you make to the original manuscript. In order to expedite the
processing of the revised manuscript, please be as specific as possible in your response to the
referees.

When uploading your revised files please make sure that you have:

1) A text file of the manuscript (tex, txt, rtf, docx or doc), references, tables (including captions)
and figure captions. Do not upload a PDF as your "Main Document".

2) A separate electronic file of each figure (EPS or print-quality PDF preferred (either format
should be produced directly from original creation package), or original software format)

3) Included a 100 word media summary of your paper when requested at submission. Please
ensure you have entered correct contact details (email, institution and telephone) in your user
account

4) Included the raw data to support the claims made in your paper. You can either include your
data as electronic supplementary material or upload to a repository and include the relevant doi
within your manuscript

5) All supplementary materials accompanying an accepted article will be treated as in their final
form. Note that the Royal Society will neither edit nor typeset supplementary material and it will
be hosted as provided. Please ensure that the supplementary material includes the paper details
where possible (authors, article title, journal name).

Supplementary files will be published alongside the paper on the journal website and posted on
the online figshare repository (https:/ /figshare.com). The heading and legend provided for each
supplementary file during the submission process will be used to create the figshare page, so
please ensure these are accurate and informative so that your files can be found in searches. Files
on figshare will be made available approximately one week before the accompanying article so
that the supplementary material can be attributed a unique DOI.

Once again, thank you for submitting your manuscript to Royal Society Open Science and I look
forward to receiving your revision. If you have any questions at all, please do not hesitate to get
in touch.

Kind regards,

Lianne Parkhouse

Editorial Coordinator

Royal Society Open Science
openscience@royalsociety.org

on behalf of Dr Oliver Jensen (Associate Editor) and Mark Chaplain (Subject Editor)
openscience@royalsociety.org

Associate Editor Comments to Author (Dr Oliver Jensen):

Please ensure that remaining grammatical errors are fixed. The referee has identified a handful of
them but there are others that need to be addressed also.



Reviewer comments to Author:

Reviewer: 1
Comments to the Author(s)

The authors have addressed the majority of my comments and so I am happy to recommend
publication provided the language is improved. I cannot list all potential typos/errors but here
are some examples/suggestions:

using "than" instead of "then"

Just above equation (1) "Denote local.... " -> "We denote the local... "

Just above equation (2) " Under this assumptions..."

Missing articles throughout

for example - just above equation (7) ", determined by operation strategy" .... "determined by the
chosen clinicail /embolisation strategy"

Author's Response to Decision Letter for (RS0OS-191992.R1)

See Appendix B.

Decision letter (RS0S-191992.R2)

We hope you are keeping well at this difficult and unusual time. We continue to value your
support of the journal in these challenging circumstances. If Royal Society Open Science can assist
you at all, please don't hesitate to let us know at the email address below.

Dear Dr Cherevko,

It is a pleasure to accept your manuscript entitled "Modeling of the arteriovenous malformation
embolization optimal scenario" in its current form for publication in Royal Society Open Science.

You can expect to receive a proof of your article in the near future. Please contact the editorial
office (openscience_proofs@royalsociety.org) and the production office
(openscience@royalsociety.org) to let us know if you are likely to be away from e-mail contact -- if
you are going to be away, please nominate a co-author (if available) to manage the proofing
process, and ensure they are copied into your email to the journal.

We note that the following email address appears to be incorrect: ostapenko@hydro.nsc.ru

Please check this for your co-authors, and kindly respond to this email with the correct email
address for this author.

Due to rapid publication and an extremely tight schedule, if comments are not received, your
paper may experience a delay in publication. Royal Society Open Science operates under a
continuous publication model. Your article will be published straight into the next open issue and
this will be the final version of the paper. As such, it can be cited immediately by other



researchers. As the issue version of your paper will be the only version to be published I would
advise you to check your proofs thoroughly as changes cannot be made once the paper is
published.

Please see the Royal Society Publishing guidance on how you may share your accepted author
manuscript at https:/ /royalsociety.org/journals/ ethics-policies/media-embargo/ .

Thank you for your fine contribution. On behalf of the Editors of Royal Society Open Science, we
look forward to your continued contributions to the Journal.

Best regards,

Lianne Parkhouse

Editorial Coordinator

Royal Society Open Science
openscience@royalsociety.org

on behalf of Dr Oliver Jensen (Associate Editor) and Mark Chaplain (Subject Editor)
openscience@royalsociety.org

Follow Royal Society Publishing on Twitter: @RSocPublishing

Follow Royal Society Publishing on Facebook:

https:/ /www.facebook.com/RoyalSocietyPublishing.FanPage/

Read Royal Society Publishing's blog: https:/ /blogs.royalsociety.org/publishing/



Appendix A

Associate Editor's comments (Dr Oliver Jensen):
Comments to the Author:

Please revise your paper in line with the comments from the reviewer, being careful to address every
point in full. There are elements of the presentation that are unclear, where further explanation would
be helpful, as the reviewer has indicated. In addition, there are some aspects of the writing that could be
clarified.

Dr Oliver Jensen: Specifically, "nidus" will be an unfamiliar term to most readers that needs explanation
when it is introduced,

Authors: Authors explained the word "nidus" in introduction.

Dr Oliver Jensen: "eloquent” (page 2) seems inappropriate, as does "high request"” (page 2) and "income"
(page 14).

Authors: The part of the article with these words was reviewed.

Dr Oliver Jensen: Please ensure that the physical assumptions underlying the transport equation (1) are
explained fully, perhaps by presenting the underlying model using physical time, and define clearly the
"energy" of the flow (page 7).

Authors: In the revision equation in physical terms is given before the transition to simplified form of
equation in modified time is explained in detail. (page 4)

Formulas and explanations defining energy of the flow are added to section 5 (now page 8).

Dr Oliver Jensen: Finally, retitle Section 8 as "Discussion," as results have been presented previously.

Authors: Done.

Reviewers'(R) Comments to Author(A):

R: the paper is poorly written in some places and as a result the reasoning remains somewhat unclear
(particularly section 4 and section 7).

Authors: For better understanding of the article, the authors have slightly changed chapters 4 and 7.

R: The authors quite rightly acknowledge at the end of section 8 that more detailed studies are required
that include aspects such as embolic agent behavior, spatial characteristics of AVM, blood rheology and
wall properties. My feeling though is that some of this should be mentioned in the introduction -
particularly concerning what is assumed regarding how blood and different embolic agents interact and
if that is realistic for embolic agents in use.

Authors: All assumptions made by authors are presented in the Introduction of the revised article.
Constructed model is quite simplified and considers main feature of blood and embolic agent interaction
as Newtonian liquids with constant viscosities. On this stage the model neglects other interaction
mechanisms.



R: 1 am marginally unconvinced regarding removing the cardiac cycle effect given the typical timescale of
injection and the possible large fluctuations in pressure and flow rate so perhaps some further comment
on that is necessary.

Authors: For various cardiac cycle types with different forms of volumetric flow rate transition to
modified time allows to get a same equation with unit volumetric flow rate. Inverse time modification
leads to the solution of equation corresponding to physical time-flow relation. Moreover, according to
authors’ observations during neurosurgical operations, pressure and blood flow fluctuations during the
cardiac cycle do not cause significant changes of geometrical AVM parameters.

R: The explanation regarding the incoming blood concentration in equations (6) and (7) is unclear -
please rewrite and explain better.

Authors: Now equations (6), (7) are (7), (8). The indicated fragment was rewritten for clarification.

R: Equation (13) - should this have a 1/L in front of the integral?

Authors: In equation (14) (previously (13)) function R(t, x) is a local unit resistance. Thus multiplier 1/L
is excess that is clarified in the text.

R: Equation (14) - | am a little concerned about the following comment below this equation: "if on some
interval k_b is a zero value then the conductivity G(t) is considered equal to zero" - could this be troubling
from a grid dependence perspective? My point is that perhaps during/after the process a very thin region
may be become completely occluded in the model but this region is highly unlikely to remain stable post
surgery and will be considered a failed embolisation.

Authors: Typical AVM size is several centimeters. During numerical calculations 200 evenly distributed in
length points are used. Thus, spatial resolution is fractions of millimeter which is enough for grid
convergence and, in our opinion, is quiet enough for embolization process description. If such a thin
region occurs, it will not be stable in the model and breaks up starting from the leading edge due to
Oleinik-Liu condition, similarly to situation shown on figures 3 and 4 (centered rarefaction wave
adjacent to right gap to the left).

R: Section 7 - | found section 7.1 incredibly unclear and difficult to follow - please rewrite. In the first
paragraph of p14 please just explain better (or properly highlight in the figure) the line where t*=0. In
the second paragraph what is the purple area? And what do you mean by "obvious medical condition"
(line 21 p 14)? i understand T cannot be zero but | am missing something?

Authors: This fragment has been completely rewritten in order to clarify the presentation of material.
Line where t*=0 corresponds to the discontinuous embolization mode (formula (21)) and in the figure it
is the boundary of the region under consideration (bisector of parameter plane T-t;). We changed the
name of the area from blue to purple, which is more consistent with the color of this area in the picture.
The only constraint implied by "obvious medical condition" is T>O0.



R: Figure 6 -The solid contour lines that go from the origin to near the corner point of the 60% contour
line display very significant wiggling - is this a problem with the numerics? An explanation should be
mentioned in the text.

Authors: Blood conductivity level lines are shown in solid lines and their wiggling is caused by mesh data
interpolation. It is mentioned in the revision.
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AVM embolization optimal scenario

Modeling of the arteriovenous malformation em-
bolization optimal scenario

Abstract

Cerebral Arterio-Venous Malformation (AVM) is a congenital brain
vessels pathology. in which the arterial and venous blood channels are
connected by a nidus of randomly interwoven degenerate vessels. It is a
dangerous disease that affects brain functioning causing the high risk of in-
tracerebral hemorrhage. One of AVM treatment methods is embolization
— the endovascular filling of the AVM vessel bundle with a special embolic
agent. This method is widely used, but still in some cases is accompanied
by intraoperative AVM vessels rupture. In this paper the optimal sce-
nario of AVM embolization is studied from the point of view of safety and
effectiveness of the procedure. The co-movement of blood and embolic
agent in the AVM body is modeled on the basis of a one-dimensional two-
phase filtration model. Optimal control problem with phase constraints
arising from medicine is formulated and numerically solved. In numerical
analysis, the monotone modification of the CABARET scheme is used.
Optimal embaolization model is constructed on the basis of real patients
clinical data collected during nenrosurgical operations. For the special
case of embaolic agent input admissible and optimal embaolization scenar-
ios were calculated.

Keywords

Hemodynamics, arteriovenous malformation, optimal control, two-phase filtra-

tion, CABARET scheme

1 Introduction

Cerebral arteriovenous malformation (AVM) is a congenital abnormality of brain
vessels, in which a direct discharge of blood from the arterial blood pool into
the venous pool is present, bypassing the capillary vessel network (1], 2], [3], [4],
[5]. Due to capillary network absence, the resistance of the corresponding part
of eirculatory system decreases. This deviations in vascular system modify both
hemodynamic parameters (flow velocity and pressure) and strength properties of
blood vessels. Most often, AVMs become symptomatic at the age of 20 - 40 years
and are detected during this period of life. Moreover, in more than half cases
the disease manifests itself by hemorrhage, Disability related to hemorrhage
from AVM reaches 50% with a risk of death of 10-29%. For AVM posterior
eranial fossa the mortality rate exceeds 50%.

The hemodynamic associated with intracranial AVMs is complex and vary
as morphology and angioarchitecture changes, especially with different treat-
ment methods. Various treatment methods effects on AVM and its environment
hemodynamics are presented, for example, in the review of [6].

AVM embolization optimal scenario

Modeling of the arteriovenous malformation em-
bolization optimal scenario

Abstract

Cerebral Arterio-Venous Malformation (AVM) is a congenital brain
vessels pathology, in which the arterial and venous blood channels are
connected by tangles of abnormal blood vessels. It is a dangerous dis-
ease that affects brain functioning causing the high risk of intracerebral
hemorrhage. One of AVM treatment methods is embolization — the en-
dovascular filling of the AVM vessel bundle with a special embolic agent.
This method is widely used, but still in some cases is accompanied by
intraoperative AVM vessels rupture. In this paper the optimal scenario of
AVM embolization is studied from the point of view of safety and effec-
tiveness of the procedure. The co-movement of blood and embolic agent
in the AVM body is modeled on the basis of a one-dimensional two-phase
filtration model. Optimal control problem with phase constraints aris-
ing from medicine is formulated and numerically solved. In mumerical
analysis, the monotone modification of the CABARET scheme is used.
Optimal embolization model is constructed on the basis of real patients
clinical data collected during neurosurgical operations. For the special
case of embaolic agent input admissible and optimal emhbolization scenar-
ios were caleulated.

Keywords

Hemodynamics, arteriovenous malformation, optimal control, two-phase filira-

tion, CABARET scheme

1 Introduction

Cerebral arteriovenous malformation (AVM) is a congenital abnormality of brain
vessels, in which a direct discharge of blood from the arterial blood pool into
the venous pool is present, bypassing the capillary vessel network [1], (2], [3], [4],
[5]. Due to capillary network absence, the resistance of the corresponding part
of eirculatory system decreases. This deviations in vascular system modify both
hemodynamic parameters (flow velocity and pressure) and strength properties of
blood vessels. Most often, AVMs become symptomatic at the age of 20 - 40 years
and are detected during this period of life. Moreover, in more than half cases
the disease manifests itself by hemorrhage, Disability related to hemorrhage
from AVM reaches 50% with a risk of death of 10-29%. For AVM posterior
cranial fossa the mortality rate exceeds 50%.

The hemodynamic associated with intracranial AVMs is complex and vary
as morphology and angioarchitecture changes, especially with different treat-
ment methods. Various treatment methods effects on AVM and its environment
hemodynamics are presented, for example, in the review of [6].
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At the moment the most common methods of AVM treatment are microsur-
gical, endovascular and radiosurgical. Endovascular embolization is the selective
deactivation of blood vessels from the bloodstream by filling them with a special
embolic agent. Modern level of medicine development makes embolization the
maost preferable method due to minimal invasiveness and possibility of operating
in the deep, eloquent areas of the brain [7]. This method is widely used. Despite
the well-developed embolization technique, the risk of intraoperative vascular
rupture remains a concern. According to a study of 408 patients with AVM who
were treated endovascular, it was noted 11 % frequeney of hemorrhagic compli-
cations associated with the treatment [8]. Thus, modeling of AVM embolization
is of high request.

By type of vessels, connecting the arterial and venous basins, AVMs can
be divided into fistula (consisting of large vessels) and racemic (consisting of
large number of small diameter vessels, which are chaotically intertwined and
intersect each other). There are also mixed-type AVMs that combine both
racemic and fstula parts. Modern medical examination methods such as CT,
MRI and cerebral angiography) do not allow to determine the detailed geometric
AVM structure in vivo sinee its nidus consists of very large mumber of complexly
interwoven thin vessels with diameter down to 0.1 mm which exceeds medieal
equipment resolution. Therefore, various simplified methods for AVM modeling
are needed.

Mathematical deseription of blood flow is often based on one-dimensional
approximation of Navier-Stokes equations by averaging over blood vessel eross
section. Analytical studies of equations describing flows in pipes with rigid and
elastic boundaries can be found in the works of [9], [10], [11]. Viscous fuid Aow
in a network of soft tubes is modeled in the works of [12], [13], [14] on the base
of one-dimensional approximation of mass and momentum conservation laws.
Numerical simulation of hemodynamics for large blood vessels based on 3D-1D
coupled flow is considered, for example, in the works of [15], [16], [17].

AVM and blood flow in surrounding vessels flow interaction is often stud-
ied in analogy with electric and hydraulic networks [18], [19], [20]. Such models
make it possible to evaluate the effect of various embolization scenarios on hlood
flow restructuration and are consistent with the general medical view on AVM
hemodynamics. The effect of AVM on the blood flow in the surrounding ves-
sels has also been studied using the mass and momentum conservation laws of
the ideal incompressible fluid fow. The resulting equations form a hyperbolic
system of differential conservation laws., One dimensional variant of this system
on a vessel graph was studied in the works of [21], [22] and its two dimensional
variant on branching network channels was considered in the works of [23], [24].
The process of embolization was studied in the work of [25] where two-phase
flow model was used for description the viseous fluid drop movement through
a bifurcation point. In [26], it was studied a two-phase model of AVM em-
bolization where embolic agent and blood interaction along with its hardening
is simulated by viscosity increase.

The above literature review shows the great interest of scientific community
to this topic. At the same time, the diversity of approaches and models indi-

AVM embolization optimal scenario

At the moment the most common methods of AVM treatment are microsur-
gical, endovascular and radiosurgical. Endovascular embolization is the selective
deactivation of blood vessels from the bloodstream by filling them with a special
embolic agent. Modern level of medicine development makes embolization the
maost preferable method due to minimal invasiveness and possibility of operating
in the deep, functionally significant brain areas [7]. This method is widely nsed.
Despite the well-developed embolization technigque, the risk of intraoperative
vascular rupture remains a concern. According to a study of 408 patients with
AVM who were treated endovascular, it was noted 11 % frequency of hemor-
rhagic complications associated with the treatment [8]. Thus, modeling of AVM
embaolization is of current interest.

By type of vessels, connecting the arterial and venous basins, AVMs can be
divided into fistula {consisting of large vessels) and racemic {consisting of large
number of small diameter vessels, which are chaotically intertwined and intersect
each other). There are also mixed-type AVMs that combine both racemic and
fistula parts. Modern medical examination methods such as CT, MRI and
cerebral angiography) do not allow to determine the detailed geometric AVM
structure in vivo since its nidus (tangles of abnormal blood vessels) consists of
very large number of thin vessels with diameter down to (.1 mm which exceeds
medical equipment. resolution. Therefore, various simplified methods for AVM
modeling are needed.

Mathematical de ption of blood flow is often based on one-dimensional
approximation of Navier-Stokes equations by averaging over blood vessel eross
section. Analytical studies of equations describing flows in pipes with rigid and
elastic boundaries can be found in the works of [9], [10], [11]. Viscous Quid Aow
in a network of soft tubes is modeled in the works of [12], [13], [14] on the base
of one-dimensional approximation of mass and momentum conservation laws.
Numerical simulation of hemodynamics for large blood vessels based on 3D-1D
coupled flow is considered, for example, in the works of [15], [16], [17].

AVM and blood flow in surrounding vessels flow interaction is often stud-
ied in analogy with electric and hydraulic networks [18], [19], [20]. Such models
make it possible to evaluate the effect of various embolization scenarios on hlood
flow restructuration and are consistent with the general medical view on AVM
hemodynamics. The effect of AVM on the blood flow in the surrounding ves-
sels has also been studied using the mass and momentum conservation laws of
the ideal incompressible fluid How. The resulting equations form a hyperbolic
system of differential conservation laws., One dimensional variant of this system
on a vessel graph was studied in the works of [21], [22] and its two dimensional
variant on branching network channels was considered in the works of [23], [24].
The process of embolization was studied in the work of [25] where two-phase
flow model was used for description the viseous fluid drop movement through
a bifurcation point. In [26], it was studied a two-phase model of AVM em-
bolization where embolic agent and blood interaction along with its hardening
is simulated by viscosity increase.

The above literature review shows the great interest of sclentific community
to this topic. At the same time, the diversity of approaches and models indi-
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cates the presence of a fairly large number of open questions. This is due to
the fact that an exhanstive anatomical and physiological description of AVM re-
quires detailed knowledge of malformation nidus structure and mechanical and
physiological properties of vessels forming it. Modern diagnostic equipment ar-
senal does not provide all the necessary information. In this regard nsed models
have sufficiently strong assumptions and simplifications, which however allow to
obtain qualitatively correct deseription of hemodynamics in studied anomaly.

In this paper the flow of blood and embolic agent through the AVM body was
considered as filtration flow on the basis of Darcy’s law. Such an approach, in our
opinion, is justified for small-vascular racemic AVM compartments embolization
description.  To investigate this process one-dimensional two-phase filtration
maodel is used leading to the special Buckley-Leverett equation in Section 2, This
mathematical model represents a scalar conservation law with nonconvex flux
for the numerical solution of which we will use a monotonic modification of the
second order CABARET scheme [27], see Section 3. This scheme demonstrates
higher accuracy in the localization of strong and weak discontinuities compared
to other classes of high order shock capturing schemes [28], [29], [30], [31], [32]
for which monotonization various nonlinear flux correction procedures are used.

Initial-boundary value AVM problem is considered in Section 4. Numerieal
maodeling of the problem under consideration allows us to deseribe the evolution
of the embolization front, taking into account its partial decay which leads to
residual blood content in embolized AVM part, see Section 6. Cardiac cyele
effect conld be ignored due to modified time used in the problem. Reverse tran-
sition to the physical time allows to build a solution corresponding to any given
cardiac How-time dependency. Optimal embolization problem is stated based
on this model. Admissible and optimal embolization scenarios, which reduce
the risk of rupture of AVM vessels, are considered in Section 7. Mathemati-
cally, it 18 optimal control problem with integral objective function for partial
differential equation with state constraints considered in Sections 5, 6. Time de-
pendent boundary condition function is used as control, while constraints arise
from medical aspects. The proposed model takes into account the peculiarities
of actual embolization process. AVM nidus absolute and relative permeahility
functions are constructed using intraoperative intracranial measurements in A
and B, Mathematical model based on intraoperative data from real patients
allowed us to create patient-specific models. This approach can potentially be
used in neurosurgical practice to provide a neurosurgeon with recommendation
on the course of operation.
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cates the presence of a fairly large number of open questions. This is due to
the fact that an exhanstive anatomical and physiological description of AVM re-
quires detailed knowledge of malformation nidus structure and mechanical and
physiological properties of vessels forming it. Modern diagnostic equipment ar-
senal does not provide all the necessary information. In this regard used models
have sufficiently strong assumptions and simplifications, which however allow to
obtain qualitatively correct description of hemodynamics in studied anomaly.

In this paper the flow of blood and embolic agent through the AVM body
was considered as filtration flow on the basis of Darcy’s law. Such an approach,
in our opinion, is justified for small-vascular racemic AVM compartments em-
holization deseription. Some assumptions on embolic agent behaviour, spatial
characteristies of AVM, blood rheclogy and wall properties are made. Specifi-
cally, both liquids are assumed to be Newtonian with constant viscosities, in-
compressible and immiscible. In numerical caleulations real blood and embolic
agent (ONYX18) viscosities were used. AVM is simplified to one-dimensional
case with even distribution of its physical characteristics (porosity, permeability,
and cross-sectional area) along model length, Some aspects such as capillary
forces, embolic agent adsorption effect, wall properties are neglected.

To investigate this process one-dimensional two-phase filtration model is
used leading to the special Buckley-Leverett equation in Section 2. This math-
ematical model represents a scalar conservation law with nonconvex flux for the
numerical solution of which we will use a monotonic modifieation of the sec-
ond order CABARET scheme [27], sce Section 3. This scheme demonstrates
higher accuracy in the localization of strong and weak discontinuities compared
to other classes of high order shock capturing schemes [28], [29], [30], [31], [32]
for which monotonization various nonlinear flux correction procedures are used.

Initial-boundary value AVM problem is considered in Section 4. Numerical
modeling of the problem under consideration allows us to describe the evolution
of the embolization front, taking into account its partial decay which leads to
residual blood content in embaolized AVM part, see Section 6. Cardiac eyele
effect could be ignored due to modified time used in the problem. Reverse tran-
sition to the physical time allows to build a solution corresponding to any given
cardiae flow-time dependency, Optimal embolization problem is stated based
on this model.  Admissible and optimal embolization scenarios, which reduce
the risk of rupture of AVM vessels, are considered in Section 7. Mathemati-
cally, it is optimal control problem with integral objective function for partial
differential equation with state constraints considered in Sections 5, 6. Time de-
pendent boundary condition function is used as control, while constraints arise
from medical aspects. The proposed model takes into account the peculiarities
of actual embolization process. AVM nidus absolute and relative permeability
functions are constructed using intraoperative intracranial measurements in A
and B, Mathematical model based on intraoperative data from real patients
allowed us to create patient-specific models. This approach can potentially be
used in neurosurgical practice to provide a neurosurgeon with recommendation
on the course of operation,
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2 Model description

Racemic AVM compartments with sufficient modeling accuracy ean be consid-
ered as a porous medinm and are the subject of present research. Blood and
embolic agent movement through racemic AVM can be modeled as two-phase
filtration process, where the displaced phase is blood, and displacing phase is
embolic agent. We assume that the strueture of the AVM is homogeneous and
consider one-dimensional case. It allows us to find out the main patterns of
embolization process, In this case the displacement of one phase by another
allows a mathematical description first proposed by 8. Buckley and M. Leverett
[33]. This description is based on the notions of saturation, absolute and relative
phase permeabilities [34],

Further the side surface of the AVM is considered impermeable, the eross
section, porosity and other parameters of the AVM are assumed to be constant
in length and in time, blood and embolic agent are considered as incompressible
and immiseible liquids. We neglect the interfacial eapillary forces - in this case
the pressure in the phases is assumed to be the same. Denote local AVM blood
saturation during embolization (blood concentration) as S(x,t) € [0,1]. Now
embolic agent concentration is 1 — §(x,#). Under this assumptions the equation
for S{x,t) conld be written in Buckley-Leverett form [34]:

Si+ f(8). =0, (1)

where x is the spatial coordinate, f is modified length dimension time:
1
t=—— [ Q(Bdf, 0)=0, 2
o [, o @)

where # is physical time, m s AVM nidus porosity, A is AVM cross-section,
Q(8) is volumetric flow rate of two-phase mixture. Note, that the function @
does not depend on & because of AVM side surface impermeability and phases
mcompressibility assumptions. In the modified time ¢ the total volumetric flow
of two phases and porosity can be considered constant and equal to 1. It allows
us to neglect the cardiac cyele effect. Inverse time modification leads to the
solution corresponding to time-flow relation.

The saturation function f(S) is the Buckley-Leverett function and is equal
to the volume fraction of the displaced liquid (blood) flow in the total flux of
the two phases:

F R L L @

Q@ " WlS)/m + ke(S) /e

Here ¢, is blood volume flow; &y, k. are phase relative permeabilities and 1,
7 are phase dynamic viscosity coefficients, where index b corresponds to blood
and index e to embolic agent. Function f{S) increases monotonously from 0
to 1 as blood concentration S grows (figure 1). This function always has a
inflection point, which separates concavity and convexity segments. Therefore
the Buckley-Leverett model (1), (3) represents the scalar conservation law with
a non-convex Hux, which allows increasing and decreasing shock waves and also
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2 Model description

Racemic AVM compartments with sufficient modeling accuracy can be consid-
ered as a porous medinm and are the subject of present research. Blood and
embolic agent movement through racemic AVM can be modeled as two-phase
filtration process, where the displaced phase is blood, and displacing phase is
embolic agent. Blood and embolic agent are considered as incompressible and
immiscible liquids. We neglect the interfacial capillary forces — in this case the
pressure in the phases is asswmned to be the same. In one-dimensional case the
displacement of one phase by another allows a mathematical deseription first
proposed by 8. Buckley and M. Leverett [33]. This description is based on
the notions of saturation, absolute and relative phase permeabilities [34]. De-
note local AVM blood saturation during embolization (blood concentration) as
S(x.t) € [0,1]. Now embolic agent concentration is 1 — 5(f, r). Than Buckley-
Leverett equation for blood concentration S(#, x) looks as follows:

m Sy + QfAf(S) =0, (1)

where # i3 physical time, 18 the spatial coordinate, m i3 AVM nidus porosity,
A is AVM eross-section, @ is volumetric flow rate of two-phase mixture, The
saturation function f(5) is the Buckley-Leverett function and is equal to the
volume fraction of the displaced liquid (blood) flow in the total flux of the two
phases.

We assume that the strueture of the AVM is homogeneous. Further the side
surface of the AVM is considered impermeable, the cross section, porosity and
other parameters of the AVM are assumed to be constant in length and in time,
Under this asswmptions the equation for S(f,x) could be written in simplified
form [34]:

5S¢+ f(8)2 =0, (2)

where t is modified length dimension time:
1
t=— [ Q(od, t0)=0, 3
o [ Q@as. 10) )

where # is physical time. m s AVM nidus porosity, A is AVM cross-section,
QU#) is volumetric flow rate of two-phase mixture. Note, that the function
does not depend on & because of AVM side surface impermeability and phases
mcompressibility assumptions. In the modified time ¢ the total volumetric flow
of two phases and porosity can be considered constant and equal to 1. Varions
cardiac cycle types could be considered using different forms of function Q(#).
Inverse time modification leads to the solution of equation (1) corresponding to
physical time-flow relation.

The Buckley-Leverett function f{S) mathematically could be presented by

formula:
[ Feu (S /e

18) =3 = %SV m + kS -
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Figure 1: Typical view of Buckley-Leverett function (3).

rarefaction waves, as well as composite shock-rarefaction waves. The small
perturbations in this model propagate with speed f'(5) = 0, which depends on
S in a non-monotonic way and in this paper additionally satisfies the often used
conditions:

P8 =0 ¥se(0,1), f(0)=f(1)=0. (4)

AVM embolization optimal scenario

Figure 1: Typical view of Buckley-Leverett function (4).

Here  is blood volume flow; ky,, k. are phase relative permeabilities and .,
e are phase dynamic viscosity coefficients, where index b corresponds to blood
and index e to embolic agent. Function f(S) increases monotonously from 0
to 1 as blood concentration § grows (fgure 1). This function alwavs has a
inflection point, which separates concavity and convexity segments, Therefore
the Buckley-Leverett model (2), (4) represents the scalar conservation law with
a non-convex flux, which allows increasing and decreasing shock waves and also
rarefaction waves, as well as composite shock-rarefaction waves. The small
perturbations in this model propagate with speed f'(S) = 0, which depends on
& in a non-monotonic way and in this paper additionally satisfies the often nsed
conditions:

F(8)>0 ¥Se(0,1), J(0)=71)=0. (5)
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3 Numerical method 3 Numerical method

In [35] the second order Upwind Leapfrog scheme was proposed for hyper- In [35] the second order Upwind Leapfrog scheme was proposed for hyper-
bolic equations numerical solution. A detailed analysis of this scheme was bolie equations numerical solution. A detailed analysis of this scheme was
carried out in the works of [36] and [37], where taking into account the skew- carried out in the works of [36] and [37], where taking into account the skew-
symmetry of its stencil (which is two-point in space and three-layer in time) symmetry of its stencil (which is two-point in space and three-layer in time)
it was called the CABARET scheme. The main advantages of the CABARET it was called the CABARET scheme. The main advantages of the CABARET
scheme are determined by its compact spatial stencil and for linear transport scheme are determined by its compact spatial stencil and for linear transport
equation scheme time reversibility and approximation accuracy with two dif- equation scheme time reversibility and approximation accuracy with two dif-
ferent Courant numbers » = 0.5 and r = 1, which gives it unique dissipative ferent Courant numbers » = 0.5 and v = 1, which gives it unigue dissipative
and dispersive properties [37). For gas dynamics equations numerical simulation and dispersive properties [37]. For gas dynamics equations numerical simulation
a balance-characteristic version of CABARET scheme was developed by [38]. a balance-characteristic version of CABARET scheme was developed by [38].
Taking into account Hux variables correction, this scheme showed high accuracy Taking into account Hux variables correction, this scheme showed high accuracy
in Blast Wave test calculation [39]. in Blast Wave test calculation [39].

Currently, for numerieal simulations of spatially multidimensional gas-dynamic [40] Currently, for numerical simulations of spatially multidimensional gas-dynamic [40]
and hydranlic [41] Hows, the two-layer in time form of the CABARET scheme [42] and hydranlic [41] Hows, the two-layer in time form of the CABARET scheme [42]
is widely used. The monotonicity of this scheme for approximation of scalar con- is widely used. The monotonicity of this scheme for approximation of scalar con-
servation law with convex flux was studied in [43] and with a nonconvex flux servation law with convex Hux was studied in [43] and with a nonconvex flux
in [27]. In the present paper, for Buckley-Leverett equation (1}, (3) numerical in [27]. In the present paper, for Buckley-Leverett equation (2}, (4) numerical
solution the monotonic modification of the CABARET scheme proposed in [27], solution the monotonic modification of the CABARET scheme proposed in [27],
[44] will be used. [44] will be used.
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4 Initial-boundary value AVM-problem

We denote AVM length by L and total embolization time by 7' Initially the
AVM is completely filled with blood and does not contain embolic agent. There-
fore, the initial data for the Buckley-Leverett equation (1) with flux function
(3) is

S(0,x) = Sp(x) =1, ael0,L]. (5)
The only input of the embolic agent to the AVM is made through the feeding
artery, which is set to be the origin o = (. Assuming that the incoming blood
concentration is given by the function g(f}, we obtain the following boundary
condition

S0y =glt)e[0,1], te(0,T]. ()

As a result, the equations (1), (3), (3) and (6) set the desired initial-boundary
value AVM-problem, which is correct becanse the characteristics of the equation
(1) at the eondition f'(S) > 0 propagate in the positive direction of the x-axis.

Experience of some neurosurgical operations shows that natural course of the
operation is total AVM cross section overlap by embolic agent g = 0 followed
by its flow reduction in AVM input. Thus, the boundary function g(t) should

be as follows
0, D<t<ty,

glt) =1 g*(t), t1=t<is ()
L, ta<t<T,

where g*(t) is smooth strictly monotonically increasing function satisfyving con-
ditions g*(t;) = 0 and g*(t2) = 1.

From the theory of a weak solutions of the hyperbolic conservation laws
with a non-convex flux [45], it follows that in the initial time interval [0,41) the
exact solution of the problem under consideration is an increase shock (vertical
segment B1C, on figure 2), to which the centered rarefaction wave (line A, By
on figure 2) is adjacent to the left, This discontinuous solution is given by the
formula

_ [ aYzft), 0<2< Dt
S{"“*)—{ 1,  Di<az<L, ®)
where a1 is function, inverse to function f';
1— f(51)
D= ———— 9
1-5 -

is the shock veloeity, which is determined from the Hugoniot condition for the
conservation law (1); Sy is the horizontal coordinate of the point B in fignre 1 in
which the straight line passing through the point € = (1. 1) touches the graph
of the funetion f(5); the value of S; is calculated from the equation

F(S1)+ F(S1)(1 -5 ) =1 (10)

Solid line on figure 2 shows exact solution (8)-(9) for Buckley-Leverett function
3
s 2 mf‘;-;;’Ts,ﬁ at time ¢+ = 3.12 < #; while circles present nnmerical

AVM embolization optimal scenario

4 Initial-boundary value AVM-problem

We denote AVM length by L and total embolization time by 7' Initially the
AVM is completely filled with blood and does not contain embolic agent. There-
fore, the initial data for the Buckley-Leverett equation (2) with flux function
(4] is

S(0,2) = Sp(x) =1, xe[0,L]. (6)
The only input of the embolic agent and blood mixture to the AVM is made
through the feeding artery, which is set to be the origin @ = 0. Blood concentra-
tion here is given by the function g(t), determined by operation strategy. Thus
we obtain the following boundary condition:

S0y =g(t) € [0.1), te(0.7]. @

As a result, the equations (2), (4), (6) and (7) set the desired initial-boundary
value AVM-problem. It is correct because the characteristics of the equation
(2) propagate in the positive direction of the x-axis while f'(S) > 0 which is
true for § < (0,1).

Experience of some neurosurgical operations shows that natural course of
the operation is total AVM cross section overlap by embolic agent (which math-
ematically is g = 0) followed by embaolic agent concentration reduction (blood
concentration increase) in AVM input. Thus, the boundary function g(#) conld
be chosen as follows:

0, 0<t<ty,
glt) =1 g'(t), 1<t <ty (8)
1, o=t =T,

where g*(t) is smooth strictly monotonically increasing function satisfving con-
ditions g*(#,) = 0 and g*(t2) = 1.

From the theory of a weak solutions of the hyperbolic conservation laws
with a non-convex flux [45], it follows that in the initial time interval [0,4,) the
exact solution of the problem under consideration is an inerease shock (vertical
segment B1C) on figure 2), to which the centered rarefaction wave (line A5,
on figure 2) is adjacent to the left. This discontinuous solution is given by the
formula

_ [ aNaxft), 0<a< Dt
S{"“‘)‘{ 1. Di<z<L, ©)
where = is function, inverse to function f';
1— f(S
D - f(‘;‘l} (10)

is the shock veloeity, which is determined from the Hugoniot condition for the
conservation law (2); 9y is the horizontal coordinate of the point B in figure 1 in
which the straight line passing through the point C' = (1,1) touches the graph
of the function f{S); the value of S} is calculated from the equation

fS)+ F(5)1-8)=1 (1)
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t=3.12
C

Figure 2: Exact (line) and numerical solution (circles) comparison for Buckley-
a
Leverett function f(5) = (1_5)'9;915_,“ with t < #;

solution obtained by CABARET scheme. One can see a good concurrence
between numerical and exact solutions both at discontinuity and in rarefaction
wave region. Such comparison of exact and numerical solutions for ¢ < #y
was used to control the accuracy of calenlations with various clinically hased
Bucklev-Leverett functions (Appendix B).

On the time interval [ty, T], the exact solution of the problem (1), (3}, (5)
and (6) becomes more complex and for its calculation we will use the CABARET
scheme, A significant advantage of the CABARET scheme compared to WENO
type schemes [27] is that this scheme is defined on a compact three-point spatial
stencil located inside a single cell of the difference grid, and therefore, when cal-
culating initial boundary-value problems, it is not necessary for the CABARET
scheme to apply auxiliary asymmetric difference equations in the near-boundary
erid nodes.

To solve optimal embolization problem Buckley-Leverett functions (3) were
constructed for several patients using clinical data of hemodynamic parameters
from neurosurgical operations at National Medical Research Center named af-
ter academic E. N, Meshalkin [46]. Clinically based Buckley-Leverett function
construction are given in the Appendix B.
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t=3.12
C

Figure 2: Exact (line) and numerical solution (cireles) comparison for Buckley-

Leverett function f(5) = (1_5)‘9),915,“ with ¢ < #;.

101

Solid line on figure 2 shows exaet solution (9)-(10) for Buckley-Leverett func
f(8) = —'—(1—5)'3;:115531 at time t = 3.12 < #; while circles present numerical
solution obtained by CABARET scheme. One can see a good concurrence
between numerical and exact solutions both at discontinuity and in rarefaction
wave region. Such comparison of exaet and numerieal solutions for ¢ < )
was used to control the accuracy of calculations with various clinically based
Buckley-Leverett funetions (Appendix B).

On the time interval [t;, T], the exact solution of the problem (2), (4), (6)
and (7) becomes more complex and for its caleulation we will nse the CABARET
scheme, A significant advantage of the CABARET scheme compared to WENO
type schemes [27] is that this scheme is defined on a compact three-point spatial
stencil located inside a single cell of the difference grid, and therefore, when cal-
culating initial boundary-value problems, it is not necessary for the CABARET
scheme to apply auxiliary asymmetric difference equations in the near-boundary
grid nodes.

To solve optimal embolization problem Buckley-Leverett functions (4] were
constructed for several patients using clinical data of hemodynamic parameters
from neurosurgical operations at National Medical Research Center named af-
ter academic E, N, Meshalkin [46]. Clinically based Buckley-Leverett function
construction are given in the Appendix B.
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5 Unit load as restriction factor

The choice of the value characterizing the risk of AVM rupture is an important
question arising in the study of embolization process. To answer this question
the notion of unit load was introduced [47]. Unit load is the mean value of
energy released per unit of time with blood passing through the unit of AVM
volume. It is given hy formula: (B — Ey)/V, where FEi(f) is the energy of the
incoming blood flow, E5(f) is the energy of the outgoing blood flow, V(1) is the
AVM volume part occupied by blood.

AVM embolization degree D(¢) is another important parameter and is de-
fined as the fraction of AVM vascular space occupied by embolic agent. It can
vary from 0 to 1 and for the considered embolization model can be caleulated
by formula:

—

L
D(t)=1- E/S[f,:u)d’;r, (11)
a

Unit load behavior for real patients using clinical data was studied in the
work of [47]. The connection between unit load and AVM embolization degree
was established. It was noted that unit load begins to increase sharply with
embolization degree of more than 60%. Two patient groups were studied in
National Medical Rescarch Center named after academic E. N. Meshalkin. In
the first group the unit load sharp increase near 60% embolization degree was
taken into account and operations ended earlier than this value was achieved. In
the second group the operations were carried out according without taking into
account the unit load. It was shown that accomnting for the unit load reduced the
risk of complication (hemorrhage). It should be noted that embolization degree
can differ from 60% and is determined individually by neurosurgeon for each
patient, based on the patient’s condition. For example, for small malformations
with one supply vessel, a complete embolization is usually performed in one
stage. Further in the paper without loss of generality the case of the 60%
maximum admissible embolization degree is considered.

It is known that simultaneous exclusion of high flow AVMs is accompa-
nied by elevated risk of unfavorable bloodstream redistribution and, as a result,
perioperative hemorrhage. In this regard, there is a practice of embolization
dividing into stages. In current study embolization degree is used as the value
characterizing the risk of AVM rupture, On the one hand, value of embolization
degree greater than 60% is considered dangerous. On the other hand, too small
values of embolization degree show that operation was not effective since the
pathologieal vascular bed remains widely open to blood How and the number of
surgical interventions unjustifiably increase. Thus, it is necessary to find some
compromise between the risk of complications and the most complete exclusion
of the AVM from the bloodstream per one stage.
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5 Unit load as restriction factor

The choice of the value characterizing the risk of AVM rupture is an important
question arising in the study of embolization process. To answer this question
the notion of unit load was introduced [47]. Unit load is the mean value of
energy released per unit of time with blood passing through the unit of AVM
volume. It is given by formula: (Ey, — Eaw)/V, with E; = Q(t) P (1), where E;
are blood energy flows on AVM nidus input and output, €;, F; - are volumetric
blood flow and total blood pressure with i € (in, out). V(1) is the AVM volume
part oceupied by blood.

AVM embolization degree Dt} is another important parameter and is de-
fined as the fraction of AVM vascular space occupied by embolic agent, It can
vary from () to 1 and for the considered embolization model can be caleulated
by formula:

L
/¢ %jS(f,x)d:c, (12)
il

Unit load behavior for real patients using clinical data was studied in the
work of [47]. The connection between unit load and AVM embolization degree
was established. It was noted that unit load begins to increase sharply with
embolization degree of more than 60%. Two patient groups were studied in
National Medical Research Center named after academic E. N. Meshalkin, In
the first group the unit load sharp increase near 60% embolization degree was
taken into account and operations ended earlier than this value was achieved. In
the second group the operations were carried ont according withont taking into
account the unit load. It was shown that accounting for the unit load reduced the
risk of complication (hemorrhage). It should be noted that embolization degree
can differ from 60% and is determined individually by neurosurgeon for each
patient, based on the patient’s condition. For example, for small malformations
with one supply vessel, a complete embolization is usually performed in one
stage. Further in the paper without loss of generality the case of the 60%
maximum admissible embolization degree is considered.

It is known that simultaneons exclusion of high flow AVMSs is accompa-
nied by elevated risk of unfavorable bloodstream redistribution and, as a result,
perioperative hemorrhage. In this regard, there is a practice of embolization
dividing into stages, In current study embolization degree is used as the value
characterizing the risk of AVM rupture. On the one hand, value of embolization
degree greater than 60% is considered dangerous. On the other hand, too small
values of embolization degree show that operation was not effective since the
pathological vascular bed remains widely open to blood flow and the munber of
surgical interventions unjustifiably increase. Thus, it is necessary to find some
compromise hetween the risk of complications and the most complete exclusion
of the AVM [rom the bloodstream per one stage.
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6 Blood conductivity as embolization success fac-
tor

Along with embolization degree which characterizes AVM fullness by embaolic
agent, its distribution inside AVM is important. Residual blood fow through
the AVM is determined by how much we can reduce AVM blood conductivity,
which directly depends on embolie agent distribution in AVM nidus. Blood
conduetivity can be determined by Darey’s differential law [or blood:

ku(S) Op
m Or

Qy=-KA (12)
Here p(t, x) is pressure distribution and Qu(f, 2) is blood volume flow distribu-
tion in the AVM. Thus AVM local resistance to advancement of a blood flow
is Rit,r) = o/ (K Aky(S)). Then AVM full blood conductivity is given by
formula 5

L
Qi) = Rit,x)ds | . (13)
/

To determine the residual blood flow it is convenient to use dimensionless
quantities. Let us define relative blood conductivity G(1) = G(t)/G(0), G(t) €
(0,1] and name it blood conductivity degree. Numerically blood conductivity
degree is caloulated using formula

B L N
Gm:(ﬁ;ms;)) . (14)

where N is the number of intervals of a uniform partition of the segment [0, L],
S, is the caleulated blood concentration value on ith interval. If on some interval
k15 2 zero value, then conductivity G(t) is considered equal to zero.

The reduction of AVM section available for blood flow (increase in degree of
AVM section cut off by embolic agent) reduces blood conductivity degree and,
therefore, has a positive effect on embolization results. Further it is illustrated
with two examples calculated for patient P Buckley-Leverett function (figure 9).
Clinically based AVM geometry parameters are given in the Appendix A and
Buckley-Leverett function construction are given in the Appendix B.

First example on the figure 3 shows bad embolization scenario, The bound-
ary conditions (7) are: g"(f) = (t — 5)/5, t; = 5, t2 = 1. It means that only
embolic agent enters the AVM input at ¢ < ;. Despite this fact on the emboliza~
tion front it occupies only part of the eross-section. This is due to the decay
of the discontinuity formed at the initial moment, which is unstable according
to Oleinik-Lin criterion [45]. Further, at { > {; embolic agent concentration
near AVM input starts to decrease and the second discontinuity is formed at
t = t;. Emholic agent concentration on embolization front 1 — 5 = (1.15 remains
constant until £ = 13. Since at this moment posterior discontinnity reaches the
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6 Blood conductivity as embolization success fac-
tor

Along with embolization degree which characterizes AVM fullness by embalic
agent, its distribution inside AVM is important. Residual blood fow through
the AVM is determined by how much we can reduce AVM blood conductivity,
which directly depends on embolic agent distribution in AVM nidus. Blood
conduetivity can be determined by Darey’s differential law [or blood:

ku(S) Op
m Or

Qy=—-KA (13)
Here p(t, x) is pressure distribution and Qy(f, x) is blood volume flow distribu-
tion in the AVM. Thus AVM local unit resistance to advancement of a blood
flow is R(t,x) =/ (K Aky(8)). Then AVM full blood conductivity is given
by formula

-1

L
G(t) = / Rit,z)de | . (14)
il

To determine the residual blood flow it is convenient to use dimensionless
quantities. Let us define relative blood conductivity G(t) = G(t)/G(0), G(t) €
(0,1] and name it blood conductivity degree. Numerically blood conductivity
degree is calenlated using formula

o=+ AN (15)
() = N;k,,[.‘i’,) d

where N is the number of intervals of a uniform partition of the segment [0, L], 5;
is the caleulated blood concentration valiue on éth interval. If on some interval
ky is a zero value, then conductivity G(f) is considered equal to zero. Note,
that any thin region that could be completely oecluded will not he stable not
practically nor theoretically (in the model) and breaks up starting from the
leading edge due to Oleinik-Lin condition [43].

The reduction of AVM section available for blood flow (inerease in degree of
AVM section eut off by embolic agent) reduces blood conduetivity degree and,
therefore, has a positive effect on embolization results. Further it is illustrated
with two examples caleulated for patient P Buckley-Leverett function {figure 9).
Clinically based AVM geometry parameters are given in the Appendix A and
Buckley-Leverett function construction are given in the AppendixB.

First example on the figure 3 shows bad embolization scenario. The bound-
ary conditions (8) are: g*(t) = (t — 5}/5, t1 = 5, ta = 1. It means that only
embolic agent enters the AVM input at ¢ < #;. Despite this fact on the em-
holization front it occupies only part of the cross-section. This is due to the
decay of the discontinuity formed at the initial moment, which is unstable ac-
cording to Oleinik-Liu eriterion. Further, at { = #; embolic agent concentration

10
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anterior one (figure 3(b)). AVM section cut ofl by embolic agent begins to de-
crease monotonically (figure 3(c)) leading to a significant increase in AVM blood
conduetivity. In this case after the end of operation the blood flow through the
AWM is largely maintained.

Figure4 shows successful (good) embolization scenario. The boundary con-
ditions (7) are: g*(t) = (¢ = 5)/30, t; =5, fo = 35. Here the operation start
is the same as in the previous example, but for ¢ = ¢, the incoming embolic
agent concentration decreases slower than previously. In this case the poste-
rior discontinuity moves not fast enough to eatch up with the anterior one and
the embolic agent concentration on embolization front does not decrease. AVM
cross section cut off will always be not less than on embolization front. In
this case blood conductivity grows much slower over time. Blood conductivity
dynamics for both scenarios are presented on figure 5.

This cases demonstrate that operation success depends on embolic agent
income g(t), which determines whether AVM eross section will be cut off by
embolic agent the best possible way, or over time a part of AVM section previ-
ously blocked by the embolic agent will be reopened for blood flow and blood
conduetivity will grow,

11
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near AVM input starts to decrease and the second discontinuity is formed at
t = t1. Embaolic agent concentration on embolization front 1—5 2 0.15 remains
constant until ¢ = 13, Since at this moment posterior discontinuity reaches the
anterior one (ligure 3(b)), AVM section eut off by embolic agent begins to de-
crease monotonically (figure 3(c)) leading to a significant increase in AVM blood
condnetivity. In this case after the end of operation the blood flow through the
AVM is largely maintained.

Figure4 shows successful (good) embolization scenario. The boundary con-
ditions (8) are: g*(t) = (¢ - 5)/30, t, =5, f» = 35. Here the operation start
is the same as in the previous example, but for £ = ¢ the input embolic agent
concentration decreases slower than previously. In this case the posterior discon-
tinuity moves not fast enough to catch up with the anterior one and the embolic
agent concentration on embolization front does not decrease. AVM cross section
cut off will always be not less than on embolization front. In this case hlood
conduetivity grows much slower over time. Blood conductivity dynamics for
both scenarios are presented on figure 5.

This cases demonstrate that operation success depends on embolic agent
input g(t), which determines whether AVM cross section will be eut off by em-
bolic agent the best possible way, or over time a part of AVM section previously
blocked by the embolic agent will be reopened for blood How and blood conduc-
tivity will grow.
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Figure 5: Comparison of blood conductivity G for patient P: good (lower curve)
and bad (upper curve) embolization scenarios. The dashed line indicates the
time when two discontinuities merge in a bad seenario.

7 Optimal embolization problem

Given the above, the following formulation of the optimal embolization problem
as an optimal control problem is proposed:
To mi ize the linear combination of AVM blood conductivity degree and AV
fullness by blood at terminal time using embolic agent input as control.

The following conditions must be fulfilled:

(1) Embolization degree should not exceed 60%.

(2} For medical reasons embolic agent should not reach the AVM exit, that
18, it should not enter the vein until the complete blockage of the AVM
nidus.

(3) The operation is considered completed at time T when embolic agent
ceases to enter the AVM input, In this regard, when modeling only the
time interval [0, T] is considered.

In other words, it is necessary to choose a boundary control g{t) such that
the solution of the problem (1), (5), (6) delivers minimum to the functional:

J=a(l-D(T)+(1—a)GT), o=(01), (15)
and satisfies the following conditions:
Dit) < 0.6,te[0,T]; (16)
S, Ly=1,t€[0,T]; (a7
S(t,0)<1,t(0,T). (18)

Problem is solved for fixed parameter oo, Further this problem for special em-
bolization mode will be considered for specific patients and the results will show
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Figure 5: Comparison of blood conductivity G for patient P: good (lower curve)
and bad (upper curve) embolization scenarios. The dashed line indicates the
time when two discontinuities merge in a bad scenario.

7 Optimal embolization problem

Given the above, the following formulation of the optimal embolization problem
as an optimal control problem is proposed:
To minimize the linear combination of AVM blood conductivity degree and AVN
fullness by blood at terminal time using embolic agent input as control.

The following conditions must be fulfilled:

(1) Embolization degree shonld not exceed 60%.

(2) For medical reasons embolic agent should not reach the AVM exit, that
18, it should not enter the vein until the complete blockage of the AVM
nidus.

(3) The operation is considered completed at time T when embolic agent
ceases to enter the AVM input, In this regard, when modeling only the
time interval [0, T is considered.

In other words, it is necessary to choose a boundary control g(t) such that
the solution of the problem (2), (6), (T) delivers minimum to the functional:

J=a(l-D(T)+(1—a)G(T), o=(01), (16)
and satisfies the following conditions:
D(t) < 0.6, [0,T]; 7
S, Ly=1,te[0,T]; (18)
S(,0) <1, t(0,7T). (19)

Problem is solved for fixed parameter o, Further this problem for special em-
bolization mode will be considered for specific patients and the results will show

14



Original.pdf » 15 # Review.pdf » 15 — 2020-04-08 21:11:36 » DiffPDF 5.9.5

AVM embolization optimal scenario

that optimal control problem solution delivers minimum for functional for all
a < (0, 1) simultaneously.

7.1 Optimal scenario for special embolization case

Let us consider problem (1), (5), (6) solution for clinically based AVM geom-
etry and Buckley-Leverett functions f(S) (these parameters are given in the
Appendix A, Appendix B) and piecewise-linear funetion g(t) (7) of special type:

o) = (t —t1)/t., ta=t:FH, 4 >0, s >0. (19)

This function approximates the natural embolization sequence: full AVM ecross
section cut off at the beginning with decreasing embolic agent to the end of
operation, Thus, in these scenarios embolic agent input is controlled by two
parameters: £ and t., with end embolization time T = t; 4+ f,. Admissible
control class (7) with g*(¢) from (19) is extended by £, = 0, meaning that
function g(t) has the discontinnity of first type at ¢ =ty

oft) = { S (20)
To solve optimal embolization problem for the extended admissible control class
(19)-(20), problem (1), (5), (6) caleulations were made for different values of
parameters ¢ and f,. Values of ¢; vary from 1 to 30 with step 1 while ¢, varies
from 0.1 to 40.1 with step 1.

The caleulations were carried out on a rectangular grid. The spatial coor-
dinate » changes from 0 to L with constant step h. Number of space partition
points is 200. Note, that choice of L does not limit problem generality because
it can be set any given value by change of variables in {1). Number of time
partition points was 2500 at maximum, and time step is given by

r=rh/B, B= Sl.cl_l[%?tﬂf (3), (21)

where the Courant number is » = 0.5, and Buckley-Leverett function derivative
maximuwm f'(5) is determined individually for each patient. The number of
time steps was chosen in such a way that for each patient for all embolization
seenarios the embolic agent reached the vein. Further caleulations have no
practical meaning.

It is convenient to switeh to (#;,7T) plane to study optimal embolization
problem. On this plane only final states of embolization process are considered.
In this case straight lines parallel to coordinate angle bisector are lines of con-
stant values of .. The bisector itself stays for f. = 0 and the area under it has
no sense. Since embolic agent does not exit the malformation then condition
(16) fulfillment at terminal time T means that it is valid for all times [0, T].

Let us analyze optimal embolization problem (15) (18) solution construction
on the example of patients whose data is shown on figure 9. For this case plane
(11, T} is presented on figure 6. On these figures fill color determines blood
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that optimal control problem solution delivers minimum for functional for all
a < (0, 1) simultaneously.

7.1 Optimal scenario for special embolization case

Let us consider problem (2}, (6), (7) solution for clinically based AVM ge-
ometry and Buckley-Leverett functions f(S) (these parameters are given in
the Appendix A, Appendix B) and boundary condition of speeial type given by
piecewise-linear function:

0, D<t<ty,
glt)=14 (t—t)fts, h=t<ty (20)
g i =

where t, =t —t;, 81 > 0, £z >#;.

This function approximates the natural embolization process: full AVM cross
section eut off at the beginning with decreasing embolic agent to the end of
operation. Thus, in these scenarios embolic agent input is controlled by two
parameters: f; and f., with end embolization time T = #; + .. Admissible
control class (20) is extended by t, = (), meaning that function g(f} has the
discontinuity of first tvpe at { = #1:

0, 0<t<t
y(i)={l H<t<T® =0 (21)

To solve optimal embolization problem for the extended admissible control class
(20)-(21), problem (2), {6), (7) caleulations were made for different values of
parameters t; and f.. Values of #; vary from 1 to 30 with step 1 while #, varies
from 0.1 to 40.1 with step 1.

The calculations were carried out on a rectangular grid. The spatial coor-
dinate @ changes from 0 to L with constant step h. Number of space partition
points is 200, Note, that choice of L does not limit problem generality becanse
it can be set any given value by change of variables in (2). Number of time
partition points was 2500 at maximum, and time step is given hy

s k i
r=rh/B, B= Slél[%‘g]f{s) (22)

where the Courant number is r = (1.5, and Buckley-Leverett funetion derivative
maximum f'(5) is determined individually for each patient. The number of
time steps was chosen in such a way that for each patient for all embolization
scenarios the embolic agent reached the vein. Further calenlations have no
practical meaning. Moreover, embolic agent does not exit the malformation
then condition (17) fulfillment at terminal time T means that it is valid for all
times [0, T7].

It is convenient to switch to (¢, T') parameters plane to study optimal em-
bolization problem (see figure 6). On this plane only final states of embolization
process are considered. In this case straight lines parallel to coordinate angle
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conduetivity degree G(T) with level lines shown in solid lines. Dashed lines
are level lines of embolization degree D(T) with 60% level shown in hold solid
line, Points on the rights of this line stay for embolization degree greater than
60%. Blue area shows regimes with embolic agent reaching the vein. A small
neighborhood of the origin should be excluded due to obvious medical condition
T = 0. Thus for this case admissible parameters area is Ay ABCD. Let us
show that for considered patients point B, which is the intersection of coordinate
angle bisector and 60% embolization degree level line, corresponds to the optimal
embolization regime.

Let us minimize objective functional (15) using gradient descent method for
a £ (0,1). Objective functional antigradient —V.J = aVD — (1 —a)VG is a
convex linear combination of blood conductivity degree (7 and funetion 1 — I
antigradients. Figure 6(b) shows that for all o € (0. 1) antigradient —V.J lays
between VD and —VG in sector 2. Loeation of blood conductivity degree G and
embolization degree D level lines on figure 6 illustrates that movement from any
interior point E of adinissible parameters domain along the objective lunetional
antigradient leads us to the boundary of embolization admissible parameters
area Ay ABCD since in a bounded area of admissible parameters the objective
functional has no internal extrema. It should be noted that starting from the
part of the boundary A3 D, we immediately go inside the region of admissible
parameters, since objective functional decreases with fixed T while parameter ¢;
grows. Movement along the part of boundary T' = A; ABCD \ A, D towards
functional descending leads us to point B, which delivers objective functional
minimum. Note, that VG on boundary part AB and VD on boundary part
BC projections are empty, since AB and BC are ¢ and D level lines respec-
tively. But since o € (0, 1) then objective functional gradient projection on the
boundary is nonempty on I".

The found optimal embolization regime, given by point B, is discontinuous
and corresponds to the function (20). At ¢ = 0 there is no embolic agent in
AVM inlet, at £ € (0,T) AVM inlet is completely blocked by embolic agent, and
at terminal time { = T embolization is completed and there is no more embolic
agent in AVM inlet. At the end of operation time T embolization degree is 60%.
Figure 7 shows corresponding solution for patient P in two consecutive times,

Figure6 shows that for all patients of concern following simple qualitative
conditions are valid:

(1) inside the area Ay ABCD objective functional decreases with fived T'
while parameter ¢, grows and has no internal minima:

(2} tunctional deereases on the boundary while moving along its parts 4, AB
and DCB towards point B;

(3} embolic agent does not reach the vein during operation with parameters
values corresponding to point B.

It is easy to prove that these conditions are sufficient for optimal emboliza-
tion regime to correspond to the same point B.
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bisector are lines of constant values of t, = T — 1. The hisector line itself stays
for parameter ¢, = 0 and the area under this line is not considered because of
T < ty, which means embolization is finished before time ty is reached.

Let us analyze optimal embolization problem (16)-(19) solution construction
on the example of patients whose data is shown on figure 9. For this case planes
(t1,T) is presented on figure6. On these figures fill color determines blood
conduetivity degree G{T') with level lines shown in solid lines (wiggling is eaused
by mesh data interpolation). Dashed lines are level lines of embolization degree
D(T) with 60% level shown in bold solid line. Points on the rights of this
line stay for embolization degree greater than 60%. Purple area shows regimes
with embolic agent reaching the vein, where condition (18) is violated. Since
operation duration T is positive (see (7)), than a small neighborhood of the
origin should be exeluded. Thus for this case admissible parameters area is
A1 ABCD. Let us show that for considered patients point B, which is the
intersection of coordinate angle bisector and 60% embolization degree level line,
corresponds to the optimal embolization regime.

Let us minimize objective functional (16) using gradient descent method for
a € (0,1). Objective functional antigradient —VJ = a¥VD — (1 —a) VG is a
convex linear combination of blood conductivity degree G and funetion 1 — I
antigradients. Figure6(b) shows that for all o € (0,1) antigradient —V.J lays
between V1D and —V{ in sector 2. Location of blood conductivity degree & and
embolization degree I level lines on figure @ illustrates that movement from any
interior point E of admissible parameters domain along the objective functional
antigradient leads us to the boundary of embolization admissible parameters
area Ay ABCD since in a bounded area of admissible parameters the objective
functional has no internal extrema. It should be noted that starting from the
part of the boundary Ay D, we immediately go inside the region of admissible
parameters, since objective funetional decreases with fixed T while parameter £,
grows. Movement along the part of boundary I' = 4, ABCD \ A1 D towards
functional deseending leads us to point B, which delivers objective functional
minimum. Note, that V& on boundary part AB and VD on boundary part
BC projections are empty, since AR and BC are G and D level lines respec-
tively. But since o € (0, 1) then objective functional gradient projection on the
boundary is nonempty on I'.

The found optimal embolization regime, given by point B, is discontinuous
and corresponds to the funetion (21). At ¢ = 0 there is no embolic agent in
AVM inlet, at £ £ (0, T) AVM inlet is completely blocked by embolic agent, and
at terminal time ¢+ = T embolization is completed and there is no more embolic
agent in AVM inlet. At the end of operation time T embolization degree is 60%.
Figure 7 shows corresponding solution for patient P in two consecutive times.

Figure shows that for all patients of concern following simple gualitative
conditions are valid:

(1) inside the area A4; ABCD objective functional decreases with fixed T
while parameter #; grows and has no mternal minima;

(2) funetional deereases on the boundary while moving along its parts A, AB
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The course of embolization is determined by AVM length L, Buckley-Leverett
function f(5), which describes malformation properties, and control g(t), which
sets embolization regime, Qualitative character of conditions (1)-(3) entail that
for Buckley-Leverett functions close to considered embolization regimes will be
similar. In particular, it means that Buckley-Leverett function construction
from elinical data could be made with sufficiently big error. This conditions
will also be valid for elose to considered piecewise-linear and nonlinear elasses of
control function g(t). For all this classes optimal embolization regime will also
lay on the intersection of the main diagonal and level line of maximal admissible
embolization degree.

Generally speaking, the sitnation when embaolic agent reaches the vein earlier
then G0% embolization degree is achieved is not excluded. In this case boundary
A ABCD part BC disappears and optimal regime lays on the intersection of
blue area boundary and main diagonal and also is discontinuous. This case did
not appear among the considered patients.

Practically, it is impossible to maintain optimal regime exactly. But since
ohjective functional value varies insignificantly in the neighborhood of point B
then regime from the neighborhood of point B could be quite acceptable.
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and DCB towards point B;

(3) embolic agent does not reach the vein during operation with parameters
values corresponding to point B.

It 15 easy to prove that these conditions are sufficie
tion regime to correspond to the same point B.

The course of embolization is determined by AVM length L, Buckley-Leverett
function f{5), which describes malformation properties, and control g{t), which
sets embolization regime. Qualitative character of conditions (1)-(3) entail that
for Buckley-Leverett funetions close to considered embolization regimes will be
similar. In particular, it means that Buckley-Leverett function construction
from clinical data could be made with sufficiently big error. This conditions
will also be valid for close to considered piecewise-linear and nonlinear classes of
control function g(t). For all this classes optimal embolization regime will also
lay on the intersection of the main diagonal and level line of maximal admissible
embolization degree.

Generally speaking, the situation when embolic agent reaches the vein earlier
then 60% embolization degree is achieved is not excluded. In this ease boundary
A1 ABCD part BC disappears and optimal regime lays on the intersection of
purple area boundary and main diagonal and also is discontinnous. This case
did not appear among the considered patients.

Practically, it is impossible to maintain optimal regime exactly. But since
objective functional value varies insignificantly in the neighborhood of point B
then regime from the neighborhood of point B could be quite acceptable.

for optimal emboliza-
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8 Results and discussion

In this paper optimal AVM embolization scenario in terms of safety and effec-
tiveness was studied. Joint blood and embolic agent flow in AVM nidus was
described using one dimensional two-phase filtration model. For simulation Go-
dunov’s monotonic modification of CABARET scheme was used, which allows
caleulation of discontinunons solutions for scalar conservation law with a non-
convex How, Absolute permeabilities for intact malformations were determined
for real patients in vive. Also, Buckley-Leverett functions for malformations
were constructed based on the clinical data of real patients, and were used to
study the optimal embolization problem. AVM optimal embaolization problem
was formulated, its numerical solution for special linear embolization regime
was constructed, and admissible and optimal embolization scenarios were cal-
culated. The optimal scenario for all examined clinical cases corresponds to
a discontinnons embolization regime. Namely, complete closure of AVM inlet
cross section with an embolic agent, then bringing the embolic agent amount in
the AVM nidus to admissible maximum and a sharp cessation of embolic agent
delivery.

Available methods for AVM geometry reconstruction from neuroimaging
data (CT, MRI. cerebral angiography) make it possible to distingnish vessels
with an average diameter of at least 0.5 mm. It is insufficient to determine
in vivo the detailed geometric AVM structure, which consists of a very large
number of intertwined thin vessels whose diameter can reach up to 0.1 mm.
Therefore, when modeling AVMs, it becomes necessary to use simplified ap-
proaches. The paper considers a one-dimensional model of AVM embolization,
which allows us to describe important qualitative patterns of this process. In
addition to the difficulty of AVM geometry reconstruction, the mathematical
description of blood rheology, arterial and venous vessels walls properties, the
forces arising in vessels walls, as well as the forces acting on the vessel from the
surrounding tissues, the filtration processes through the vessel wall, chemical
reactions, and other ongoing processes are still far away to completion. Despite
this, taking into account the most significant and determining parameters of
the system allows one to build mathematical models that give a qualitatively
correct description of its behavior.

For a more detailed study of embolization in future, it is necessary to con-
sider more accurate maodels that take into account additional characteristics
of the AVM embolization process. This primarily concerns the uneven distri-
bution of the physical characteristics of the AVM (porosity, permeability, and
cross-sectional area) along model length. More accurate embolic agent behavior
description is also important since some of its varieties are liquids with pro-
nounced non-Newtonian properties. In addition, embolic agent adsorption in
blood vessels walls and its properties variation over time during solidification
are of interest. Despite the impossibility at present of complete AVM internal
structure restoration using neuroimaging data, macroscopic characteristics such
as the shape of cross sections and the length of AVM nidus can be restored with
sufficient for modeling accuracy. In this regard, the next stage of the study may
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A Clinically based AVM geometry and perme-
abilities

Philips ComboMap system and the Philips ComboWire sensor (sensor diameter
is 0.36 mm and its length is 1.85 m) were used in neurosurgieal operations to
measure blood velocity and pressure inside the cerebral vessels near the pathol-
ogy. This way the values of pressure and velocity vy, in AVM inlet (artery) were
obtained belore, during and alter the embolization for 10 patients. Further data
on geometrical AVM parameters such as length L and cross-section area A as
well as inlet artery cross-section area w are used. This parameters are obtained
based on perioperative X-ray tomography. Further three patients K, T and P
with the largest number of intraoperative measurements are considered
From [3) one can see that Buckley-Leverett function is completely deter-
mined by the relative phase permeabilities and viscosities of the blood and em-
bolic agent. Known blood viscesity [11] and common embalic agent ONYX18
[7] are:
R deP, . = 18eP. (22)

To caleulate blood relative phase permeability its absolute and phase perme-
abilities are needed. Absolute permeability K is porous medium (AVM nidus)
characteristic. It is assumed to be constant and eould be caleulated using mon-
itoring data before embolization while embolic agent is not in the AVM and it
is completely filled with blood. From Darcy’s law we get:

Qs 1y

s s
Adp

= const, (23)

where 4, = vy, w is blood volume flow before embolization, w, - blood flow
velocity in the arterial AVM inlet before embolization, Apy — pleb{:ure drop
between arterial AVM inlet and venous AVM outlet before embolization. Values
Qu, Apg are based on monitoring data

Total AVM embolization was achieved in three considered operations, as-
suming that in total embolization the AVM nidus is filled by embolic agent
completely. Monitoring data includes velocity, pressure and injected embolic
agent fraction, Using information on the total amount of embolic agent used
for the operation and its [ractions in the intermediate time points {; we can
calculate volume average blood concentration S(t;) in the AVM.

Assuming that embolic agent is always distributed uniformly among AVN
blood phase permeability K at time #; is given by formula:

Qo( )ﬂ‘b_

ApiSih
e

G(55) = (24)
where S; = S(t;), (S;) ie blood flow and Ap(S;) is pressure drop between

artery and vein during embolization. Values Qu(S:) = v(5;) w and Ap(S;) are
also caleulated using monitoring data.
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Philips ComboMap system and the Philips ComboWire sensor (sensor diameter
15 0.36 mm and its length is 1.85 m) were used in neurosurgical operations to
measure blood velocity and pressure inside the cerebral vessels near the pathol-
ogy. This way the values of pressure and velocity vy, in AVM inlet (artery) were
obtained belore, during and after the embolization for 10 patients. Further data
on geometrical AVM parameters such as length L and cross-section area A as
well as inlet artery cross-seetion area w are used. This parameters are obtained
based on perioperative X-ray tomography. Further three patients K, T and P
with the largest number of intraoperative measurements are considered

From (4) one can see that Buckley-Leverett function is completely deter-
mined by the relative phase permeabilities and viscosities of the blood and em-
bolic agent. Known blood viscosity [11] and common embalic agent ONYX18
[7] are:

o, = deP, g, = 18P (23)

To caleulate blood relative phase permeability its absolute and phase perme-
abilities are needed. Absolute permeability K is porous mediom (AVM nidus)
characteristic. It is assumed to be constant and eould be caleulated using mon-
itoring data before embolization while embolic agent is not in the AVM and it
is completely filled with blood. From Darey’s law we get:

Q1

T
ASp

= const, (24)

where Qy, = vy, w is blood volume flow before embolization, w,, - blood flow
velocity in the arterial AVM inlet before embolization, Apg — pressure drop
between arterial AVM inlet and venous AVM outlet before embolization. Values
Qy, and Apy are based on monitoring data.

Total AVM embolization was achieved in three considered operations, as-
suming that in total embolization the AVM nidus is filled by embolic agent
completely. Monitoring data includes velocity, pressure and injected embolic
agent fraction, Using information on the total amount of embolic agent used
for the operation and its [ractions in the intermediate time points !; we can
calculate volume average blood concentration S(t;) in the AVM.

Assuming that embolic agent is always distributed uniformly among AVN
blood phase permeability K at time #; is given by formula:

Qo( )?J‘b

m.( 3

(50) = (25)

where S; = S(t;), u(S;) is blood flow and ﬂp(__‘;',-) is pressure drop between
artery and vein during embolization. Values Qy(S;) = v,(5:) w and Ap(S;) are
also calculated using monitoring data.
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Patient  L[107%-m] A[107*-m?] w[10°%-m?  K[m?
4.5

K 2.4 y: 45 8.2.10~1
T 2.2 2.0 4.5 6.7-107%
P 3.0 3.1 31 3.7.10710

Table 1: AVM parameters

Then blood relative phase permeability ky(S;) is the following:

ko(5) = Ku(S:) _ wnl(Si) Apo. (25)
i K v, Ap(S;)

Fornmla (25) shows that k,(S;) is independent of blood and embolic agent
viscosity and AVM geometric properties,

Figure 8 shows monitoring data on arterial velocity and pressure [47] during
embolization for patients K, T and P. Pressure inereases and velocity decreases
during embolization, Venous pressure is assumed to decrease linearly during
embolization from 40 mmHg to T mmHg [48].

AVM geometrical parameters for three considered patients were determined
based on itraoperative X-ray angiography and perioperative X-ray tomography
and are presented in Tab.1.

Absolute permeability values nsed for further caleulations are presented in
Tab.1. Patient T with permeability two orders greater the pressure drop at
the AVM inlet and outlet is less than the drop for patients K and P. Currently
available clinical measurements for 10 patients with cerchral AVM allow us to
assume that absolute permeability is within 1075 — 107" m? and for seven
patients is of order 107", As far as authors know previously value of absolute
permeability in vive for such inaccessible biological objects as AVM was not
presented. This bio-mechanieal AVM nidns porous medinm characteristic was
obtained due to in vive velocity and pressure measurements.
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Patient  L[107%2-m] A[107%-m?] w([10°%-m?  K[m?
4.5

K 2.4 y; 15 82-107 1
T 2.2 2.0 45 6.7-107%
P 3.0 31 3.1 3.7.10710

Table 1: AVM parameters

Then blood relative phase permeability ky(S;) is the following:

Kb(.;‘g) _ 1‘5(5‘5) A:Un

RS = = = o B3

. (26)

Formula (26) shows that k(S;) is independent of blood and embolic agent
viscosity and AVM geometric properties,

Figure 8 shows monitoring data on arterial velocity and pressure [47] during
embolization for patients K, T and P. Pressure inereases and velocity decreases
during embolization, Venous pressure is assumed to decrease linearly during
embolization from 40 mmHg to 7 mmHg [48].

AVM geometrical parameters for three considered patients were determined
based on itraoperative X-ray angiography and perioperative X-ray tomography
and are presented in Tab.1.

Absolute permeability values used for further caleulations are presented in
Tab,1. Patient T with permeability two orders greater the pressure drop at
the AVM inlet and outlet is less than the drop for patients K and P. Currently
available clinical measurements for 10 patients with cerchral AVM allow us to
assume that absolute permeability is within 1075 — 1072 m? and for seven
patients is of order 107!, As far as authors know previously value of absolute
permeability in vive for such inaccessible biological objects as AVM was not
presented. This bio-mechanical AVM nidns porous medinm characteristic was
obtained due to in vive velocity and pressure measurements.
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Patient s  data SE
K 1.54  £0.026
T 1.99 £ 0.036
P 249 £ 0018

Table 2: Corey model parameter

B Clinically based Buckley-Leverett function con-
struction

For further caleulations Corey model [49] was used for the analytic approxima-
tion of blood relative phase permeability:

k(S =8 aecR a>l (26)

The embolic agent relative permeability k.(S) is assumed to be symmetric
to blood relative permeability in the following sense:

kelS) = k(1 - 5. (27)
Thus Buckley-Leverett function is the following:

_ S*fm
S5+ (1= 8)" /e

where coefficient ® was caleulated using the least square method for clinical
data. This type of Buckley-Leverett function gnarantees its non-convexity and
fulfillment. of condition (4).

Buckley-Leverett function approximations were constructed using clinieal
data for patients of concern. Table 2 shows the obtained Corey model parameter
values and standard error (SE) of data recovery.

On figure 9 markers stay for Buckley-Leverett funetion values obtained by
formulas (3),(25).(27) using clinical data and lines show Buckley-Leverett ap-
proximations by formula (28],

B(S) (28)
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kelS) = ky(1 - 5). (28)
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where coefficient x was caleulated using the least square method for clinical
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Appendix B

Associate Editor Comments to Author (Dr Oliver Jensen):

Please ensure that remaining grammatical errors are fixed. The referee has identified a handful of them but
there are others that need to be addressed also.

Reviewer comments to Author:

Reviewer: 1
Comments to the Author(s)

The authors have addressed the majority of my comments and so | am happy to recommend publication
provided the language is improved. | cannot list all potential typos/errors but here are some
examples/suggestions:

using "than" instead of "then"

Just above equation (1) "Denote local.... " -> "We denote the local... "

Just above equation (2) " Under this assumptions..."

Missing articles throughout

for example - just above equation (7) ", determined by operation strategy" .... "determined by the chosen
clinicail/embolisation strategy"

Dear Dr Oliver Jensen,

We are very grateful for your work and comments given. We did our best to fix the remaining
grammatical errors and typos. We also ask you to pass our thanks to the referee, whose
informative comments have significantly improved our article.

Kind regards, authors



