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Supplementary Note 1. Landau-Lifshitz equations for honeycomb ferromagnetic monolayer. 

 

Defining the vectors  𝑆𝐷
𝐴/𝐵

= 𝑆𝑦
𝐴/𝐵

 �̂� − 𝑆𝑥
𝐴/𝐵

 �̂� , we can re-write ℋ𝑀𝐿 (see expression in the main 

text) as 

 

ℋ𝑀𝐿 = −𝐽 ∑  𝑆𝐴(�⃗⃗�𝐴, 𝑡). 𝑆𝐵(�⃗⃗�𝐴 + 𝛿𝑖
𝐴, 𝑡)

�⃗⃗�𝐴,�⃗⃗⃗�𝑖
𝐴 

 

+ ∑  𝐷𝑧(�⃗⃗�𝐴, �⃗⃗�𝐴 + �⃗�𝑗)𝑆𝐴(�⃗⃗�𝐴, 𝑡). 𝑆𝐷
𝐴(�⃗⃗�𝐴 + �⃗�𝑗 , 𝑡)

�⃗⃗�𝐴,�⃗⃗⃗�𝑗

                                                    

+ ∑  𝐷𝑧(�⃗⃗�𝐵, �⃗⃗�𝐵 + �⃗�𝑗)𝑆𝐵(�⃗⃗�𝐵, 𝑡). 𝑆𝐷
𝐵(�⃗⃗�𝐵 + �⃗�𝑗 , 𝑡)

�⃗⃗�𝐵,�⃗⃗⃗�𝑗

                                                   

 

The current form of ℋ𝑀𝐿 yields the effective fields �⃗⃗⃗�𝐴/𝐵 on A/B sites in terms of the 

magnetizations  �⃗⃗⃗�𝐵/𝐴, namely 

 

�⃗⃗⃗�𝐴/𝐵(�⃗⃗�𝐴/𝐵, 𝑡) = −𝐽 ∑  �⃗⃗⃗�𝐵/𝐴(�⃗⃗�𝐴/𝐵 + 𝛿𝑖
𝐴/𝐵

, 𝑡)

�⃗⃗⃗�
𝑖
𝐴/𝐵

 

+ ∑  𝐷𝑧(�⃗⃗�𝐴/𝐵, �⃗⃗�𝐴/𝐵 + �⃗�𝑗)�⃗⃗⃗�𝐷
𝐴/𝐵

(�⃗⃗�𝐴/𝐵 + �⃗�𝑗 , 𝑡)

�⃗⃗⃗�𝑗

 

 

Next, substituting in the Landau-Lifshitz (LL) equation of motion for the 𝐴 −sublattice, 𝜕𝑡 �⃗⃗⃗�𝐴 =

�⃗⃗⃗�𝐴 × �⃗⃗⃗�𝐴, and keeping only linear terms implies  
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𝜕𝑡𝑀𝑥
𝐴(�⃗⃗�𝐴, 𝑡) = −3𝐽𝑀𝑧𝑀𝑦

𝐴(�⃗⃗�𝐴, 𝑡) + 𝐽𝑀𝑧 ∑  𝑀𝑦
𝐵(�⃗⃗�𝐴 + 𝛿𝑖

𝐴, 𝑡)

�⃗⃗⃗�𝑖
𝐴 

 

+𝑀𝑧 ∑  𝐷𝑧(�⃗⃗�𝐴, �⃗⃗�𝐴 + �⃗�𝑗)𝑀𝑥
𝐴(�⃗⃗�𝐴 + �⃗�𝑗 , 𝑡)

�⃗⃗⃗�𝑗

 

𝜕𝑡𝑀𝑦
𝐴(�⃗⃗�𝐴, 𝑡) = 3𝐽𝑀𝑧𝑀𝑥

𝐴(�⃗⃗�𝐴, 𝑡) − 𝐽𝑀𝑧 ∑  𝑀𝑥
𝐵(�⃗⃗�𝐴 + 𝛿𝑖

𝐴, 𝑡)

�⃗⃗⃗�𝑖
𝐴 

 

+𝑀𝑧 ∑  𝐷𝑧(�⃗⃗�𝐴, �⃗⃗�𝐴 + �⃗�𝑗)𝑀𝑦
𝐴(�⃗⃗�𝐴 + �⃗�𝑗 , 𝑡)

�⃗⃗⃗�𝑗

 

𝑀𝑧 denotes the constant z component of the magnetization. To proceed, plane wave solutions are 

assumed for �⃗⃗⃗�𝐵/𝐴(𝑟, 𝑡),  

�⃗⃗⃗�𝐴/𝐵(𝑟, 𝑡) = �⃗⃗⃗�∥
𝐴/𝐵(𝑟, 𝑡) + 𝑀𝑧�̂� = [𝑀𝑥

𝐴/𝐵
(�⃗⃗�)�̂� + 𝑀𝑦

𝐴/𝐵
(�⃗⃗�)�̂�] 𝑒𝑖(𝑤𝑡+�⃗⃗�.𝑟) + 𝑀𝑧�̂� 

with frequency 𝜔.  Substituting in the time dependent LL equations, we arrive at the momentum-

space equations of motion 

𝑖𝜔𝑀𝑥
𝐴(�⃗⃗�) = −3𝐽𝑀𝑧𝑀𝑦

𝐴(�⃗⃗�) + 𝐽𝑀𝑧𝑓(�⃗⃗�)𝑀𝑦
𝐵(�⃗⃗�) + 𝐷𝑀𝑧𝑓𝐷(�⃗⃗�)𝑀𝑥

𝐴(�⃗⃗�) 

𝑖𝜔𝑀𝑦
𝐴(�⃗⃗�) = 3𝐽𝑀𝑧𝑀𝑥

𝐴(�⃗⃗�) − 𝐽𝑀𝑧𝑓(�⃗⃗�)𝑀𝑥
𝐵(�⃗⃗�) + 𝐷𝑀𝑧𝑓𝐷(�⃗⃗�)𝑀𝑦

𝐴(�⃗⃗�) 

with  

𝑓(�⃗⃗�) = 𝑒
𝑖𝑘𝑦

𝑎

√3
 
+ 2𝑒−𝑖√3𝑎

6
 𝑘𝑦 cos (

𝑎

2
𝑘𝑥) 

𝑓𝐷(�⃗⃗�) = 4 𝑖 𝑠𝑖𝑛 (
𝑎

2
𝑘𝑥) cos (√3𝑎

2
 𝑘𝑦) − 2 𝑖 𝑠𝑖𝑛(𝑘𝑥𝑎) 
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Multiply the first equation of motion by −𝑖 and summing it with the second equation implies 

𝜔𝑀𝐴 = [3𝐽𝑀𝑧 − 𝑖𝐷𝑀𝑧𝑓𝐷]𝑀𝐴 − 𝐽𝑀𝑧𝑓𝑀𝐵 

In a similar way, the LL equation for the B-sublattice yields 

𝜔𝑀𝐵 = −𝐽𝑀𝑧𝑓∗𝑀𝐴 + [3𝐽𝑀𝑧 + 𝑖𝐷𝑀𝑧𝑓𝐷]𝑀𝐵 

We hence arrive at the momentum-space Hamiltonian for the ferromagnetic monolayer as 

 

ℋ𝑀𝐿(�⃗⃗�) = 𝐽𝑀𝑧 (
3 −

𝑖 𝐷

𝐽
𝑓𝐷(�⃗⃗�) −𝑓(�⃗⃗�)

−𝑓∗(�⃗⃗�) 3 +
𝑖 𝐷

𝐽
𝑓𝐷(�⃗⃗�)

). 

ℋ𝑀𝐿(�⃗⃗�) admits 2 eigenvalues, namely 

 

𝛺±(�⃗⃗�) =
𝜔±(�⃗⃗�)

𝐽𝑀𝑧
= 3 ± √|𝑓(�⃗⃗�)|

2
− (

𝐷

𝐽
𝑓𝐷(�⃗⃗�))

2

 

 

𝛺±(�⃗⃗�) correspond to the conduction-like and valence-like bands for magnons in the 2D 

honeycomb ferromagnetic monolayer. 
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Supplementary Note 2. The Heisenberg Hamiltonian for tFBL in a less compact form. 

 

ℋ𝑇 = −𝐽 ∑  𝑆𝐴1(�⃗⃗�𝐴1
, 𝑡). 𝑆𝐵1(�⃗⃗�𝐴1

+ 𝛿𝑖
𝐴, 𝑡)

�⃗⃗�𝐴1 ,�⃗⃗⃗�𝑖
𝐴 

− 𝐽 ∑  𝑆𝐴2(�⃗⃗�𝐴2
, 𝑡). 𝑆𝐵2(�⃗⃗�𝐴2

+ 𝛿𝑖
𝐴, 𝑡)

�⃗⃗�𝐴2 ,�⃗⃗⃗�𝑖
𝐴 

 

+ ∑  �⃗⃗⃗�(�⃗⃗�𝐴1
, �⃗⃗�𝐴1

+ �⃗�𝑗). [ 𝑆𝐴1(�⃗⃗�𝐴1
, 𝑡) × 𝑆𝐴1(�⃗⃗�𝐴1

+ �⃗�𝑗 , 𝑡)]

�⃗⃗�𝐴1 ,�⃗⃗⃗�𝑗

                                               

+ ∑  �⃗⃗⃗�(�⃗⃗�𝐵1
, �⃗⃗�𝐵1

+ �⃗�𝑗). [𝑆𝐵1(�⃗⃗�𝐵1
, 𝑡) × 𝑆𝐵1(�⃗⃗�𝐵1

+ �⃗�𝑗, 𝑡)]

�⃗⃗�𝐵1 ,�⃗⃗⃗�𝑗

                                                 

+ ∑  �⃗⃗⃗�(�⃗⃗�𝐴2
, �⃗⃗�𝐴2

+ �⃗�𝑗). [ 𝑆𝐴2(�⃗⃗�𝐴2
, 𝑡) × 𝑆𝐴2(�⃗⃗�𝐴2

+ �⃗�𝑗 , 𝑡)]

�⃗⃗�𝐴2 ,�⃗⃗⃗�𝑗

                                               

+ ∑  �⃗⃗⃗�(�⃗⃗�𝐵2
, �⃗⃗�𝐵2

+ �⃗�𝑗). [𝑆𝐵2(�⃗⃗�𝐵2
, 𝑡) × 𝑆𝐵2(�⃗⃗�𝐵2

+ �⃗�𝑗, 𝑡)]

�⃗⃗�𝐵2 ,�⃗⃗⃗�𝑗

                                                 

− ∑ 𝐽⊥(�⃗⃗�𝐴1
, �⃗⃗�𝐴2

) 𝑆𝐴1(�⃗⃗�𝐴1
, 𝑡). 𝑆𝐴2(�⃗⃗�𝐴2

, 𝑡)

�⃗⃗�𝐴1 ,�⃗⃗�𝐴2 

− ∑ 𝐽⊥(�⃗⃗�𝐴1
, �⃗⃗�𝐵2

) 𝑆𝐴1(�⃗⃗�𝐴1
, 𝑡). 𝑆𝐵2(�⃗⃗�𝐵2

, 𝑡)

�⃗⃗�𝐴1 ,�⃗⃗�𝐵2 

 

− ∑ 𝐽⊥(�⃗⃗�𝐵1
, �⃗⃗�𝐴2

) 𝑆𝐵1(�⃗⃗�𝐵1
, 𝑡). 𝑆𝐴2(�⃗⃗�𝐴2

, 𝑡)

�⃗⃗�𝐵1 ,�⃗⃗�𝐴2 

− ∑ 𝐽⊥(�⃗⃗�𝐵1
, �⃗⃗�𝐵2

) 𝑆𝐵1(�⃗⃗�𝐵1
, 𝑡). 𝑆𝐵2(�⃗⃗�𝐵2

, 𝑡)

�⃗⃗�𝐵1 ,�⃗⃗�𝐵2 

 

 

Supplementary Note 3. Landau-Lifshitz equations in tFBL. 

In the monolayer, the lattice basis vectors are �⃗�1 = 𝑎 (
1

2
,

√3

2
) and �⃗�2 = 𝑎(−1/2, √3/2) whereas 

the basis vectors in momentum-space are �⃗⃗�1 =
2𝜋

3𝑑
(√3, 1) and �⃗⃗�2 =

2𝜋

3𝑑
(−√3, 1). These can be 

generalized to the tFBL as �⃗�𝑙,𝛼 and �⃗⃗�𝑙,𝛼 respectively (𝛼 = 𝐴 or 𝐵 and 𝑙 = 1 or 2). They can be 

expressed as 

 

�⃗�2,𝛼 = 𝑅𝜃/2(�⃗�𝛼 + 𝜏0) 

�⃗�1,𝛼 = 𝑅−𝜃/2 �⃗�𝛼 

�⃗⃗�2,𝛼 = 𝑅𝜃/2 �⃗⃗�𝛼 

�⃗⃗�1,𝛼 = 𝑅−𝜃/2 �⃗⃗�𝛼 
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𝑅𝜃 is a 2D anticlockwise rotation by 𝜃. Next, the positions of the atoms on the four sublattices can 

be generated by the vectors 

�⃗⃗�𝐴1
= �⃗⃗�1 + 𝜏1,𝐴 

�⃗⃗�𝐵1
= �⃗⃗�1 + 𝜏1,𝐵 

�⃗⃗�𝐴2
= �⃗⃗�2 + 𝜏2,𝐴 

�⃗⃗�𝐵2
= �⃗⃗�2 + 𝜏2,𝐵 

 

with �⃗⃗�𝑙 = 𝑛1�⃗�𝑙,1 + 𝑛2�⃗�𝑙,2 (𝑛1, 𝑛2 𝜖 ℤ), 𝜏1,𝐴 = (0,0), 𝜏1,𝐵 = 𝑅−𝜃/2 (0, 𝑑), 𝜏2,𝐴 = 𝑅𝜃/2 [(0, −𝑑) +

𝜏0], and 𝜏2,𝐵 = 𝑅𝜃/2 𝜏0. 

The twist generates a moiré superlattice, with reciprocal basis vectors  

�⃗⃗�1
𝑚 = �⃗⃗�1,1 − �⃗⃗�2,1 =

8𝜋 sin(𝜃/2 )

3𝑑
(1, −√3) 

�⃗⃗�2
𝑚 = �⃗⃗�1,2 − �⃗⃗�2,2 =

8𝜋 sin(𝜃/2 )

3𝑑
(1, √3) 

 

We recall the expression of the Heisenberg Hamiltonian ℋ𝑇 for the tFBL, 

 

ℋ𝑇 = −𝐽 ∑  𝑆𝐴𝑙(�⃗⃗�𝐴𝑙
, 𝑡). 𝑆𝐵𝑙(�⃗⃗�𝐴𝑙

+ 𝛿𝑖
𝐴, 𝑡)

𝑙,�⃗⃗⃗�𝑖
𝐴 

− ∑ 𝐽⊥(�⃗⃗�𝛼1
, �⃗⃗�𝛽2

) 𝑆𝛼1(�⃗⃗�𝛼1
, 𝑡). 𝑆𝛽2(�⃗⃗�𝛽2

, 𝑡)

𝛼,𝛽 

 

+ ∑  �⃗⃗⃗�(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼𝑙

+ �⃗�𝑗). [ 𝑆𝛼𝑙(�⃗⃗�𝛼𝑙
, 𝑡) ×  𝑆𝛼𝑙(�⃗⃗�𝛼𝑙

+ �⃗�𝑗 , 𝑡)]

𝛼,𝑙,�⃗⃗⃗�𝑗

                              

 (S1) 

Similar to the monolayer case, we can write the DMI term in ℋ𝑇 as a scalar product,   

∑  �⃗⃗⃗�(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼𝑙

+ �⃗�𝑗). [ 𝑆𝛼𝑙(�⃗⃗�𝛼𝑙
, 𝑡) × 𝑆𝛼𝑙(�⃗⃗�𝛼𝑙

+ �⃗�𝑗 , 𝑡)]

𝛼,𝑙,�⃗⃗⃗�𝑗

= 

∑  𝐷𝑧(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼𝑙

+ �⃗�𝑗)𝑆𝛼𝑙(�⃗⃗�𝛼𝑙
, 𝑡). 𝑆𝐷

𝛼𝑙(�⃗⃗�𝛼𝑙
+ �⃗�𝑗 , 𝑡)

𝛼,𝑙,�⃗⃗⃗�𝑗
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with 𝑆𝐷
𝛼𝑙 = 𝑆𝑦

𝛼𝑙  �̂� − 𝑆𝑥
𝛼𝑙  �̂� .  

 

We can now deduce the effective exchange fields �⃗⃗⃗�𝛼𝑙 acting on the magnetization �⃗⃗⃗�𝛼𝑙   

 

�⃗⃗⃗�𝛼𝑙(�⃗⃗�𝛼𝑙
, 𝑡) = −𝐽 ∑ �⃗⃗⃗��̅�𝑙(�⃗⃗�𝛼𝑙

+ 𝛿𝑖
𝛼, 𝑡)

�⃗⃗⃗�𝑖
𝛼 

+ ∑  𝐷𝑧(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼𝑙

+ �⃗�𝑗)�⃗⃗⃗�𝐷
𝛼𝑙(�⃗⃗�𝛼𝑙

+ �⃗�𝑗, 𝑡)

�⃗⃗⃗�𝑗

 

− ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

) �⃗⃗⃗�𝛼�̅�(�⃗⃗�𝛼�̅�
, 𝑡)

�⃗⃗�𝛼�̅�
 

− ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

) �⃗⃗⃗��̅��̅�(�⃗⃗��̅��̅�
, 𝑡)

�⃗⃗��̅��̅�
 

 

(S2) 

 

where we have used the convention that if 𝛼 = 𝐴 then �̅� = 𝐵 and vice versa. Same convention 

assumed for 𝑙 and 𝑙.̅ 

We assume harmonic time dependence (with frequency 𝜔) for the magnetizations. The 𝑥 and 𝑦 

components of the LL equations of motion, 𝜕𝑡�⃗⃗⃗�𝛼𝑙 = �⃗⃗⃗�𝛼𝑙 × �⃗⃗⃗�𝛼𝑙, yield 2 equations of motion for 

each sublattice 𝛼𝑙. Combining the 𝑥 and 𝑦 equations yield 

 

𝜔𝑀𝛼𝑙(�⃗⃗�𝛼𝑙
) = [3𝐽𝑀𝑧 + 𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙

, �⃗⃗�𝛼�̅�
) 

�⃗⃗�𝛼�̅�
 

+ 𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

) 

�⃗⃗��̅��̅�
 

] 𝑀𝛼𝑙(�⃗⃗�𝛼𝑙
) 

−𝐽𝑀𝑧 ∑  𝑀�̅�𝑙(�⃗⃗�𝛼𝑙
+ 𝛿𝑖

𝛼)

�⃗⃗⃗�𝑖
𝛼 

− 𝑖𝑀𝑧 ∑  𝐷𝑧(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼𝑙

+ �⃗�𝑗)𝑀𝛼𝑙(�⃗⃗�𝛼𝑙
+ �⃗�𝑗 , 𝑡)

�⃗⃗⃗�𝑗

 

−𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

) 𝑀𝛼�̅�(�⃗⃗�𝛼�̅�
)

�⃗⃗�𝛼�̅�
 

− 𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

) 𝑀�̅��̅�(�⃗⃗��̅��̅�
)

�⃗⃗��̅��̅�
 

 

(S3) 

 

with 𝑀𝛼𝑙 = 𝑀𝑥
𝛼𝑙 + 𝑖𝑀𝑦

𝛼𝑙 . 

 

We next expand the magnetization amplitudes in terms of Bloch waves 
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𝜔

√𝑁𝑙

∑ 𝑒𝑖�⃗⃗�𝑙
′.�⃗⃗�𝛼𝑙 𝑢𝛼𝑙

(�⃗⃗�𝑙
′)

�⃗⃗�𝑙
′

= −
𝐽𝑀𝑧

√𝑁𝑙

∑ 𝑓𝑒𝑥
𝛼 (�⃗⃗�𝑙

′) 𝑒𝑖�⃗⃗�𝑙
′.�⃗⃗�𝛼𝑙

�⃗⃗�𝑙
′

𝑢�̅�𝑙
(�⃗⃗�𝑙

′) + 

1

√𝑁𝑙

[3𝑀𝑧𝐽 + 𝑀𝑧𝐷𝑓𝐷
𝛼(�⃗⃗�𝑙

′) + 𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

) 

�⃗⃗�𝛼�̅�
 

+ 𝑀𝑧 ∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

) 

�⃗⃗��̅��̅�
 

] ∑ 𝑒𝑖�⃗⃗�𝑙
′.�⃗⃗�𝛼𝑙 𝑢𝛼𝑙

(�⃗⃗�𝑙
′)

�⃗⃗�𝑙
′

 

−
𝑀𝑧

√𝑁𝑙 ̅

∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

)𝑒
𝑖�⃗⃗��̅�.�⃗⃗�𝛼�̅� 𝑢𝛼�̅�

(�⃗⃗�𝑙 ̅) 

�⃗⃗�𝛼�̅�
 ,�⃗⃗��̅�

−
𝑀𝑧

√𝑁𝑙 ̅

∑ 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

)𝑒
𝑖�⃗⃗��̅�.�⃗⃗��̅��̅� 𝑢�̅��̅�

(�⃗⃗�𝑙 ̅) 

�⃗⃗��̅��̅�
 ,�⃗⃗��̅�

 

(S4) 

 

𝑁𝑙 and 𝑁𝑙 ̅ are the number of unit cells while �⃗⃗�𝑙
′ and �⃗⃗�𝑙 ̅ are wave vectors in layers 𝑙 and 𝑙.̅ We have 

also defined  

 

𝑓𝑒𝑥
𝐴 (�⃗⃗�𝑙

′) = ∑ 𝑒𝑖�⃗⃗�𝑙
′.�⃗⃗⃗�𝑖

𝐴

�⃗⃗⃗�𝑖
𝐴 

= 𝑒
𝑖𝑘𝑙,𝑦

′ 𝑎

√3
 
+ 2𝑒−𝑖√3𝑎

6
 𝑘𝑙,𝑦

′

cos (
𝑎

2
𝑘𝑙,𝑥

′ ) = (𝑓𝑒𝑥
𝐵 (�⃗⃗�𝑙

′))
∗

 

𝑓𝐷
𝐴(�⃗⃗�𝑙

′) = ∑ 𝑒𝑖�⃗⃗�𝑙
′.�⃗⃗⃗�𝑗

�⃗⃗⃗�𝑗 

= 4𝑠𝑖𝑛 (
𝑎

2
𝑘𝑥) cos (√3𝑎

2
 𝑘𝑦) − 2𝑠𝑖𝑛(𝑘𝑥𝑎) = −𝑓𝐷

𝐵(�⃗⃗�𝑙
′) 

(S5) 

Finally, we multiply equation S4 by 𝑒−𝑖�⃗⃗�𝑙.�⃗⃗�𝛼𝑙  and sum the whole equation over �⃗⃗�𝛼𝑙
 to get 

 

𝜔 𝑢𝛼𝑙
(�⃗⃗�𝑙) = [3𝑀𝑧𝐽 + 𝑀𝑧𝐷𝑓𝐷

𝛼(�⃗⃗�𝑙
′)]𝑢𝛼𝑙

(�⃗⃗�𝑙) −  𝐽𝑀𝑧𝑓𝑒𝑥
𝛼 (�⃗⃗�𝑙

′)𝑢�̅�𝑙
(�⃗⃗�𝑙) 

+𝑀𝑧 ∑[𝒥𝛼𝑙,𝛼�̅�(�⃗⃗�𝑙, �⃗⃗�𝑙
′) + 𝒥𝛼𝑙,�̅��̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙

′)]

�⃗⃗�𝑙
′

𝑢𝛼𝑙
(�⃗⃗�𝑙

′)                   

     −𝑀𝑧 ∑ 𝒥⊥

𝛼𝑙,𝛼�̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙 ̅)

�⃗⃗��̅�

𝑢𝛼�̅�
(�⃗⃗�𝑙 ̅) − 𝑀𝑧 ∑ 𝒥⊥

𝛼𝑙,�̅��̅�(�⃗⃗�𝑙, �⃗⃗�𝑙 ̅)

�⃗⃗��̅�

𝑢�̅��̅�
(�⃗⃗�𝑙 ̅) 

(S6) 

with the interlayer coefficients defined as 

 

𝒥⊥

𝛼𝑙,𝛼�̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙 ̅) =
1

√𝑁𝑙𝑁𝑙 ̅

∑ 𝑒−𝑖�⃗⃗�𝑙.�⃗⃗�𝛼𝑙 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

)𝑒
𝑖�⃗⃗��̅�.�⃗⃗�𝛼

�̅�  

�⃗⃗�𝛼𝑙
,�⃗⃗�𝛼�̅�

 

(S7a) 
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𝒥⊥

𝛼𝑙,�̅��̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙 ̅) =
1

√𝑁𝑙𝑁𝑙 ̅

∑ 𝑒−𝑖�⃗⃗�𝑙.�⃗⃗�𝛼𝑙 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

)𝑒
𝑖�⃗⃗��̅�.�⃗⃗��̅��̅�  

�⃗⃗�𝛼𝑙
,�⃗⃗��̅��̅�

 

(S7b) 

while the intralayer coefficients read 

 

𝒥𝛼𝑙,𝛼�̅�(�⃗⃗�𝑙, �⃗⃗�𝑙
′) =

1

𝑁𝑙
∑ 𝑒−𝑖(�⃗⃗�𝑙−�⃗⃗�𝑙

′).�⃗⃗�𝛼𝑙 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

) 

�⃗⃗�𝛼𝑙
,�⃗⃗�𝛼�̅�

 

(S8a) 

 

𝒥𝛼𝑙,�̅��̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙
′) =

1

𝑁𝑙
∑ 𝑒−𝑖(�⃗⃗�𝑙−�⃗⃗�𝑙

′).�⃗⃗�𝛼𝑙 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗��̅��̅�

) 

�⃗⃗�𝛼𝑙
,�⃗⃗��̅��̅�

 

(S8b) 

 

The interlayer terms in the LL equations are qualitatively identical to those encountered in the 

electronic theory of tBLG. The Bistritzer - MacDonald continuum approach yields the identities 

 

𝒥⊥

𝛼𝑙,𝛼�̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 ̅ + �⃗�𝑙 ̅) =
𝐽⊥

3
[𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�) + 𝑒𝑖�⃗⃗�𝑙,2.�⃗⃗�𝑙,𝛼   𝑒−𝑖�⃗⃗��̅�,2.�⃗⃗��̅�,𝛼  𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�+�⃗⃗�𝑙,2−�⃗⃗��̅�,2) 

+𝑒−𝑖�⃗⃗�𝑙,1.�⃗⃗�𝑙,𝛼   𝑒𝑖�⃗⃗��̅�,1.�⃗⃗��̅�,𝛼  𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�−�⃗⃗�𝑙,1+�⃗⃗��̅�,1)] 

(S9a) 

 

𝒥⊥

𝛼𝑙,�̅��̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 ̅ + �⃗�𝑙 ̅) =
𝐽⊥

3
[𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�) + 𝑒𝑖�⃗⃗�𝑙,2.�⃗⃗�𝑙,𝛼   𝑒−𝑖�⃗⃗��̅�,2.�⃗⃗��̅�,�̅�  𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�+�⃗⃗�𝑙,2−�⃗⃗��̅�,2) 

+𝑒−𝑖�⃗⃗�𝑙,1.�⃗⃗�𝑙,𝛼   𝑒𝑖�⃗⃗��̅�,1.�⃗⃗��̅�,�̅�  𝛿�⃗⃗�𝑙−�⃗⃗��̅� ,−(�⃗⃗⃗�𝑙−�⃗⃗⃗��̅�−�⃗⃗�𝑙,1+�⃗⃗��̅�,1)] 

(S9b) 

 

We now consider the intralayer coefficients presented in equations S8a and S8b, absent in the 

electronic theory of graphene. The starting point is the Fourier transform of 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

), 
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𝒥𝛼𝑙,𝛼�̅�(�⃗⃗�𝑙 , �⃗⃗�𝑙
′) =

1

𝑁𝑙
∑ 𝑒−𝑖(�⃗⃗�𝑙−�⃗⃗�𝑙

′).�⃗⃗�𝛼𝑙 𝐽⊥(�⃗⃗�𝛼𝑙
, �⃗⃗�𝛼�̅�

) 

�⃗⃗�𝛼𝑙
,�⃗⃗�𝛼�̅�

 

=
1

𝑁𝑙
∫

𝑑2�⃗�

(2𝜋)2
𝐽⊥(�⃗�) ∑ 𝑒−𝑖(�⃗⃗�𝑙−�⃗⃗�𝑙

′−�⃗�).(�⃗⃗�𝑙+�⃗⃗�𝑙,𝛼)

�⃗⃗�𝑙
ℝ2

∑ 𝑒−𝑖�⃗�.(�⃗⃗��̅�+�⃗⃗��̅�,𝛼) 

�⃗⃗��̅�

 

                = 𝑁𝑙 ̅ ∫
𝑑2𝑝

(2𝜋)2
𝐽⊥(�⃗�) ∑ 𝑒−𝑖�⃗�𝑙.�⃗⃗�𝑙,𝛼  𝑒−𝑖�⃗��̅�.�⃗⃗��̅�,𝛼  𝛿�⃗⃗�𝑙−�⃗⃗�𝑙

′−�⃗�,�⃗�𝑙
 𝛿�⃗�,�⃗��̅�

�⃗�𝑙,�⃗��̅�
ℝ2

                     

                =
1

𝐴
∑ 𝐽⊥(�⃗�𝑙 ̅)𝑒−𝑖�⃗�𝑙.�⃗⃗�𝑙,𝛼  𝑒𝑖�⃗��̅�.�⃗⃗��̅�,𝛼  𝛿�⃗⃗�𝑙−�⃗⃗�𝑙

′,�⃗�𝑙−�⃗��̅�

�⃗�𝑙,�⃗��̅�

                                                    

 

In the present case, both �⃗⃗�𝑙 and �⃗⃗�𝑙
′ are expanded near 𝐾𝑙, 

 

𝒥𝛼𝑙,𝛼�̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 + �⃗�𝑙
′) =

1

𝐴
∑ 𝐽⊥(�⃗�𝑙 ̅)𝑒−𝑖�⃗�𝑙.�⃗⃗�𝑙,𝛼  𝑒𝑖�⃗��̅�.�⃗⃗��̅�,𝛼  𝛿�⃗⃗�𝑙−�⃗⃗�𝑙

′,�⃗�𝑙−�⃗��̅�

�⃗�𝑙,�⃗��̅�

 

(S10a) 

Similarly 

 

𝒥𝛼𝑙,�̅��̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 + �⃗�𝑙
′) =

1

𝐴
∑ 𝐽⊥(�⃗�𝑙 ̅)𝑒−𝑖�⃗�𝑙.�⃗⃗�𝑙,𝛼  𝑒𝑖�⃗��̅�.�⃗⃗��̅�,�̅�  𝛿�⃗⃗�𝑙−�⃗⃗�𝑙

′,�⃗�𝑙−�⃗��̅�

�⃗�𝑙,�⃗��̅�

 

(S10b) 

 

Near 𝐾𝑙, the vectors �⃗�𝑙 − �⃗�𝑙
′ in equations S10 are very small and match only moiré reciprocal lattice 

vectors �⃗�𝑚 = �⃗�𝑙 − �⃗�𝑙 ̅ = ±(𝑅−𝜃/2 �⃗� − 𝑅𝜃/2 �⃗�). Here �⃗� = 𝑛1�⃗⃗�1 + 𝑛2�⃗⃗�2 is a reciprocal lattice 

vector of the unrotated honeycomb monolayer. The summation in S10 hence reduces to a 

summation over �⃗� of the unrotated lattice. For example,   

 

𝒥𝐴1,𝐴2(�⃗⃗⃗�1 + �⃗�1, �⃗⃗⃗�1 + �⃗�1
′ ) =

1

𝐴
∑ 𝐽⊥(|�⃗�|)𝑒−𝑖�⃗�.(0,0) 𝑒𝑖�⃗�.[(0,−𝑑)+�⃗⃗�0] 𝛿�⃗⃗�1−�⃗⃗�1

′ ,𝑅−𝜃/2 �⃗�−𝑅𝜃/2 �⃗�

�⃗�

 

(S11) 
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In the summation present in equation 11, we only need to consider the most relevant contributions, 

namely �⃗� = 0⃗⃗, ±�⃗⃗�1, and ± �⃗⃗�2. Consequently, 

 

𝒥𝐴1,𝐴2(�⃗⃗⃗�1 + �⃗�1, �⃗⃗⃗�1 + �⃗�1
′ ) = 

𝐽⊥(0)

𝐴
 𝛿�⃗⃗�1−�⃗⃗�1

′ ,0⃗⃗⃗ +
𝐽⊥(√3×|�⃗⃗⃗�|)

𝐴
[𝑒𝑖(�⃗⃗�1.�⃗⃗�0−𝜑)𝛿�⃗⃗�1−�⃗⃗�1

′ ,�⃗�1
𝑚 + 𝑒−𝑖(�⃗⃗�1.�⃗⃗�0−𝜑)𝛿�⃗⃗�1−�⃗⃗�1

′ ,−�⃗�1
𝑚] 

+
𝐽⊥(√3×|�⃗⃗⃗�|)

𝐴
[𝑒𝑖(�⃗⃗�2.�⃗⃗�0−𝜑)𝛿�⃗⃗�1−�⃗⃗�1

′ ,�⃗�2
𝑚 + 𝑒−𝑖(�⃗⃗�2.�⃗⃗�0−𝜑)𝛿�⃗⃗�1−�⃗⃗�1

′ ,−�⃗�2
𝑚] 

 

with 𝜑 = 2𝜋/3, �⃗�1
𝑚 = 𝑅−𝜃/2 �⃗⃗�1 − 𝑅𝜃/2 �⃗⃗�1 and �⃗�2

𝑚 = 𝑅−𝜃/2 �⃗⃗�2 − 𝑅𝜃/2 �⃗⃗�2. We have also used the 

fact 𝐽⊥(|�⃗⃗�1|) = 𝐽⊥(|�⃗⃗�2|) = 𝐽⊥(√3 × |�⃗⃗⃗�1|) = 𝐽⊥(√3 × |�⃗⃗⃗�|). 

 

Before proceeding, we note that for the case 𝜃 = 0, the summation in S11 becomes infinite and 

𝒥𝛼𝑙,𝛼�̅� converges to 𝐽⊥(𝑑𝛼𝑙,𝛼�̅�
), where 𝑑𝛼𝑙,𝛼�̅�

 denotes the distance between sites 𝛼𝑙 and 𝛼𝑙 ̅. This 

perfectly reproduces the AA/AB stacking cases. 

 

In van der Waals magnetic materials, the interlayer Fourier transform 𝐽⊥(𝑘) is extremely sharp and 

𝐽⊥(√3 × |�⃗⃗⃗�|) is negligible compared to 𝐽⊥(0). We hence arrive at the simple expressions 

  

𝒥𝛼𝑙,𝛼�̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 + �⃗�𝑙
′) ≈ 𝒥𝛼𝑙,�̅��̅�(�⃗⃗⃗�𝑙 + �⃗�𝑙, �⃗⃗⃗�𝑙 + �⃗�𝑙

′) ≈
𝐽⊥(0)

𝐴
 𝛿�⃗⃗�1,�⃗⃗�1

′  

(S12) 

 

With this faithful approximation, the magnon theory is independent of 𝜏0 as in tBLG (we set 𝜏0 =

0⃗⃗). Substituting equations S9 and S12 in S6 then expanding 𝑓𝑒𝑥
𝛼 (�⃗⃗�𝑙

′) and 𝑓𝐷
𝛼 near 𝐾𝑙 and 𝐾𝑙 ̅ yields 

the final expressions of the LL equations (equations 3 in the main text). 
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Supplementary Note 4. Numerical results for magnon band reconstruction. 

 

Figure S1: Reconstruction of the 𝐾 − valley magnon spectrum for selected values of 𝐽⊥ and 𝐷. 


