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Stochastic reaction networks in dynamic compartment populations

Lorenzo Duso and Christoph Zechner

S.1 Modeling chemical reactions as transition classes

This section elaborates on the modeling of single-compartment chemical events as transition
classes. Namely, we consider a stoichiometric equation of the form

hy(x
ul,le 4+ ...+ ul,DXD L 'Ul’le + ...+ 'Ul,DXD7 (S.l.l)

which can act on the content of each compartment in the population. We assume that the
propensity function h; obeys mass-action kinetics

hi(x) = ki H <le> = kigi(x) (S.1.2)

with k; > 0 being the rate constant for the reaction S.1.1, which is indexed by I[. Whenever
the reaction [ occurs in a compartment of the population, the associated content x is updated
by the change vector Ax; = v; — w;, with w; = (u1,...,u;,p) and v; = (vi1,...,v,p). From
the compartment population perspective, the occurrence of one chemical reaction [ in a single
compartment of content x can be understood as an update of the population state n where n(x)
is decreased by 1 and n(x + Ax;) is increased by 1. The propensity function of such transition
is given by the reaction propensity h;(x) times the factor w(n) = n(x), which is the number of
compartments with content x in which the reaction could occur. Therefore, the stoichiometric
equation S.1.1 corresponds to the transition class

[x]

where the product-compartment distribution is a Kronecker delta that accounts for a change
in x by the state-change vector Ax;. This transition class can be equivalently expressed in the
more compact form

(x]

We remark that the rate constant k; and the content dependent function g;(x) of the transi-
tion class S.1.3 simply correspond to the single-compartment mass-action propensity defined
in eq. S.1.2. Furthermore, it is worth to emphasize that S.1.3 conserves the number of com-
partments in the population, consistently with our definition of chemical events. In summary,
this shows how conventional stoichiometric equations of the form S.1.1 can be included in a
compartment population model in terms of transition classes S.1.3.

hy(n;x)

[y], hi(n;x,y) = ki1gi(x)n(x)dy, x+ax%, s (S.1.3)

hy(n;x) [X-i—Axl}, hl(n, X) — k-lgl(x)n(x) (814)

S.2 Implementation of stochastic simulations

Across the case studies we have evaluated the accuracy of our moment-based approach by
comparison with Monte Carlo averages obtained from exact stochastic simulations. In this
section, we provide details about the efficient implementation of stochastic simulations for
compartment population models.

We recall that the next-event waiting time distribution and next-event class distribution are
determined by the value of the total class propensities H.(n), which are associated with the
current state n. For all classes ¢ admitting self-contained moment dynamics, the total class
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propensities H.(n) are functions of some population moments. We denote by M the set of
population moments that enter in the total class propensities Hc(n), ¢ € C, with C being the
set of transition classes defining the population dynamics.

A stochastic simulation with initial condition ng until time t,,.. proceeds as follows:

1. Set t <~ 0 and n < ng
2. Compute the moments M (n)

3. Compute H < H.(M), Ve € C, and Hror + >, He

4. Draw the next-event time as t < ¢ + (— L log(l — U))7 with U ~ Uniform][0, 1)

Hror
5. I t < tmas,
draw the next-event class ¢* from the discrete distribution P(c¢* = ¢) = H;IST
else,

end the simulation.

6. Draw the reactant compartments so that their contents X+ are sampled according to the
distribution he (n; X+ )/He= (1)

7. When needed, draw the product compartments Y+ from 7o (Yex | Xex)

8. Update n and M according to the drawn transition, and go to 3

Note that the state of the system can be conveniently represented by storing the D-dimensional
contents x,, of each compartment n =1,..., N in a D X N integer matrix.

S.3 Derivation of the expected moment dynamics

Our goal is to derive the expected trajectory of the SDE

dMY =3 "> " AM] dR.;, (S.3.5)

ceCjede

which describes the time evolution of an arbitrary population moment M” subject to a set C
of transition classes. Using the Doob-Meyer decomposition theorem [1], we can decompose the
differential reaction counter dR.,; into a predictable part, related to its propensity function
he,;(n), and a martingale Q. ;

dRcj = hej(n)dt +dQc,;. (S.3.6)

‘We can substitute the decomposition S.3.6 into S.3.5 and take the expectation on both sides

Ay = (3037 AMY (ke j(0)dt + Q) )

ceCjed.

=> "> AM] (hej(n)dt +dQ.,;)

ceCjed.

=" >0 AM {he;(n))dt, (S.3.7)

ceC jeT,

where the second term vanishes because of the martingale property of Q. ;. Finally, since the
moment update AM, ;’ ; is a constant for any fixed c and j, we can switch the order of summation
and expectation in the last line of S.3.7 to obtain

d%” =55 AM] j(he j(n)

ceC jede.

= Z< > AMljhc,j(n)>~ (S.3.8)

ceC jEIT.




S.4 Conditions for self-contained moment dynamics

In this section we provide sufficient conditions for a transition class to yield moment dynamics
whose r.h.s. depends exclusively on population moments. From eq. S.3.8 we observe that the
contribution of class ¢ to the expected dynamics of an arbitrary population moment M" is
given by

d(é\;[”) _ < Z AMljhc,j(n)>

Jj€Te

= <ZZAMQ(XC’YC)}LC(H§ XC7YC)>7 (8.4.9)

Xe Y

where we have made explicit the reactant- and product- compartment contents X. and Y.
involved in each specific instance j = ¢.(X¢, Y.) and accordingly parametrized the moment
update and the propensity function. The sums over X. and Y. are thus intended to enumerate
all distinguishable transitions of class c. If now we substitute the full expression of h. into S.4.9
we obtain

d%w = ke D7 w(n5 Xo)ge (Xe) S0 AM? (X, Yo)me(Ye | Xo))
= k< ; w(n; Xe)ge(Xe) (AMI (Xe, Ye) | XC>>, (S.4.10)

with (- | X.) as the conditional expectation with respect to m.. We recall that AMJ (X.,Y.)
is a polynomial in X, and Y. by construction, because it is defined as a difference of discrete
compartment contents raised to non-negative, integer exponents . Thus, the expectation
(AM?(X.,Y.) | X.) will in general contain terms of the form (Y% | X.) for some & < i,
i =1,...,D, that is, the moments of the conditional distribution 7. up to order -. Besides
that, the combinatorial weight w(n;X.) has been defined as a product of binomials, which
implies that it is a polynomial in n(x), for x € X..

At this point we can see under which condition the sum over X, will produce a function of
some population moments on the right-hand side of S.4.10. What we need to require is that the
product go(Xe)(AMJ (X¢, Ye) | Xc) is a polynomial in X.: in that case, the sum over X. next
to the terms n(x) will result in a function of population moments. Thus, ge(Xc)(AM] (X¢, Y.) |
X.) being a polynomial is a sufficient condition for the propensity of class ¢ to admit a self-
contained form. For instance, this condition is satisfied if

e g.(X.) has polynomial dependency on X., and

e the moments of m.(Y. | X.) are polynomials in X, ,

since a product of polynomials is in turn a polynomial. This corresponds to the sufficient
condition reported in the main text.

S.5 Ito’s rule for counting processes

Starting from eq. S.3.5, a stochastic differential equation can be obtained also for functions of
one or more population moments by means of Ito’s rule for counting processes [2]. Considering
a function f(M7), its SDE is obtained as

dfM) =" [f(MY +AM] ;) — f(M7)]dR..;. (S.5.11)

ceC jeT.

For instance, eq. S.5.11 can be used to evaluate the stochastic dynamics of the square (M7)?

of a population moment. The SDE of a function of multiple population moments, such as
the cross-product f(M"*/7 M"”) =M™ M"", is obtained in a similar manner by evaluating the
overall change before and after the transition. Importantly, the simultaneous update of both
moments has to be taken into account when computing the change of f(M'Y/, M'Y”).



S.6 Multivariate Gamma moment closure for compartment-population
models

Similarly to all moment-based approaches, also our moment equation method for compartment-
population dynamics usually requires the use of some moment closure approximation in order
to obtain a finite set of ODEs. Moment closure is a technique that approximates all occurrences
of moments higher than a certain order with functions of lower order moments within a set of
moment equations. The accuracy of moment closure depends on the particular model under
consideration as well as its parameters and initial condition [3].

For the purposes of our work, we require a multivariate closure scheme. We compared
three established multivariate closures across our case studies, i.e., the normal, lognormal and
Gamma closure. We found the Gamma closure proposed by [4] to consistently outperform the
other two closures, which is why we adopted this choice for all our case studies. We generally
consider second-order closures (i.e., replacing moments of order higher than two), unless stated
differently. In particular, we applied the following Gamma closure schemes:

e Closing a third-order cross product between a moment M” and a moment M¢, with M”
appearing to the second power

(M7)*M*) = R ST IMONE) (M) (M*). (S.6.12)
(M)
e Closing a single moment appearing at order 3, e.g. (M?) =>"2° z%(n(z))

(M) (M)

MY =250y~

(S.6.13)

which is also a Gamma closure, but corrected with the fact that the expected content
distribution (n(x)) has normalization equal to (N).

S.7 CASE STUDY: Nested birth-death process

The transition classes that define the first case study are given by

0 hr(miy) [v] hi(n;y) = kimpoiss(y; A)

[z] Tein), he(n;z) = kgn(x)

[ZC] hy (n;z)

@] 24 2 1] ha(nsa) = kazn(a).

(S.7.14)
[x+1] hy(n;x) = kyn(x)

We proceed below with a step-by-step derivation of both SDE and moment equations for this
model.
S.7.1 Moment equations

The expected trajectory for (N) is already reported in the main text. To characterize the
dynamics of N?, we consider again the SDE for N, which reads

dN = dR; — dRg, (S.7.15)
and we calculate the SDE for N2 using Ito’s rule for counting processes (eq. S.5.11)
dN? = [(N+1)> = N*]dR; + [(N — 1)* = N*|dRg
= (1+2N)dR; + (1 — 2N)dRg. (S.7.16)
The expectation of S.7.16 is

d(N?)
dt

= k(1 +2(N)) + ke ((N) — 2(N?)). (S.7.17)



We note that the evolution of (N?) is already in closed form. The SDE for the total mass M*
includes also the contribution of the birth-death reactions taking place in each compartment,
thus

o0

dM*' = " (+y)dR, + Z z)dRp,. + Z (+1)dRy.» + Z 1)dRa... (S.7.18)

y=0 x=0 x=0 x=0

Recalling that the content of newly created compartments is chosen to be Poisson distributed
with parameter A, the expected trajectory for the total mass is

:k1<§:ym(y;)\)> kE<Zmn >+kb<in(w)>—kd<ixn(x)>

= kA — kp(M") + ky(N) — ka(M"), (S.7.19)

d(M*)

as shown in the main paper. Similarly to N?, we derive now the SDE for (Ml)2 by Ito’s rule

[(M' +y)® = (M")?]dRry + Y [(M' —2)? = (M')*]dRp,.

Mg

d(M1)2

M8°

Yy

+> (M +1)* = (MY)?]dRy. + i [(M'—1)* = (M")*]dRy.e

Il
=}

[y +2yM ]dR,,y+Z 2® —2eM'|dRp.»

y=0 =0
+> [1+2M'dRy . + Y [1 —2M']dRy.. (S.7.20)
=0 =0

The expected trajectory for ((M"')?) equals

W:kl<§(y2+2yM Yrr(y; A >—|—kE<:O ? — 2e MY )n(x )>
+kb<§:(1+2M >+kd<§: 1-2M") )>

= R+ A+ 2(MY) + kp((M2) - 2(M)%)
+ Ry ((N) + 2ANDM)) + ka((M*) — 2(M1)?)). (s.7.21)

This result introduces a dependency on two higher order moments, (M?) and (NM'). By
observing that the expectation of eq. S.5.11 can be written as

L oSS O+ AM) — O ey m), (5722

ceC  jeT.

we find respectively

d<i\1;[2>—k<i Yrr(y; A >+kE<i >

+ha( 2 @+ 1) =oJn@) + ke 3 (@ = 1? = a”]an(e))
=kiA(L+A) = kp(M?) + ks (N) +2(M")) + ka((M") — 2(M?)) (S.7.23)



and

M <§: (N +1)( M1+y)—NM1]7TI(y;>\)>
+kE<§: Ml—a?)—NMl]”(fE)>
+kb<i 1) - NM ()

Il
o

x

+a —1) = NM'Jan(z))

=kr (A1 +<N>)+<M ) +ke((M') — 2(NM")) + ky(N?) — ka(NM"').  (S.7.24)

HMS

Both egs. S.7.23 and S.7.24 do not involve any higher-order moments. In summary, we obtained
a closed system of 6 differential equations

A(N)

St =k — kg (N)
N — ka1 4+2(0) + ke (V) — 24N))
d<3§1> — kA — k(M) + ky(N) — ka(MY)
d<(ﬁl)2> = kAL + A+ 2(M"Y) + k(M%) - 2(M")?)) (S.7.25)
+ kb ((N) + 2(NM")) + ka((M") — 2((M")?))
d<3§2> — RN+ A) — kp(M2) + ky((N) + 20MY)) + ka((MY) — 2(M2))
% kr(A(L+ (V) + (M) + kp((M') = 2(NM")) + ky(N?) — ka(NM").

After numerical integration, the time evolution of the standard deviations for N and M*! can

be calculated by /(N2) — (N)? and /{((M1)2) — (M1)2, respectively.

S.7.2 Simulation parameters

Figures 2B-C in the main paper have been generated using the following choice of parameters
kr=1 A=10 kg = 0.01 ky =1 ka =0.1

and with initial condition
no:no(l) =1, no(z) =0 Ve #1

which represents a population comprising one compartment with content x = 1. Monte Carlo
estimates have been obtained by averaging the outputs of 10 stochastic simulations.

S.7.3 Steady-state moments

As already explained in the main paper, in this model the dynamics of the total number of
compartments NV is independent of the other moments of the system. This can be observed from
the SDE S.7.15, which corresponds to the dynamics of a birth-death process with propensities
Hi(n) = kr and Hg(n) = kgN. This shall not be confused with the chemical birth-death
process with propensities hb( ) = ky and hd( ) = kqz, affecting the content x inside each
compartment. Eq. S.7.15 implies that the steady state number of compartments N, is Poisson
distributed with mean k;/kg. This is resembled also by the steady-state solution of the moment
equations, for which we find that (Nuo) = kr/kp and (NZ) = k1 /ke(1 + k1/kE), so that

Var(Neo) = (N2) — (Noo)? = k1 /ks = (Neo), (S.7.26)



consistent with Poissonian noise. From the steady-state solution of the moment equations we
can further derive the steady-state total mass

_ koki/kp + kiX _ ki {'%Haﬁ]

(S.7.27)

l?d 1+«

1 _
(M) = ka+ kg " kg |lka 1+a _<NOO>{

ky 1+ 055:|
where we introduced the dimensionless parameters o = kg /kq and 8 = \/(ky/ka) . We notice
that the term in square brackets in eq. S.7.27 represents the average steady-state content per
compartment, which we denote by (me) = (ML)/(Ns). In particular, (me) can be also
interpreted as the mean value of the steady-state normalized expected distribution Ps(x) =
(noo())/{Noo), since

e}

ma) = (ML) iy (o g zn(z)) xw B o N i
Vo) = Ny = (Noo) —; Noo) —; P (). (S.7.28)

Similarly, it is possible to calculate (MZ2) from the steady-state solution of the moment equa-
tions, and consequently identify the second order moment of Py () as

oo

(ML) e
(So0) = o) = > @ Pu(a). (S.7.29)

x=0

After some algebraic manipulations, we can obtain the variance-to-mean ratio of P () as

0% (50) — (Meo)? 20, 22 Poc(@) — (X, 2Pao(2))”

. ky « (ﬂ — 1)2
= 0+ @+a) 1+a8
— 14 (ma) (5~ 1)" (S.7.30)

24+ a(l+ap)?’

An interesting insight from this result is that the variance-to-mean ratio achieves the minimum
value 1 for 8 = 1. This indicates that the steady-state compartment content follows Poissonian
statistics if A = kp/kq, meaning that the content of compartments entering the system matches
in distribution the chemical birth-death process occurring inside each compartment. Instead,
whenever A # kp/kq, the compartment content will have a limiting distribution with super-
Poissonian noise.

S.7.4 Steady-state distribution

As mentioned in the main text, the expected number distribution (n(z)) is analytically in-
tractable in most practical situations and our moment-based approach was conceived to address
this problem. However, in the special case of the nested birth-death process, a treatment in
terms of (n(x)) is straightforward since its transition classes have propensities which are linear
in the compartment distribution n. In the following, we show how a master equation for (n(z))
can be obtained directly from our counting process model, which is useful to demonstrate how
our approach relates to the expected number distribution. Moreover, we provide analytical
steady-state solutions for this master equation for two special parameter regimes.
The stochastic dynamics of n(z) is given by

dn(z) = dR;, — dRp. + dRp s 1 — ARy s + dRgny1 — dRa. (S.7.31)

Note that the term dRp —1 is absent when x = 0. Similarly to the derivations in section S.3,
we can make use of the Doob-Meyer decomposition and apply the expectation operator on both
sides of S.7.31 to obtain an ordinary differential equation for the expected distribution (n(z)),
which reads

@ = kimi(z;\) — ke(n(z))

compartment events (8732)
+ ks ((n(z — 1)) = (n(2))) + ka[(z + D)(n(z + 1)) — z(n(z))] .

chemical events




The terms in the second line are reminiscent of those obtained in a standard chemical master
equation for a pure birth-death process, while those appearing in the first line account for
compartmental dynamics. Note that (n(z)) obeys the special normalization Y oo  (n(z)) = (N),
with (N) as the expected number of compartments. At steady state, the left-hand side of
eq. S.7.32 is zero, which yields the linear system of equations

krmr(z; A) 4+ kp(noo (z — 1)) + ka(z + 1) (neo (z + 1)) — (ke + kp + 2ka)(neo(x)) =0 (S.7.33)
for x € N, and
krmr(0; ) + ka(neo (1)) — (kg + kb){nes(0)) =0 (S.7.34)

for x = 0. Numerical solutions of this equation can be calculated in a straightforward manner
by truncating the domain of x to a sufficiently large region and solving the resulting (finite)
system of equations via matrix inversion. Moreover, simple closed-form expressions can be
obtained for two special parameter configurations as described in the following.

We first introduce the generating function of the steady-state expected number distribu-
tion G(z) = 377, 2% (neo(x)). An ordinary differential equation for G(z) can be obtained by
multiplying S.7.33 with z¥ and summing over all z [5], which gives

ka(1 = 2)G'(2) + [ko(z — 1) — kg]G(2) + ke =0, (S.7.35)

with the special boundary condition G(1) = (N ). The latter stems from the fact that the
expected number distribution at steady state sums up to (Neo) (as opposed to one).
If we now set A = ky/kq (i.e. 8 = 1), the solution of S.7.35 is given by

k
G(z) = ,%eﬁ(z_l), (S.7.36)

which upon back-transformation yields
A%

x!

(noo(x)) = (Noo) (S.7.37)
with (Noo) = kr/kg. Dividing S.7.37 by (N ) reveals P (z), in this case a Poisson distribution
with mean A = ky/kq.

Another interesting case where a simple closed-form solution of eq. S.7.35 can be found is
when the degradation of molecules inside compartments is negligibly slow (k¢ = 0). In this
situation, new compartments are generated by the intake process and the birth reaction keeps
producing new molecules in each compartment, until removed by the random exit process. By
setting k4 = 0 in S.7.35 we find

_ k1 sy 1
G(z) = s G T/ (S.7.38)

Back-transformation of G(z) yields for the stationary expected number distribution

(noo(2)) = (Noo) (1 =€) D €™ mpoiss (y; A)

= (Nao)(1 - g/ TULE B AE)

, (S.7.39)
with £ = ky/(ks + kg), T being the upper incomplete Gamma function and (Noo) = kr/ke
as before. The solution S.7.39 can be also obtained by directly solving eq. S.7.33 recursively.
The resulting distribution becomes more and more skewed as £ increases (i.e. ky > kg),
reflecting the fact that the birth process operates on average for a longer time span before
the exit event occurs. In the case where newly arriving compartments are initially empty (i.e.
A=0), the distribution from S.7.39 simplifies to (neo(z)) = (Noo)(1 —£)&”, which is a geometric
distribution multiplied by the expected total number of compartments (N ). As a consequence
of the geometric distribution, Px(z) = (1 — £)& can be interpreted as the probability for a
single compartment to produce x molecules before exiting the system. Thus, the parameter £
represents the ”success probability” for the next event of a specific compartment to be a birth
reaction. Conversely, the factor (1 — &) represents the probability that the next event is the
compartment exit, which therefore ends the lifetime of the compartment in the population.



S.7.5 Analysis of total mass fluctuations and comparison with a static population

In this section we aim to study the fluctuations of the total population mass. It is important
to realize that this is different from the analysis provided in section S.7.3, which focused on the
statistics of the steady-state expected number distribution (ne(z)). We remark that (n(zx))
is an expected quantity that neglects fluctuations across realizations of the compartment pop-
ulation. Correspondingly, its variance only represents the variability of the expected content
across individual compartments. Instead, the total mass M' = >  zn(x) is a random vari-
able dependent on the full stochastic state n. Thus, its fluctuations are adequately described
by the variance Var(M"), i.e.

Var(M) = (MY)?) — (MY)? = <(ixn(m))2> - <i:rn(x)>2. (S.7.40)

In order to better highlight the different contributions of Var(M?), it is useful to compare the
considered model with a static population of compartments, where both the intake rate kj
and the exit rate kg are set to zero. In the latter case, the number of compartments stays
constant at the initial value N(0) = No, but the chemical birth-death events keep occurring
independently in each compartment with rates k;, and kq. For compactness, we will refer to
this situation as ”fixed population”, whereas ”dynamic population” refers to the full model
with non-zero intake- and exit rates.

In Fig. S.1, we compare the expected total mass dynamics of a fixed population comprising
No = 100 empty compartments with that of a dynamic population for different choices of
intake parameter. The dynamic case corresponds to compartment rates k; = 1 and kg = 0.01
and is initialized with one empty compartment. To allow for a meaningful comparison, the
average steady-state number of compartments in the dynamic population was chosen to match
the number of compartments in the fixed population, i.e., (No) = kr/kg = 100 = No. The
convergence towards steady state of the expected total mass (M?!) is slower in the dynamic
scenario because it is limited by the rate at which compartments populate the system. More
precisely, the slowest time scale is set by 1/kg = 100 in the dynamic case, while in the fixed
case it is governed by the inverse of the degradation rate 1/kq = 10.

For all considered values of 8, Fig. S.1 shows that the compartment fluctuations of the
dynamic case produce a significantly larger variance Var(Méo) with respect to the fixed case,
where only molecular noise is present. Next, we analyse the noise contributions to Var(MX) for
the Poissonian case 8 = 1, illustrated in the central panel of Fig. S.1. This is especially suitable
because the expected total mass of dynamic- and fixed scenario coincide by construction. The
mass variance of the fixed population is readily obtained by

No
Ofx = Var (Z Xoo> = NoVar(Xo) = No%, (S.7.41)
=1 b

where the steady-state compartment content X o is Poisson distributed with mean ky/kq. From
the steady-state solution of the moment equations, it is possible to obtain a compact expression
for Var(MZ,) also in the dynamic scenario for the choice § = 1. We recall that, in these settings,
the intake distribution 7poiss(x; A = ki/kq) matches the steady-state realized by the chemical
reactions, thereby leaving the Poisson distribution of X, unaffected. Given that the number
dynamics is independent of the compartment contents in this model, it follows that Var(M;o)
can be identified as the variance of a compound Poisson process

Noo
Oayn = Var (Z Xoo> = (Nuo)Var(Xoo) 4 Var(Nuo ) (Xoo)?
b

= <N00>I?d

o\ 2
) () = (X, (57.42)
where we used the law of total variance and result S.7.26. Comparing the first line of eq. S.7.42
with the fixed case S.7.41, we observe the presence of the additional term Var(Neo)(Xoo)?, which
stems from the fluctuations of the compartment number at steady state. As a consequence of
Poissonian statistics, we recognize that ngn/aéx =1+ ky/ka = 1+ 10 = 11. This analysis



shows that compartment events account for the majority of the mass variance, with a ratio
of 10 to 1 in comparison to chemical events for the chosen parameter settings. This value is
confirmed by analysing the standard deviations observed in the central panel of Fig. S.1, which
exhibit a ratio equal to v/11 ~ 3.31.

B=0.1 B=1 B=5
1500 1 1500 1500 1
1250 1 1250 12501 /_—
1000 A 1000 1000 A
1
(M*) 750 750 750
500 - 500 4 500 4
250 1 Dynamic population | 250 Dynamic population | 2507 Dynamic population
o Fixed population o Fixed population o Fixed population
0 200 400 0 200 400 0 200 400
time time time

Figure S.1: Comparison of the expected total mass dynamics of the nested birth-death model
between a fixed compartment population and a dynamic compartment population,
the latter for rescaled intake mean 8 = A\/(ky/kaq) varied as indicated in the three
panels. The fixed scenario corresponds to compartment intake and exit rates set to
zero (kr = kg = 0), while the dynamic scenario corresponds to the choice kr = 1
and kg = 0.01. In all panels and for both scenarios, the birth-death parameters are
set to ky = 1 and kg = 0.1. The fixed-population is initialized with Ny = 100 empty
compartments and the dynamic one with N(0) = 1 empty compartment. Solid lines
and shaded areas represent the average dynamics surrounded above and below by
one standard deviation. The results were obtained with moment equations.

S.8 CASE STUDY: Stochastic model of a coagulation-fragmentation
process

This case study is defined by the transition classes

hy(n;
@ M [y] h[(ny y) = k]'frPoiss(y; )‘)

(2] LELILIN 0 he(n;z) = kpn(z)
ho(niz,a’) TL(ZU) (n(([;/) — 51,9:’) (8843)

[#] + [2] [+ 2] ho(n;z,z') = ke

1+ (535733/
[2] hp(n;z,y)

W+ [z -yl hr(nz,y) =krzn(z)re(ylz).
Since the first two classes are equivalent to the previous case study, we will focus explicitly on

the treatment of the coagulation and fragmentation transitions.

S.8.1 Moment equations

The total propensity of the random-coagulation class is found to be

N @) () = 6 N(N -1)

He(n) = ;)zzzokc 5 =ko——5—, (S.8.44)
where the factor 1/2 accounts for double counting in the case z # 2’ and arises from the
binomial ("(21)) for x = 2. We find that the total propensity is equal to the coagulation rate
kc multiplied by the number of distinct compartment pairs (1;7), which is consistent with a
random coagulation mechanism.
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We recall that the fragmentation transition class is in general defined as

[x] hp(n5x,y)

[y] +[x -], (S.8.45)

where we have already substituted the mass-conservation constraint in the right-hand side. The
corresponding propensity function is

hr(n;x,y) = krgr(x)n(x)mr(y|x). (S.8.46)

Note that gr(x) controls the probability of the ”mother” compartment to undergo a fragmen-
tation event. The probability distribution 7 (y|x) expresses the probability that one of the two
fragments has a content equal to y. The distribution 7 (y|x) must be symmetric with respect
toy and x —y. In this example, the compartment content is one-dimensional (i.e. x = ), we
choose gr(z) = z and for 7p(y|x) a uniform fragment distribution

mr(ylz) = ﬁ with 0 <y <z, (S.8.47)

which permits the creation of empty daughter compartments too. The corresponding total
fragmentation propensity is equal to

He(n) =YY krgr(x)n(z)rr(ylz)

=0 y=0
= kprn(x)Zﬂ'F(yM) =krM". (S.8.48)
x=0 y=0

The moment equations for this model read

d(N) k 2 1
— =k = kp(N) = SE((N?) = (N) + ke (M)
dg L k(14 2N)) 4 ki ((N) — 2(V%) + 59 (V2) — (V) — ke (V%) — (V)
+ ke ((MY) +2(NMY))
d(M"y 1
et kix—kg(M")
dwﬁ: ) A1+ 4 2007) + ki((M2) — 2((M")?)
d<f\f> = krA(1+ A) — kp(M?) + ke ((MY)?) — (M?)) + %F(<M2> - (%)
d<]\(:1]t\/[1> =kr(A(L+ (N) + (M) + ke((M') = 2(NM"))
RS () - (V) + ke ()
(S.8.49)
and we employ the Gamma closure scheme on the following third-order moments
_ <N2>2 9
(N®) =2 ) (NNN)
(veary =220 oy (5.8.50)
s (M) (M) (MY
(M) =2 (MT) (N) ’

Since the total mass M is not affected by coagulation or fragmentation events, we find the
equations for (M') and ((M')?) to be identical to the previous case study in terms of intake
and exit contributions. The derivation of the equations for (N) and (N?) is also straightforward

11



and resembles closely the treatment of egs. S.7.16 and S.7.17. Here we explicitly show only the
derivation of the coagulation-fragmentation contributions of d(M?)/dt :

(33 (42— (@) — @) e ) = O]

2
C,F =0 z/=0

d(M?)
dt

oo} x

+ <Z Z [y2 + (x—y)® — xz}kFxn(x)wF(y|x)>

(5 ] HE) =)

8
I
o
<
Il
o

+ kp< imn(x) yioz[gﬁ — 2] wp(y\x)>
:kc<§xn(x)§: n(e)) - kc<§)ﬂc n(x))

+21€F<§$n(w) [2:”26” - gb
—%MM%—WM+?Mﬂ—ww. (5:851)

106 4

-»
+

ry
?

—— kc/ke =10 (ODEs)
—— kc/ke=1 (ODEs)
—— kc/ks = 0.1 (ODEs)
$  Kkc/ke=10 (SSA)
9  kelke=1 (SSA)
()
60

100 ] Kelkr = 0.1 (SSA)

0 20 40 80 100

time

Figure S.2: Agreement of the expected dynamics of the second order moment M? =
> ,z°n(z) between the Gamma-closed moment equations (ODEs) and the es-
timate obtained from stochastic simulations (SSA). Dots and error bars represent
the mean value and one standard deviation above and below the mean. The vari-
ability of (M?) cannot be reported from the solution of the moment equations
because the equation for ((M?)?) was not included.

S.8.2 Simulation parameters
In Figures 2E-F in the main paper we used the following choice of parameters
kr =10 A =50 kg =0.1 kp=5-10"°
and k¢ takes the values [0.1kr, kr, 10kr] in the three cases. The initial condition was set to
no : no(10) = 100, no(z) =0 Vz # 10

which represents a population comprising 100 compartments with content z = 10. Monte Carlo
estimates have been obtained by averaging the outputs of 10* stochastic simulations, for each
parameter combination. In Fig. S.2 we show the accuracy of the solution for (M?) obtained in
these settings, next to the estimate from exact stochastic simulations.
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S.9 CASE STUDY: Protein expression dynamics in a cell community

The state space of the compartment content (¢, zp) is X = [0, 1] X Ng, where g = 1 represents
the binary gene variable in the active state. The protein expression network in each cell is

modelled as
hl? (n;x)

[z, zp] ——— [1,zp] hbG(n;x) = kbG(l — za)n(x)
th(n;x) el G
, 40, hi(n;x) =k
[zG,zp] e [0, zp] 4 (n;x) 4 zan(x) (5.9.52)

[zg,zp] —> [zg,2p + 1] hp(n;x) = kpxan(x)

nE (n;x)
[vG,xp] =—— [zc,xp — 1] hy(n;x) = ki zpn(x).

The communication class for which active cells can induce activation in inactive cells is defined
by

hCOn](n;XVX/)

[x] + [x] [1,zp] + [1,2p] (S.9.53)

where
n(x)(n(x’) = dx.xr)
1+ 6x,x’
with geom (%, %) = z¢(1 — 2) + z6(1 — zc). (S.9.54)

hcom(n; X, X/) - kcomgcom (X7 X/)

The content-dependent function gecom ensures the transition to happen only between an active
and inactive cell. This expression for gcom also implies that the cell-cell activation happens
with equal probability among any active or inactive cell, irrespectively of their protein content,
since there is no explicit dependency on zp and 5.

S.9.1 Moment equations

The total propensity of the cell communication class is found to be

Heon®) = 33" ko (w61 = a%s) + (1 — 6)) n(x)(n(XQ) — Ox,x/)

= LC;”‘ Z Z (:UG +rg — 2xcaclc))n(x)n(x') - LC;H, Z (21‘@ — Qx%;)n(x)

x

- kc;)m (Z zan(x) Z n(x') + Z n(x) Z gg’Gn(x’)>

- kcom Z CL‘GTL(X) Z CK’GTL(X,)

_ kcom (NMI,O _ (M1,0)2)
= keomM " (No — M"?), (S.9.55)

where from the second to third line we have made use of the fact that z¢ = 2%, since z¢ € [0, 1].
The factor 1/2 in the propensity function originates in the same way as in the calculation
of S.8.44. As expected, the total communication propensity equals the rate kcom times the
product of the number of active and inactive cells.
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The system of moment equations describing the evolution of this model is

d(m*°) 1,0 1,042 c 1,0 Gy 10
@ =keom (No(M ") = (M™°)%)) + ky (No — (M™7)) — kg (M™7)
d MI,O 2
<( N ) > :kcom(N(J(Ml’O) o <(M1,0)2>) +2kcom(N0<(M17O)2> . <(M1,O)3>)
+ k' [No — (M"0) 4+ 2(No (M) — (M"0)%))]
+ kG ((MM0) —2((M"°)?))
A( MO S.9.56
L) — k) — i () (5.9:56)
AU MO1H2
<( i ) > :]CP(<M1YO> + 2<M1,0M0,1>) + k5(<M0,1> _ 2<(M0,1)2>)
1,0 7 70,1
M) — e (No (MOMO) — (MO M) ki (M)
+ kS (No(M®1y — (M0 M1y — (k§ + kf) (MO0
and we employ the Gamma closure scheme on the following third-order moments:
1,0\2\2
(oot = 250000 — ot
<(M1’0)2><M1'0M0’1> (8957)
<(M1,0)2M0,1> —92 — _ <(M1,0)2><M0,1>'
(M1-0)
Expected cell activation dynamics Expected steady-state number of active cells
100 keomNo/ kS 100 1 1.50
r — 50
80 80 125 §
60 4 60 1.00 §
(M*0) (M) 05 g
104 a0 ]
204 20 025 o
! 6 2‘5 5b 7‘5 160 155 1%0 -10’Z 107 10° 10t 102 103 .
time keom NO/de

Figure S.3: On the left, the expected dynamics of the number of active cells M*° and its vari-
ability for different values of the communication rate. Results from moment equa-
tions are shown in solid lines and shaded areas, and estimates from stochastic simu-
lation in dots and error bars. The mean value is surrounded above and below by one
standard deviation. On the right, the expected steady-state number of active cells is
plotted as a function of the rescaled communication rate kcomNo/ kg;. The dashed-
dotted black line shows the variance-to-mean ratio, computed as Var(Mx") /(ML)
from moment equations.

S.9.2 Simulation parameters
In Figures 3B-C in the main paper we used for the following choice of parameters
kS =0.01 k§ =01 kp=1 kY =0.05

and kcom takes the values [0,1072,2-1072,5-1072,1072,5 - 1072]. The initial condition was
set to
no : no([l, 1]) = 1, n()(O) = 99,
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which represents a population comprising 100 cells, one of which is in active state and contains
one protein molecule and the remaining 99 are in inactive state and with empty content. Monte
Carlo estimates have been obtained by averaging the outputs of 10% stochastic simulations, for
each parameter combination. In Fig. S.3 we report the expected cell activation dynamics across
the cell population, which complements Figs. 3B,C of the main paper.

S.10 CASE STUDY: Stem cell population dynamics

Also in this case study, the state space of the compartment content x = (zg,zs) is X =
[0,1] x No, where z¢ = 1 indicates a stem cell and zg = 0 a differentiated cell. The considered
transition classes are

h (n;%)
—_— N\

] [, 0] + 26, 0 hh(n;x) = kfagzsn(x)
hp (%) _ .
b 22 (06,0 + [1 = 06,0]  hp(mix) = kpaczsn(x)
hg(n;x
x] LN [rc, s + 1] hs(n;x) = kszan(x) (5.10.58)
] 2E hie(nix) = ke (1 - 26)n(x)
g (0%, x",y,y")
] + ] 22D ) 4 [y
with N s
hnt(n;x, %, y,y') = kntvoac n(x)(?fé) — x’XI)Trnf(y, v | x,x) (S.10.59)
and outcome distribution is given by
3 ify=xys=1-16ys=15
(¥, y' | %,x) =3 if ¥y =x,yc =1 -2, ys = s (5.10.60)
0 else.

The negative-feedback mechanism encoded by the propensity of eq. S.10.59 can be understood
as follows: first, two stem cells are randomly selected from the current state n, as enforced
by the choice gnt(x,x’) = zgTg. Then, one of the two stem cells is randomly differentiated
by switching xg to zero, as encoded by m,¢. Note that the xg-dependence of the propensity
functions determines the selectivity for either stem cells or differentiated cells also for the
remaining transition classes. For instance, the division events can occur only to stem cells,
since their propensities h}. and hy would be zero when the reactant cell is a differentiated cell
(i.e. zg = 0). The same is true for hg. Conversely, the death event applies only to differentiated
cells, since hg(n;x) = 0 for stem cells.

Next, we show the computation of the total class propensity for the feedback transition class.
The latter is given by

x)(n(x') = dxxr)

an(n) = Z knfxcx/G n(

‘ 2
knf ’ ’
= (Zx: zan(x) Z zen(x') — zx: xgn(x)>
1,00 271,0 _ 1,0
_ knfw = o <M2 > (S.10.61)

where the binomial factor reflects that the negative feedback acts between randomly chosen
pairs of stem cells. In particular, the factor 1/2 appearing in the first line of eq. S.10.61
originates from 7,y whenever x # x’ and from the binomial factor of eq. S.10.59 when x = x’,
in which case mn¢ gives only one distinguishable outcome and thus contributes with value 1.
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The total propensities for the remaining transition classes of the model are readily computed:

(S.10.62)

S$.10.1 Moment equations

Due to the combined presence of the moment M*'! and the structure of the feedback class,
the derivation of a closed set of moment equations is more challenging than for the previous
models. This is why we focus on deriving equations for moments directly entering in the total
class propensities, and at the same time to avoid further equations for less relevant popula-
tion statistics which would introduce additional higher order dependencies. From eq. S.10.61
and S.10.62 we see that, together with M"?!, the overall dynamics is also governed by the total
number of cells N and the number of stem cells M*'°. The SDEs for these moments are given
by
dN =Y " (dRf, + dRp, — dRex) = AR} + dRy — dRe

dM™ =" dRf, — 303 dRug e = dRE — dRus (S.10.63)

AM" =3 "dRsx — Y as(dRf, +dRpy,) — > > w5dRucxx

where the enumeration of single transitions spans X for all transition classes with exception of
the feedback, where all distinguishable transitions can be written as the iteration over x, x’ € X>
and where x denotes the content of the cell which differentiates. The first two equations have
been rewritten also in terms of the class reaction counters, which better highlight their meaning.
We see how the total number of cells increases by 1 whenever a division event occurs and
decreases by 1 in occurrence of the death of any differentiated cell. On the other hand, the
number of stem cells M*? is increased by 1 only when a symmetric division occurs, and is
decreased by 1 as a result of a feedback conversion. On the opposite, M0 is left unaffected by
asymmetric divisions.

After taking expectations of S.10.63 and including further equations for some direct moment
dependencies, we obtain the following set of moment equations

L — (K + k) (M) — R (V) — (V1))
d<(]1\7/;2> — (k; + k;)(<M1’1> + 2<NM1’1>) + kg [<N> o <M1’0> _ 2(<N2> B <NM1’O>)]
d<M1’O> _ 11 ((M1,0)2> _ <M1’0>
T 7k;<M > — knt D)
MMTZO)) :k:;((Ml’l) n 2(M1’0M1’1))
+ ks (M%) >2* (M=7) k:nf(((Ml’O)3) _ ((Ml’O)Q))
d(]\gitM) =ks(M"°) — (ki + kp)(M"2) — ke <M1’OM1’12> — (M)
d<]‘§722> st(<M1’0> + 2<M1’1>) _ (k; + k;)<M1,3> y, <M1,0M1,22> — <M1,2>
(S.10.64)
and we employ the Gamma closure scheme
(artyty = 2G0T — o)
<(M1,2)2>2 <M1’2><M1’1> (81065)
<M ’ >: 2 <M1’1> - <M1,o>
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For the remaining cross-moments, we use a mean-field approximation. This is understood as
the following substitution
(MYM®) = (MY)(M*), (S.10.66)

which means to neglect the correlation between the two moments M? and M¢. We applied
the mean-field approximation on (NM*®), (NMY) (M*OM>') and (M*°M"2?). In this
example, one of the effects of such simplification seems to be noticeable from the expected
fluctuations of N and M in Fig. 3F: the variability predicted by moment equations is smaller
than the error bars obtained by exact stochastic simulations.

S.10.2 Simulation parameters

Figures 3E-F and the parameter reference for figures 3G-H in the main paper correspond to
the following choice of parameters

kbt =kp=5-10"° ks =10 kg =0.05 kne = 0.01
The two initial conditions of Fig. 3F are
no : no([1,1]) =1, no(x) =0 Vx #[1,1]

and
no : no([1,1]) = 100, no(x) =0 Vx # [1,1],

which represent a population made either of one or 100 stem cells, each having xs = 1. Monte
Carlo estimates have been obtained by averaging the outputs of 103 stochastic simulations.

Inter-division-time distribution

0.175
0.150
0.125 A
p( T) 0.100 -
0.075

0.050 -

0.025

0.000 -

8 1‘2 ll4
T

Figure S.4: Empirical distribution of the waiting-time 7 until cell division, computed with
stochastic simulations. This corresponds to a model where the cell-cycle factor
xs follows a birth process of rate ks and cell division occurs with rate krpxs. The
parameters have been set to ks = 10 and kr = k}' + kr = 0.01, in line with the
choice reported in section S.10.2.
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Steady-state number of stem cells

102
(MZ2)
o0

101 4
—&— varying g+
—&— varying ks
—— varying ks

10° T T T

107t 10° 10t

Multiplying factor

Figure S.5: Steady-state number of stem cells upon variations of different parameters, obtained
from moment equations. The mean value is surrounded above and below by one
standard deviation. The reference parameter values correspond to the choice pro-
vided in section S.10.2.
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