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1 Theoretical Details

1.1 Center of Mass (COM) Separation

In order to tackle the coupled light-matter problem defined by the Pauli-Fierz Hamiltoninan,
given in Eq. (1) of the letter, in dipole approximation, it is useful to switch to a centre-of-
mass (COM) coordinate system. This means that we define r; = R, + r.;, with the COM
explicitly given as R, := % The Hamiltonian can then be re-written in the COM frame

as,

. P2 XLp: K zz M1 Ao a2
H — —~c Pei. Lty Z g2 2<Aa__a.R> _ 1
2M + i1 2mz + . |f'a —f‘cj| +;2 |:pa+wa d Wa ( )

Note that a prior: the dipole operator still contains a COM dependence at this stage. In a
next step, we apply the unitary Power-Zienau-Woolley (PZW) transformation shifting the
COM,

i Qtotka'ﬁc ~
o

UPZW = e wa p’ (82)

with Qot := Zfil eZ;. By using the Baker-Campbell-Hausdorf formula, one can show that

our PZW transformation obeys the following properties,

UpzwbaUbyw = Pa (s3)
Upow@aUbyw = Go+ Z'QtotAa 'ch [Pa; Go] (s4)
UPZWRCUJTDZW = R. (S5)
UpywP UL, = Pe _i_iQtot)\au'} [RC,PC]ﬁm -
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which allow to write the shifted Hamiltonian as,
(S7)
M
1, 9 (A Ao - \?
5 o™ — Zi ci) ) S8
+;2[pa+waq N Z . (58)

by applying the PZW transformation for each mode «. Afterwards, the original eigenvalue
problem H1i = Et can be simplified to Eq. (2) given in the letter by using a wave function
Ansatz of the form ¢/(R., 7., qo) = e*B® (1., q,). For one mode o and three bodies, one

obtains the following expression,

1 2Qotk - A ’ o -
- k2 / cl
[2M{ R I +§|cm

i=1 el

L A . 2 \? ik ikR.
+2{p’ +w' (q ;ler” ]e Re@y = Fe*Req! (S9)

In case of neutral systems (i.e. Qior = 0), the additional interaction of the COM motion with
the quantized field vanishes. Note that in Eq. it was used that for one mode (i.e. M = 1)

2
the PZW-shifted eigenvalue problem can be additionally simplified by absorbing % <%)

L

2
. (—’\%“) with the corresponding momenta

in a dressed resonance frequency, w' = w\/ 1+
P =iy/%(al — a) and position operators ¢ = /55 (a" + a). They obey the usual canonical
commutation relations [¢’, p'] = i. This shift will only be relevant for relatively light charged

particles at low resonance frequencies w (e.g. fundamental LO-L1 transition of HD+).

1.2 Observables

When calculating observables of the coupled system (A # 0), a priori one cannot neglect
any involved coordinate. However, in practise not always all integrals have to be solved

explicitly. For example, the dipole oscillatory strengths can be calculated from COM relative
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coordinates r.; as follows:

2 -
Oscjk = I ISR (Ej - Ek)| <77ZJJ| R® ]lpt |¢k>
1 22 3 X
= I (Bj — B (W] Y Zietei @ Ty [1}), (S10)
m1 mo m3 =1

where in the last step it was used that ()| R @ 1 [¢) = (@| Upzw (R @ 1) Ub .y [0) =
(| R @ 1y [¢') with Eq. (S5).

In contrast, photonic observables have to be transformed back to the length gauge to
be consistent. Hence, an integration over the COM position has to be performed explicitly.
However, due to the cylindrically symmetric setup with respect to the z-axis of the lab frame,

i.e.
<¢| Lmatter ® Opt W) - <w/’ Limatter ® U(ZC)OAth};ZW(ZC) |w/> ) (SH)

the COM integration is reduced to one dimension only.
The general expectation-value integral in our chosen spherical-cylindrical coordinate sys-

tem (see Sec. below) is given as,

<?/1‘ O ‘w> = <w | UPZWO pcmrczapa PZW |1/1

_Z/ dRcr/ dRCy/ dRCZ/ dg/ dR/ dp/%dqb/dQ/ dy

R2psin fe ks Fes o/t ST i LTS ik Fes g (S12)
:Z/ dRCZ/ dg/ dR/ dp/ dqb/d@/dl/z (S13)
R?psin ®™e iGGieEt ( - QtOMRczqu? (S14)

where in the last step it was assumed that O does not explicitly depend on the COM

coordinate and positions. Note, if A = 0 or if Qsor = 0 or if O does not depend on § and P,
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the R., integral is unity as it was the case for a matter only system.

1.3 Numerical Implementation
1.3.1 Spatial Coordinate Representation

In order to make an exact solution of a quantized three-body system coupled to one cavity
mode feasible, a smart choice of the spatial representation of the matter is pivotal. For this
purpose we follow the approach in Refs. [12] which is known to reach excellent numerical
accuracy for matter only calculations of three bodies, with only moderate computational
costs. This means, we represent the COM relative coordinates r.; of our three bodies in a
6-dimensional combined spherical and cylindrical coordinate system. Its angular coordinates
{0, 9,1} will eventually be treated analytically, whereas the radial coordinates { R, p, (} will
be treated numerically after an additional transformation into perimetric coordinates.

To obtain the combined spherical and cylindrical coordinates, one expresses the COM
relative coordinates r.; in terms of two vectors X, Y, which are chosen such that ro—r. = X,
ey —res = X + % and rpp —reg = X — % Moving the origin of X, Y to the COM, results

in,

mo + % ms
L= 2Ty My 1
Fel Mo (515)
ma + % ms
. = T My 516
Fe2 Mo T (S16)
Mo — My mi + ma
. = X — Y. S17
Fes oM M (S17)

In a next step, one expresses X in spherical coordinates and Y in cylindrical coordinates
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with respect to X.

The resulting expressions are,?

Rsin 6 cos ¢

X = |Rsinfsin¢ (S18)

Rcos@

(pcosBcost) + (sinf) cos ¢ — psin sin ¢

Y = |(pcosfcost) + (sinf)sing + psinpcos ¢ (S19)

—psinf cos 1 + ( cosb.

Using Eqs. (S15)-(S17)), the COM relative coordinates r (R, 6, ¢, p, ¢, ¢) with ¢ € [—o0, o[ {R, p} €

[0,00[, {¢,¥} € [0,27[ and 0 € [0, 7] can be expressed in the combined coordinate system,

which are explicitly given as®

%’”S/ZRsiné’cosgzﬁ—k %((pcos@cosz/z—k{sin&) cosgb—psinwsingb)

%WRsinesimﬁ%— 23 ((pcos f cos ) + Csin6) sin ¢ — psin e cos ¢)f$20)

%MRCOSQ_F%(—psinHCOS@/JvLCCOS)

_%WRSiHQCOSQﬁ—F %((pcos@coub + (sinf) cos ¢ — psinzpsingb)
—%WRsinﬁsingb—k %((pCOSQCOS¢ + (sinf)sin ¢ — psinwcos(zﬁ2

——m1+]\?3/2RCOSQ + 23 (— psinf cos ) + ( cos)

M2t R sin 6 cos ¢ — ZHE72 ((pcos f cos i + ( sin ) cos ¢ — psin ) sin @)

mr Rsinfsin ¢ — mlj\J}mQ((pCOSGCOSw—l—CSinQ) sin¢—psinwcos@2

ML R cos 6 — %(—psinQCOS@D—FCCOS)

and the corresponding transformed volume element becomes

AV = R?psin(0)dR.ydRoydR,.dCdRdpdpdfdip. (S23)

A sketch of the combined coordinate system is given in Fig. [S1]

S6



Figure S1: Schematics of the coordinate system. We assume the relevant (green) cavity
mode polarized along the z-direction, i.e. A, || z. The spherical coordinates of vector X are
shown in red, whereas the cylindrical coordinates of vector Y are displayed in blue.
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1.3.2 Basis Set Expansion

First of all, A-coupling is assumed along the z-axis only, i.e.

Aa=10]- (524)

In a next step, we employ the Ansatz wave function defined in Eq. (3) of the main text,
which gives access to the formally exact solution for N;, N,,, N,y — oo. For uncoupled
setups (i.e. A = 0), [ refers to the to the angular quantum number and m to the magnetic
quantum number, which describe the total angular momentum relation L? = [(I + 1) and
its z-projection L, = m. Suppose we want to restrict the magnetic quantum number m to
zero, which is a priori a reasonable choice for a matter only or uncoupled systems by setting
N,, = 0.

Due to the choice of A || z, i.e. by preserving the cylindrical symmetry with respect
to the z-axis of the lab frame, and by using the definition of Wigner D-Matrices Dﬁ'n’k =
e" M) (0)e”* with Wigner’s (small) d-matrix defined according to standard literature,
one can show that (®p | H)y |Pym) = O (Pvr | Hypy |Prm), since Hy, does not depend on
¢. In other words, restricting m = 0 is a valid choice even for coupled systems. However,
the coupling of the photons to the matter starts to mix angular states. Hence, one cannot
diagonalize the coupled Hamiltonian anymore for each angular momentum quantum number
[ separately, which increases the dimensionality of the coupled problem considerably apart
from the extra photonic degree of freedom. For practical reasons (implementation amount
and computational load), we restrict the basis size to S and P states only, i.e. [ < 2, for
all subsequent calculations. Therefore, the Wigner-D matrix wave function Ansatz, given in

Eq. (3) of the main text, can be rewritten in terms of superpositions of even (e) and odd
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(0) wave-functions of the P-states leading to the following orthonormal basis®

Pl = ﬁSDS(R,P,O@W (525)
D, - gsmw)cosw)wp(mo@|n> ($26)
Dy gcos<e>so%o<fz,p,c>®|n> (27
O = =L () cos()gn(Bsp. C) & ) ($28)

-

The resulting representation of the Pauli-Fierz Hamiltonian takes the following block-diagonal

form:

Hgs(Dys» Tei) 0 0
0 H f)ci’ fCZ O
H' = A+ A= pr(Dar )
0 0 Hpopo(p
I 0 0 Hpipo(p
HSS<f'ci7ﬁ/7qA,) 0 HSPO(IA.CMQA,)
0 Hpp(te, 7', q') 0
_|_
Hpos(Tei, q') 0 Hpopo(Tei, Py q')
| HPlS(f‘C’U qu) 0 HPlPO (f‘cia qu)

0
0

cir f.CZ) HPOPI (IA)cz‘a f'cz)

ci? fcz) HPlPl (Iscia f'ci)_

HSPl (f.ch qA/)

0
(S29)
Hpop1(Tei, ')
HPlPl (fci7 ﬁ/7 qA/)

where the first term corresponds to the matter-only problem promoted to the coupled matter-

photon space, e.g. H;; = H} ® 1,y with matrix elements H;} given in the literature.? Note

that vanishing matrix entries in the first term are due to parity symmetry of the uncoupled

problem. Vanishing matrix entries in the second term are obtained by analytical angular

integration in combination with the chosen basis set truncation at [ = 1. The matrix elements

are explicitly given as
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3 my +ms/2 m
Hgspoij = Hposji = —iw/\ Z1 [1—3/3 + —34 (S30)
3 M
m1+m3/2 ms mo — My my + Mo N
7| - TSR 4 T8 4 7| P R - T
T M ETAI Ry, oot
ij
\/_ m m mi+m .
HSPl,ij = HPlS,ji = ? { - ZIM?) - ZQﬁ + Zs%}ﬂq/ (831)
]
otk
Hssyy = < E oo Q]\tj , }> + (532)
]
< Lt Zazs + Zszs + 2(Z1 Zoziezae + Z1 23710750 + Z22322c230)> ,
ij
2Qi0tk N .
Hppy; = < e Q]\}t ; }> - (S33)
ij
2 <ZQZlc + Zozy, 4 Zszs, + 2(Z1 Zozrezae + Z1 Z3z1c7se + Z2Z3Z2c23c)> A
ij
K2 ) otk
Hpopoi; = <2{M +p% 4+ w?§” + Q]\t/—lt ; }> + (S34)
A2 ’
?<Z%Z%C + Zozy, + Z325, + 2(Z1 Zo210200 + 21 Zszrezse + Z2Z32’2c23c)> N
ij
K2 . 2Q0tk N .
Hpipry; = <2{M + 9%+ W% + Q]\}t / }> + (535)
A2 ’
7<Z%Z%C + Zazy, + Z375, + 2(Z1 Zozrezae + 21 Zszaczse + ZQZ3Z2CZ3C)> §
ij
)\2
Hpipoi; = Hpop1,ji = 2 <Zl 2, + Zozy, + Zazse + (536)

2(Z1 Zoz1c20c + Z1 2321023 + Z22322c23c)>

ij
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with

Zlc

Z9¢

Z3c

21cR2¢

Z1¢R3c

22¢%3c

m2+m3/2 2 mg(m2+m3/2) ms 2
M ) b+ M2 Y\ ) €
m1+m3/2 2 mg(m1+m3/2) ms 2
L8R g ) €2
( M ) P v \w) e
mo — My 25_ (mg—ml)(m1+mg) i my + Mo 26
2M 2M? M

My +msz/2my —l—m3/25+ (m2+m3/2 o +m3/2)%

+

my + ms/2mg —my

M

(3)

M

ot ms/2my — my

M 2M

m3<m1 + mg) ¢

M2

M

mz(my + my)

M2

2M

€,

M

M M

M 2M?

Mo +ms/2my +m ms(me — m
ﬁ+<— 2M3/ 1 2+ 3(2 1))7

my + ms/2my
o+ (M

+m2 7TL3(m2—m1)
VA VE )7

where (3,7, € are defined in spherical-cylindrical coordinates as,

b1 R?
c1RC — coRp

e1p” + ea(” — 2e3C.

(937)
(938)

(S39)

(S40)

(S42)

(S43)
(S44)

(S45)

The coefficients contain the analytical evaluation of the angular integrals of the A*-term,
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which amount to the following non-zero values,

biss
C18s
CpopP1
€1ss
€255

€3pPoP1

For the X angular integrals,

= %, bipp = bipip1 = %, bipopo = g (546)
= %, ¢ipp = C1p1P1 = 1%, C1pPopPo = g (547)
= —%, CP1P0 = 15 (548)
= %, €1pp = €1PoP0 = %7 €1pP1P1 = g (549)
= %, €a2pp = €2P1P1 = %, €2P0P0 = g (S50)
= —%7 €3P1P0 = 15 (S51)

the resulting :I:\/?3 was already included in Hgpy and Hgpq,

respectively. Analysing the matrix given in Eq. (S29)) in terms of S, Peyen and Pogq, one

notices that the block-diagonal nature of the non-interacting terms remains preserved by

the A%-term, only broken by mixing of S and P,qq states due to the A-term. Note that one

can show that S-states do not mix via the A-term for any excited angular momentum states

beyond [ = 1. However, this is not necessarily true for A\? contributions.

1.3.3 Gauss-Laguerre Quadrature for Radial Integrals

So far it was only stated that there is a matrix representation of the coupled Hamiltonian,

but it was not yet specified how to treat the radial coordinates R, (, ¢ numerically. For

this purpose, a coordinate transformation into a h;-scaled perimetric coordinate system of

the following form is performed in a first step, where

(z —y)(z+y+22)

¢ = A(x +y) (852)

Ro= (S53)
 Vayzr+y+2)

p = p—y (S54)
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with new volume element”
dV' = hihohssin(0)(Z + 9)(T + 2)(§ + 2)dReod Reyd R dTdjdZd¢dfdi), (S55)

and T := hyx, ¥ := hoy, Z := hgz. The scaling factors h; will later be used to adjust the

radial grid to the spatial extend of simulated syste. In a next step, the orthonormal basis
given in Egs. (S25))-(S28) is rewritten as,

Nmattcr Nmattcr Nmattcr

905<R7 Py C) = Z Z Z NS’z]kak z y? ) (856)
=1 7=1 k=1

detter detter detter

gp}%(R,p,C) = Z Z ZNszk'% hlxzah2y37h3zj> Fz‘jk(fa@gﬁsw)
7j=1

Nmatter Nmatter Nmatter

90(1)30<R7p7<.) = Z Z Z NPO'L]kE]k y ) <S58>
=1 7j=1 k=1

Nmattcr Nmattcr Nmattcr

(,0?31(R, P, C) = ZL‘ y, Z Z Z NPlz]kf% hlxzathmhi%Z]) zgk:(x ya )(859)
=1 7j=1 k=1

where a regularization factor Z(x,y,z) = pR = —nyz(;w was introduced in agreement
with the literature.” It suppresses singularities of the matter-only Hamiltonian, which may
cause numerical difficulties. However, its only practical relevance is restricted to radial mo-
mentum operators, which do not appear in the coupling Hamiltonian and thus % eventually

cancels. The newly introduced scaled Lagrange function Fj;(Z, 7, Z) is defined as,

Fij(&,7, 2) = (Nigrhahahs) ™2 fi(2/h) f3(5/ h2) fi(2/ha), (560)
with

Niji = (hxi + hay;)(hax; 4+ hazi) (hay; + hszy). (S61)
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The Lagrange-Laguerre functions are defined as,

- ) L
i) o= (/2 P oo (562)

with Ly the Laguerre polynomial of degree N with roots u; and Lagrange property f;(u;) =
(AN)=1/25;;. The coefficients AY can be chosen to fulfill the Gauss-Laguerre quadrature

approximation

/ " Glu)du ~ ZN: MV Guy) = ZN: AN G (ush). (S63)

Notice that for the formation of singlet or triplet states, the matter-only wave functions
in Eqs. (S56)-(S59) can be (anti)-symmetrized by proper permutation of the perimetric
coordinates (see Ref. [3). Eventually, the matrix elements given in Eqs. (S31))-(S37) assume

a simple form,

Hss = 60y 0kw Hss(h1x;, hoyj, hazy) (S64)
Hpp = 00,0 Hpp(h1xi, hay;, haz) (S65)
Hpopo = 0i0;j: 0k Hpopo(h1xi, hay;, hazk) (S66)
Hpipo = Hpop1 = 01700k Hp1po (b1, hoyj, hazy) (S67)
Hpipr = Hpp = 8100k Hp1p1(haz;, hoyj, hazy) (S68)
Hgspo = Hpos = 0ii70;j: 01 Hspo(h14, hoyj, hszy) (569)
Hgspy = Hpis = 0i¢0,j0pi Hspr (b1, hayj, hazy), (S70)

by using the orthonormality property of Fj;, for the perimetric volume element in Gauss-

approximation®

/ di / di / dhahahs(E + §)(F + 2) 0+ 2) Fun(F, 5 2) Fogne (3, 5 2) = 0500350 ST1)
0 0 0
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N;ji = 1 is implied from the normalisation condition. Hence, the original eigenvalue problem

given in Eq. is now discretized and numerically accessible by solving

H'c = Ec, (S72)

for F and c.

2 Simulation Detalils

2.1 Input Parameters

For all He and HD+ simulations, the following basis set size was chosen: N, =6, N; = 1,
N, = 0, Npatter = 12. For Hy the matter grid was slightly increased and combined with a
reduce photon number: Ny =5, N; = 1, N, = 0, Nyater = 16. Therefore, for each input
parameter combination a Hamiltonian matrix of size 414722 for distinguishable particles
(HD+), 21600% for He and 422402 for H had to be diagonalized. The eigenvalue problem
was implemented in the in-house LIBQED python code and the high-performance ELPA
library® was used for the exact numerical diagonalization.

The particle masses were set according to literature,*? i.e. He: m; = 1, my = 1,
ms = 7294.2618241, HD+: m; = 1836.142701, my = 3670.581, m3 = 1 and Hy: m; =
1836.142701, mo = 1836.142701, ms = 1. Corresponding scaling values for the radial
Lagrange-Laguerre grid were set to the following values, which were motivated by matter-
only considerations in the literature:? He: h; = 0.8, ho = 0.8, hy = 0.4, HD+: h; = 0.16,
hy = 0.16, hy = 1.4 and HJ: h; = 0.33, hy = 0.33, h3 = 2.0. The different scaling values
account for the difference in the spatial localisation of the constituents and thus allow to

reach high numerical accuracy with a relatively coarse radial grid.
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2.2 Convergence and Numerical Tests

Multiple explicit convergence/ sanity checks were perform to ensure that finite basis set
errors or implementation mistakes do not spoil the results. Matter-only energy eigenvalues
were compared with reference calculations from literature given in Tab. [SI} For He, the
A2-scaling of the ground-state could be compared with QEDFT calculations with photon
OEP accuracy in the Born-Oppenheimer limit, which indicates an agreement on the same
accuracy level as one expects from the previous matter-only considerations (see Fig. . All
QEDFT simulations were performed with the OCTOPUS code.® Note that highly accurate
simulations of ground-state nuclear contributions in QEDFT would be very challenging to
obtain.”

Last but not least, the Thomas-Reiche-Kuhn sum rule was well preserved for He, HD+
and Hy , which implies that there is no fundamental implementation error present. Moreover,
all observables were consistent with theory and particularly in agreement with the JC model.
This offers an additional sanity check of the numerical results (see main section of the

manuscript).
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Table S1: Despite having a substantially smaller radial matter grid available
for our coupled simulations compared with matter-only reference data, our grid
allows to reach millihartree accuracies for the absolute energy eigenvalues and
orders of magnitude smaller values for corresponding energy-differences. (*)
Notice that the 2P state for HJ corresponds to the dissociation limit.2 In
other words, there are no dipole allowed bound state transitions for H; and a
continuum of allowed transitions arises beyond this energy value.

] Lowest matter-only energy eigenvalues [H]

|

He Reference™ Natter = 12
1S(even) -2.9033045555597 | -2.90330437154
28 (even) -2.145678586051 -2.14567817793
op(edd) -2.1235456525895 | -2.12320490110
HD+ Reference® Npatter = 12
1S(even) -0.59789796860903 | -0.59757212
op(odd) -0.59769812819221 | -0.59737196

28 (even) -0.58918182955696 | -0.58702708
H; Reference® Noatter = 16
1S(even) -0.597139063121 -0.596973

285 (even) -0.58715567914 -0.585948

2P (odd)« -0.4990065652928* | -0.498039*

S17



X ED

0.05 1 OEP
_ 0.041
>
)
3
o
I 0.03
=
u_‘l]g' X
I
3
~ 0.02
< x
B
uy X

X
0.01 X
X
X
0.00 +X . . . .
0.00 0.01 0.02 0.03 0.04
hw [eV]

Figure S2: Cutting the basis set expansion for angular momentum quantum numbers [ > 1,
may introduce significant numerical errors for stronger couplings. In order to check the
validity by allowing e.g. [ = 2, the code complexity of the implementation would be more
than doubled. Therefore, we decided to use an alternative route. The comparison of the
the He ground-state energy shift with results from QEDFT simulations with photon OEP?
indicates that inaccuracies from [ < 2, are on the order of milihartree or below, which is in
line with the accuracy reached for the absolute matter-only energies given in Tab. [SI As it
is the case for matter-only values, one expects considerable smaller relative errors in terms
of energy differences.

3 Results: Additional Observables

3.1 He

Figs. - show the parahelium dispersion curves with respect to the mode occupation
(n) = (a'a) and wave-function overlap between the exact solution and the JC model. Notice,
that the AE-values in the last figure are obtained from the JC model (i.e. based on matter-
only considerations) and not from the exact diagonalisation of the coupled system. The
mode occupation (a) clearly highlights the one- to five-photon lines (replica) that appear in

our simulations (we have chosen N, = 6 in these simulations). With each further Fock-basis
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state in our simulation we would get a further photon line. In (b) we see that for the standard
upper and lower polaritons the JC model is highly accurate even on the wave-function level,

while the higher photon-replicas are not well captured at resonance.

>0 0.’. QO.QOOV.." 6 3.0 Lo
PRI 0TTY L "" :
Uu"".o" ecoec000( i
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w o0 o = 2 P | o
< ® ‘e of ® ®00e® o 0.4V
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1.04 ® 0. ,e : o®® ) 107 o0e% _o°° o®® N
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hw [eV] hw [eV]
(a) (b)

Figure S3: Parahelium polaritonic dispersion curves in a cavity. The vertical line indicates
the 25-2P resonance where A = 0.057 was set. Horizontal lines indicate the splitting of the
lowest two polaritons. Notice that ‘/Ta was kept fix, i.e. the coupling strength g o wh. In (a)
the color bar indicates the photonic observable (72), whereas in (b) the wave-function overlap
between our exact calculation and the corresponding JC model is shown.

3.2 HD+

In Fig. [S4] a zoom of the dispersion relations given in the main section is shown to visualize
dressing effects, caused by dipole self-interaction, and the shift of the resonance frequency
due to the non-zero net-charge. In Fig. the impact of different finite COM velocities on
the oscillator strength is shown at resonance condition. The break-down of the JC model at
finite COM velocities for charged systems is visualised in Figs. and They indicate
that the relatively high agreement between exact and JC wave function for bright states at
k, = 0 breaks down at finite velocities. For such systems one expects for any observable,

which is calculated from JC states, to be error-prone at finite COM velocities.
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Figure S4: Visualization of the dressed polaritonic dispersion relation of HD+ in a cavity
with a frequency centered around the fundamental ro-vibrational transition in atomic units.
The shifts are caused by dipole self-interaction contributions (A E-shift) and COM influence
for non-zero net-charge Aw-shift.
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Figure S5: In (a) we consider the HD+ resonant case for AE at A = 0.01 with respect to the
kinetic energy Ej;, of the COM. While the spectrum is not changed (up to numerical inac-
curacies for higher-lying states) the COM motion (a) redistributes the oscillator strengths.
Notice that the grey area indicates less reliable eigenvalues, which are not converged for the
chosen photon number basis with N,; = 6. In (b) and (c) the HD+ polaritonic dispersion
curves for k, = 0 and k, = 1 are shown with respect to the wave-function overlap between

our exact calculations and the corresponding JC model.

The black vertical line indicates

the 25-2P resonance condition hw and the purple vertical line indicates the corresponding
frequency predicted by the JC model that is missing the frequency dressing. Notice that the
energy eigenvalues shown in (b) and (c) are determined by the JC model and not by the
exact diagonalisation of the coupled problem. Horizontal lines indicate the splitting of the
lowest two polaritons.
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3.3 Hj

Similarly to HD+, we performed simulations for H at different COM velocities (see Figs.
- . In contrast to HD+, the frequencies are scanned around the 1S-2P transition,
which corresponds to the dissociation limit Hf — H + p. This adds additional complexity
to the interpretation of the computed dispersion relations. One needs to consider that a
continuum of dipole-allowed transitions emerges beyond the dissociation limit. However,
this cannot be represented on our finite radial grid, which is scaled to reproduce bound-state
properties optimally. For this reason, one observes a discrete spectrum of dipole allowed (red)
energy levels beyond the dissociation limit. However, there are two ways to identify truly
discrete (i.e. bound) peaks in our discretized continuum. First, one can calculate the proton-
proton distances for each excited state to identify potentially bound states (see main section).
Second, bound excitations are invariant with respect to changes of the radial basis set and
the corresponding scaling parameters, whereas the discrete continuum reacts very sensitively.
Based on these considerations, we could distinguish the bound states, which are shown in
the main section, from continuum states composed of a H-atom and a free proton coupled
to the cavity. With the latter method one can also identify the dissociation energy limits,
i.e. when increasing the scaling factors of the radial grids one observes an accumulation
of eigenvalues at the dissociation energies,? while the newly discovered bound polaritonic
states remain invariant. Similarly to the main section, in Fig. [S7] the proton-proton distance
vs. energy plot is shown for the previously identified bound states. However, for this figure
we assumed an infinite mass for the nuclei. Qualitatively, the system behaves very similar
compared with the results for finite proton masses. Overall, the proton-proton distances
of the bound states are slightly reduced and some of the excitation energy differences are
moderately shifted compared with the finite mass reference. Nevertheless, the appearance of
bound states below and above the dissociation limit remains preserved in the infinite-mass
limit.

Aside from that, one can also investigate the bound 1S-iS transitions below the dissoci-
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ation limit with respect to different COM velocities. Our simulations for Hj confirm that
a finite COM motion of a charged molecule indeed leads to an increased dipole-transition

probability, as it was discussed for HD+ in the main section.
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Figure S6: Dispersion relations for the Hy molecule with singlet nuclear spin configuration
in a cavity. The frequencies are centered around the dissociation energy of the bare matter
system. It is assumed that W = const, i.e. the coupling strength oc w, and A = 0.057
at resonance with the dlSSOClathIl energy. The oscillator strength color bar is chosen to
visualize changes arising from finite COM velocities in a relatively weak regime. The COM
motion was set to Ey;, = 0 for (a), whereas for (b) a non-vanishing Ej;, = 0.37 [eV] was
chosen, which is still in the non-relativistic limit, i.e. k =~ 0.072c. The vertical dotted line
indicates the dissociation resonance condition.
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Figure S7: Quantized (i.e. bound) proton-proton distances for Hj with respect to ground-
state energy differences AE and corresponding oscillator strength in the infinite proton mass
limit. The blue dots correspond to dressed bare matter states whereas red dots indicate the
emerging bright photon replicas, which are absent without a cavity. The cavity frequency is
w = 2.15 eV (dashed vertical line) with A = 0.051 and zero COM motion. The green area
indicates energy ranges beyond the pt-dissociation limit according to matter-only simula-
tions.
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