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1 Details of the fitting

Here we present the details of the fitting procedure used to determine the growth laws for
different countries. It is illustrated with the example of Italy in figure S1. The full data
for the number of cases per million in Italy are presented in figure 1(b), orange curve.
In figure S1, the subset of the same data starting from 1 case per million, is plotted on
the log-log scale (panel (a)) and on a linear scale (panel (b)), with varying horizontal
shift, which corresponds to changing the position of time zero. This is what we refer to
as a “fitting frame”. The fitting frame number one is when the first data point in the
selected subset corresponds to day 1. The ith fitting frame shifts this point to day i.
For each fitting frame, we obtained the best fit with function a1x

b1 , by using a built-in
Mathematica routine “FindFit”. Note that the natural logarithm of the data was fitted
for the figures presented here.1

Clearly, some fits are better than others, see figure S1(a,b). The fitting error for each
fitting frame, i, was calculated as the distance between the data and the fit, normalized
by the number of points:
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where y
(i)
j is the jth component of the dataset in frame i, x

(i)
j is the corresponding

prediction of the fit and N is the number of points in the dataset. These errors are
shown for the different fitting frames in panel (c) of figure S1. The minimum error
corresponds to the power b1 = 4.3.

Exponential fits of the same data from Italy are shown in figure S2(a,b). In panel (a)
we used a log scale, such that the exponential fits look like straight lines. It is clear that,
first of all, these fits are all parallel lines and thus the error is exactly the same (thus the
exponential fitting errors as functions of the fitting frame are horizontal lines, see figures
3 and 4. Second, we note that these fits are not very good for Italy, and that is why the
power fit errors are always below the exponential error, see figure 4(b). For comparison,
panels (c) and (d) of figure S2 show the exponential fits for the US data. We can see
that the quality of the fits is better, see also figure 4(b).

1We also tried fitting the function without taking the logarithm; similar results were obtained (not
shown).
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Figure S1: Details of the fitting procedure, using the example of Italy. Power law fits are
presented for 7 choices of the fitting frame from 1 to 21, using (a) the log-log scale and
(b) the linear scale. The data are plotted as dots and the fits as lines. The best fit is
marked by the red line. (c) The power law fitting errors as a function of the frame. (d)
The fitted value of the power exponent, b1, as a function of the fit. The red dashed lines
in (c) and (d) mark the best fit.

Akaike Information Criterion (AIC). Upon performing the fitting procedure as
described above, we split the 61 qualifying countries into 4 groups: “Exponential”,
“Exponential-like”, “Power law”, and “Power law-like”. Here we check our conclusions
by applying the AIC. The AIC value is defined as 2k− 2 ln(L), where k is the number of
parameters and L is the maximum likelihood function. The criterion selects the model
with a lower AIC value as the more powerful. Here we compare two models, the expo-
nential model that has k = 2 fitting parameters, and the power law model, which has
k = 3 fitting parameters, because it contains the “frame-shift” parameter. We have for
dataset i:

AICexp
i = 2 × 2 + N ln RSSexp

i + C, AICpow
i = 2 × 3 + N ln RSSpow

i + C,

where RSSexp
i is the residual sum of squares when fitting dataset i with the exponential

model, RSSexp
i is the same for fitting with the power law, and C is a constant that

depends on the number of points in the dataset and is the same for the exponential and
power law models. Further we note that the residual sum of squares is connected with
the error defined in (1):

Erri =
1

N

√
RSSi.

In order for the AIC to select the power law model as the better model for set i, we need

2



Figure S2: Examples of exponential fits for Italy (a,b) and the US (c,d), where the log
scale is used in (a,c) and the linear scale in (b,d). The yellow lines show exponential fits
for 7 different frames from 1 to 21, as in figure S1(a,b).

AICexp
i − AICpow

i > 0. This is equivalent to condition

Errexpi

Errpowi

> e
1
N , (2)

where N is the number of points in the set. If inequality (2) is reversed, then the
exponential model is more powerful one according to AIC. Applying this condition to
the four groups of countries that we have identified, we have obtained the following
results:

• For countries that were identified “exponential”, the AIC always chose exponential
model as the more powerful one. This can be seen immediately from inequality (2),
where in the case of “exponential” group, the left hand side is smaller than unity
and the right hand side is larger than unity.

• For countries identified as “exponential-like”, AIC may in some cases select the
exponential and in others the power law model, but if it chooses power law, the
resulting power is large (> 5), and we therefore classify such counties as exponential
-like.

• For countries identified as “power law’ or “power law-like”, inequality (2) holds in
all the cases, that is, according to AIC, a power law is always a better model in
those cases. Note that since the number of points in our sets is always 15 or mode,
in order for inequality (2) to be satisfied, the exponential error must be more than
7% larger than the smallest power law error (e1/15 ≈ 1.069). This condition is
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satisfied for all the countries in the power law and power law-like groups, see figure
??.

Varying country selection criteria. In the main text and in this Appendix so far,
we describe a fitting procedure where the “confirmed cases” data for each country were
used only if the numbers exceeded 1 case per million. Here we demonstrate how this
changes if a different choice is made and a minimum of 5 cases per million is required
for each data point to be included. In figure S3 we demonstrate the difference for 30
countries. The choice of countries for this graphics was somewhat arbitrary: we included
the 30 countries out of the subset used in figure 3 that had the largest infection (cases
per million).

Figure S3: Comparison of two different choices of the fitting procedure, for 30 countries.
Each panel represents a country, with the hrizontal axes being the fitting frame, and the
vertical the fitting error. Red symbols correspond to the 1 case per million threshold,
and blue circles to the 5 cases per million threshold. Circles represent the error of the
power law fitting; they form non-constant functions. Squares represent the error of the
exponential fitting and form horizontal lines, because these errors do not depend on the
fitting frame.

Different data sources. While all the results presented here are based on the analysis
of the John Hopkins data [1], we spot checked to confirm that data obtained directly
from individual country databases gives similar results. Figure S4 for example plots the
number of cases from the John Hopkins database (blue) and from the data found on the
official Italian government website [2], yellow. There is no significant difference in the
number of cases.
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Figure S4: Comparison of the number of cases for Italy taken from the John Hopkins
dataset [1], blue, and from the data found on the official Italian government website [2],
yellow.

2 Best fits for different countries

Here we present plots of the best fits for different classes of countries. Figure S5 shows
the 19 countries that were classified as a power law countries. The plots are presented on
a log-log scale, such that the power law fits are straight lines. We can see that the best
power law fit (blue) is a visibly better match than the exponential fit (yellow). Note that
for all of these countries the power law fitting error for any frame shift is smaller than
that obtained by the exponential fitting. The rest of the power law countries (those that
were classified as power law like) are shown in figure S6. This list contains 24 countries.
For convenience, we present both a log log plot (such that the power law fits, blue, appear
as straight lines) and a log plot (such that the exponential fits, yellow, appear as straight
lines).

Figure S7 shows the 9 countries that are characterized by a straight exponential
growth. For these data, we used a log scale, such that the exponential fits are straight
lines. For all of these countries the power law fitting error for any frame shift is larger
than that obtained by the exponential fitting. Note however that power fits that are
almost as good as exponential fits can always be found, if we we shift the frame far
enough. These fits correspond to very large values of the power coefficient b1 in the
power law, see for example figure 4(a) which presents the example of the US. As the
fitting frame index increases, the power law fitting error (top, blue line) approaches the
exponential fitting error (horizontal yellow line). This, however, is meaningless, and does
not indicate the presence of a power law. Figure S8 presents the rest of the countries
from the exponential class, that is, those that were classified as exponential-like.

3 Analysis of testing data

The daily number of cases as well as the cumulative number of cases analyzed in this
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Figure S5: The 19 countries that were classified as those following a power law. For
each country, two panels are presented. One is the full data (cases per million) plotted
on a log log scale. The other is the subset of data (with 1 or more cases per mission)
plotted on a log-log scale (black circles) together with the best power law (blue line) and
exponential (yellow line) fits.
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Figure S6: The 24 countries that were classified as power law like. For each country,
three panels are presented: (1) is the full data (cases per million) plotted on a log log
scale. (2) is the subset of data (with 1 or more cases per mission) plotted on a log-log
scale (black circles) together with the best power law (blue line) and exponential (yellow
line) fits. (3) is the same as (2) except on a log scale.

paper depend on the testing that is performed in individual countries. From the data on
testing that are available from Our World in Data [3], we see that among the 61 countries
that we classified according to the law of infection spread (Table 1), 34 contain data on
testing for the time-period of interest with 5 or more data points. Among these, 25 show
a statistically significant increase in the number of tests (and the other 9 do not show
increase or decrease). Figure S9 presents all the testing data available for these countries
and provides a linear fit of the logarithm of the test numbers together with the p-value
to assess statistical significance.
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Figure S7: The 9 countries that were classified as those following an exponential law. For
each country, two panels are presented. One is the full data (cases per million) plotted on
a log log scale. The other is the subset of data (with 1 or more cases per mission) plotted
on a log scale (black circles) together with the exponential fit (yellow line). Note that for
these countries, the power law fits correspond to very high values of the exponent and
are therefore not significantly different from the exponential fits.

4 Analysis of death data

COVID-related death statistics are available from Our World in Data [3]. We note that
during the period covered in the analysis, only 20 out of 61 countries in table 1 report
more than 20 deaths. For these countries, we fitted exponential and power law growth
laws to the cumulative death time-series, and determined which fit yielded a smaller
mean squares error (the same results hold if we compare R squared of the fits). Among
the 20 cases, for the countries that we classified as exponential and exponential-like, 50%
exhibit death time series that are better described by a power law. For the countries
that we classified as power-law and power law-like, 75% exhibit death time series that
are better described by a power law.

We further extended the period for the death analysis by 10 days, reasoning that
there is a lag between diagnosis and death. In this extended set, the number of countries
with more than 20 deaths almost doubles (38 countries out of the 61 for which we provide
classification). For the countries that we classified as exponential and exponential-like,
75% exhibit death time series that are better described by a power law. For the countries
that we classified as power-law and power law-like, 85% exhibit death time series that
are better described by a power law. Figure S10 shows examples of fits for 6 cases, where
in 3 of them exponential fits are better and in the other 3 cases power-law fits are better.
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Figure S8: The 9 countries that were classified as exponential-like. Panels are as in figure
S7.

5 Additional analysis

In this paper we show that while many countries exhibit initial exponential-like growth, it
subsequently slows down to a power-like growth. Here (see figure S11) we show examples
of simulations where we explore the scenario of continual exponential growth, spanning
the whole time-frame of the dataset. One can see that there are orders of magnitude
difference in the case number under exponential growth, compared to the actual case
count.
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Figure S9: The (natural log) number of daily tests for countries in Table 1, where the
last temporal point corresponds to March 28, 2020. The best linear fit of the log data is
presented in every panel as a straight line.
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Figure S10: Examples of 6 countries showing the cumulative death data (black) together
with the best exponential (blue) and power law (orange) fits. (a-c) The power-law fit
results in a smaller error. (d-e) Exponential fit resultsv in a smaller error.

Figure S11: Three examples of countries that were classified as “power law”, where a
simulation was performed to compare the actual infection growth (blue points) with a
growth that continues the initial exponential-like expansion (found as the best exponen-
tial fit of the first 10 points marked by yellow) and shown as straight lines. The first
data point corresponds to the first point with 2 cases, and the last data point is March
28, 2020.
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