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Self-normalization in RP models

As explained in main text, the membrane potential of the readout neuron y(Z) (Eq. 1) reflects the
surprise of the input up to an additive factor, which stems from the normalization term of the model
(or partition function). We stress that the basic function we propose for a neural circuit - determining
which input patterns are surprising - requires knowing only the relative probabilities of patterns, which
are unaffected by normalization. The same applies for implementing a generative model (though
other architectures, e.g. Restricted Boltzmann Machines, might be more suitable for that purpose).
In many classification problems, one needs to compare the likelihood values of alternatives, which
means only the ratio of probabilities matter and the normalization term cancels out. This would imply
that the membrane voltage of the readout neurons would be sufficient.

In other cases, such as when comparing the responses of two different neurons, the responses of
these neurons must be normalized in order to be comparable. In these situations, the readout neuron
can estimate the normalized value of surprise if we consider an additive term to the membrane
voltage that is learned through experience. For example, if the neural code is sparse, the neuron
can learn this additive term by taking advantage of the fact that for the all-zero input pattern, 0,
p(0) = % (see [1]) and so the additive factor can be set according to how frequently the neuron
receives no spiking input. An alternative would be to consider the spiking of the readout neuron,
which would reflect inputs with high surprise, determined by the spiking threshold of the cell. In
terms of the spiking of the readout neuron, changing its threshold would be equivalent to an additive
term to the membrane potential. As neurons employ homeostatic mechanisms to adjust their activity
rates to certain ranges [2], this could be a self-normalizing mechanism for estimating the surprise.
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Figure S1: Correlations (z;z;xk)s in test data vs. model prediction for RP models trained over population
activity patterns of 178 cells from the visual cortex (top) and 169 cells from prefrontal cortex (bottom).
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Figure S2: (a) Expected likelihood of probabilistic models trained from 100,000 population activity patterns
from 169 neurons in the prefrontal cortex as a function of the number of projections in the RP model. The
performance of the RP models begin to deteriorate as the number of projections approaches the number of
training samples. Error bars denote standard deviation across random choices of projections and train/test
divisions. (b) Expected likelihood of RP trained on population activity patterns of 100 neurons from the monkey
prefrontal cortex as a function of the number of samples in the training data, for RP models using 1,000 random
projections (RP 1K), 10,000 random projections (RP 10K), pairwise, k-pairwise and independent models. (c)
Average Jensen-Shannon divergence between model and test data for randomly selected subgroups of 10
neurons in a population of 178 neurons from the visual cortex - same data and models as Fig. 3a. (d) Zoomed-
in version of Fig. 3a shows the low variability of RP models for different instantiations of the random projections
and random choices of train/test data. (e) Performance of probabilistic models trained over population activities
of 100 neurons from the primate visual cortex, as average Jensen-Shannon divergence between model and
test data for randomly selected subgroups of 10 neurons. - same data and models as Fig. 3c.
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Figure S3: (a) RP model performance for different choices of the distributions of the random projection weights,
trained over joint activity patterns of 50 neurons from the primate visual cortex. (b) Performance of the RP
model compared to models based on high-order correlations and high-order parities of the data, for data from
the primate visual cortex (top) or prefrontal cortex (bottom).

Other choices of random projection statistics and random function families

RP models were largely unaffected by how the random projection elements were chosen. Fig.
S3a shows the cross-validated performance, over experimental data, for models where the synaptic
weights a; ; were drawn from: (1) Normal distribution (¢ = 1,0 = 1), (2) Log-normal distribution
(v = 0,0 = 1), (3) Uniform distribution in the range [—0.2....0.8] and (4) Binary distribution (p(1) = 0.8,
p(—1) = 0.2). We found that the different models performed similarly for the data at hand, with the
normal and log-normal variants slightly outperforming the others.

We also examined two alternative choices of random function families for a probabilistic model:
randomly selected high-order correlations and randomly selected high-order parities. Probabilistic
models of randomly selected high-order correlations are maximum entropy distributions constrained
over a random selection of high-order correlations, ([];.c, #;), where C1...C, are randomly chosen
groups of neurons in the population. This gives a probabilistic model of the form:

k
= o3 0 [ =) (s1)
i=1

JjEC;

Probabilistic models of randomly selected high-order parities are maximum entropy distributions
constrained over the mean parities (XOR) of the activities of randomly selected groups of neurons,
(@D,ec, z;)- This gives a probabilistic model of the form:

k

—exp Z/\ @ xj) (S2)

=1 JjEC;

We found that these two models under-performed in comparison to the RP model (Fig. S3b) when



trained over our experimental recordings. The particularly poor performance of the correlation-based
model can be attributed to the fact that measuring high-order correlations is unreliable when the
activity patterns are sparse, as is typically the case in spiking neurons.



RP models capture high-order interactions
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Figure S4: Performance of maximum entropy models as a function of the strength of high-order interactions
in small artificial population activity distributions of (a) ten and (b) fifteen neurons. Pairwise ME models and
pairwise with synchrony constraints perfectly captured data generated from pairwise distributions and quickly
degraded as stronger third-order interactions were introduced. Random models provided relatively good results
even when the third-order interactions were strong. (c¢) Population synchrony taken from (b) where « ranges
from 1 (left) to 4 (right), evaluated using 100,000 artificially-generated samples of groups of 15 neurons.

We tested whether RP models can successfully learn data simulated from artificial probability distri-
bution with known high-order interactions by creating a family of parameterized Boltzmann distribu-
tions of the form:

1 n
p(x) = 7 exp |— Zaixi — Z BijTiTi — K - Z VijkTiZiTh (S3)
i=1

(i,j)€B (i,5,k)€C

Where B, C denote randomly selected pairs and triplets of neurons respectively, and the values
oy, Bij, i Were selected randomly from normal distributions. This results in a family of distributions
with pairwise interactions when « = 0 and increasingly strong third-order interactions for larger
values of . These distributions were used to generate simulated data, from which RP models were
trained. Fig. S4 shows the Jensen-Shannon divergence between the trained models and the original
distribution as a function of Iy — I, the amount of information in the distribution which cannot be
described by pairwise interactions. Maximum entropy models based on pairwise interactions trivially
managed to learn when x = 0 but made increasingly large errors as stronger third-order interactions
where introduced (larger values of k). RP models were able to capture the high-order interactions
more successfully (Fig. S4). The biases in population synchrony exhibited by RP models for this



synthetic data were qualitatively similar to those of pairwise models, though of lesser extent (Fig.
S4c).

RP models trained over population activity patterns of actual neural recordings were able to closely
capture high-order correlations in the code. Fig. S1 shows 2nd, 3rd and 4th order correlations in the
data and as predicted by RP models trained over a separate training set for neural recordings from
the primate visual cortex and PFC.
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Figure S5: Number of projections required to maintain a consistent model performance. The minimum
number of projections required to obtain DJSk (model,data) < 3 - DJSk (data, data), For increasingly large
neuron groups of the (a) prefrontal cortex and (b) visual cortex, when training RP models with 10,000 activity
patterns.

Scaling of the random projections with the input size

We examined how the number of random projections used by the RP model scales with the dimen-
sionality of the input, by seeking the numbers of projections required to maintain a similar-quality fit
across different input sizes. We trained RP models over inputs of increasing sizes N = 10,...,70
and evaluated the probability of the simultaneous activation of K neurons (population synchrony)
for K = 0,1,..., N under each model. We then evaluated how well each model fits the experi-
mental data by computing DJ Sk (model, data): the Jensen-Shannon divergence between the pop-
ulation synchrony of the model and that of the test data. We also computed the median value of
DJSk(data, data), the Jensen-Shannon divergence between random selections from the experi-
mental data, which also corresponds to the D.J S that would be obtained for a model that perfectly
fits the data. Finally, for each N, we searched for the minimum number of projections required to
obtain DJSk (model, data) < r - DJSk (data, data), where r > 1 is some constant.

Fig. S5 shows the number of projections required to maintain a consistant fit (with » = 3) across
different input sizes, when trained over joint population activity patterns from the visual cortex and
the prefrontal cortex. We observed that the number of projections scales differently between the two
datasets: while in both cases the increase in the number of projections appears roughly exponential,
it rises considerably slower in the prefrontal data than in the visual cortex data. We stress that these
results should be taken with a grain of salt, as it is difficult to control all aspects of model convergence
across different values of N, and there many other possible choices for defining a “consistent fit”. In
particular, we would caution against extrapolating from these results to large values of N.



(@)
noise = 0.001 noise = 0.005 noise = 0.01

)

P(corrupted)
P(clean)

logy o (

)

P(corrupted)
P(clean)

10810(

o
1
s
o
1
)]
o
o
1
s
o
1
[}
o
o

-40 -20
log,,(P(clean)) log,o(P(clean)) log,o(P(clean))

(b)

'8 clean
o
=
g 18 low noise
E
8 -19
°
Q
[&]
-20
3 high noise
x
q) T 1
5000 20000

number of projections

Figure S6: (a) Relative change in the likelihood of test data when it is corrupted by noise. We evaluated pre-
trained RP models over 178 neurons from the visual cortex (top) and 169 neurons from the prefrontal cortex
(bottom) on test data in which each bit has been randomly and independently flipped with probability 0.1%
(left), 0.5% (middle) and 1% (right). Dotted red line denotes no change in likelihood following the bit flip. (b)
Likelihood of test data over RP models trained over 178 neurons from the visual cortex, with varying amounts
random projections, using uncorrupted test data (“clean”), and test data in which each bit has been randomly
flipped with probability of 0.001 (“low noise”), 0.005 (“medium noise”) and 0.01 (“high noise). All models were
trained over uncorrupted training data.

Effects on noise on the likelihood of test data

We examined the effects that noise has on the likelihood of our neural data over RP models. Fig.
S6a shows how the likelihoods of individual activity patterns of test data change as they are cor-
rupted by applying random bit-flipping noise to each input dimension independently (some patterns
remain unchanged, as do their likelihoods, due to the nature of independent noise). The likelihood
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of individual patterns typically decreases as they are corrupted by noise, which is expected as there
are vastly more uncommon patterns than common ones. In our datasets, the effect was more pro-
nounced in data recorded from the visual cortex than of data from the prefrontal cortex. This could
be explained by the stronger sparsity of the visual cortical activity patterns, that would cause most
random bit flips to be 0 — 1 into a less-sparse pattern. The mean likelihood of the test data scaled
smoothly with the magnitude of noise (Fig. S6b). We note that the difference between the likelihoods
of a clean and corrupted activity pattern is a key element in the learning rule presented in this paper.
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Figure S7: Probabilistic models trained with the biologically plausible learning rule. (a) Correlations
in test data vs. model prediction for RP models trained with the learning rule over population activities of
100 neurons from the primate visual cortex. (b) Population synchrony of RP models trained with the learning
rule on groups of 100 neurons, compared to empirical data and reference models. (¢) Expected likelihood of
probabilistic models trained from population activity patterns of 50 neurons from the primate visual cortex as a
function of the number of training samples available. In purple: RP model trained with the online learning rule.
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Biological interpretation of the ‘echo’ patterns

As explained in the main text, the synaptic learning rule for the RP model (Eq. 1) compares the
circuit’s response to the input with its response to a noisy ‘echo’ of the input. Such echo patterns
can be generated by biophysical noise either in the neurons or synapses [3]. Updating the synaptic
weights to the output neuron would require a back-propagating signal from the cell body [4] and
a mechanism that would allow comparing between the synapses’ current and recent activities [5],
short-term memory within cells [6, 7], or more complicated local synaptic computations [8]. We
note that neural activity during sleep has been characterized with a replay of neural activity statis-
tics alongside highly regular oscillations of neural population activity [9, 10], which could generate
replayed inputs with periodically added noisy echos.

13
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Figure S8: (a) Expected log likelihood of RP models trained with the local learning rule on population activity
patterns of 70 neurons from the monkey prefrontal cortex (similar to the visual cortex results in Fig. 5a), while
periodically pruning weak synapses and replacing them with new randomly chosen projections. Curves denote
the performance of models trained with different total average number of replacements per synapse (low: 2,
high: 8). (b) Average firing rates (left) and Pearson correlations (right) of intermediate units h, in models trained
with the learning rule with (orange) or without (purple) pruning and replacement; arrows denote median values.
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Figure S9: (a) An RP circuit with two output neurons that classifies its inputs as coming from either the pre-
frontal cortex or visual cortex, after applying the learning rule for 10 epochs using 100,000 samples from each
class. By selectively applying the learning rule, each output neuron learns to respond with an un-normalized
distribution of inputs conditioned on one input class. (a) Accuracy of classifying if a pattern originated from
the prefrontal cortex or visual cortex, while averaging the responses of the neurons to & = 1, .., 7 activity pat-
terns, when both output neurons were properly normalized (using the Wang-Landau algorithm). (b) Accuracy
of classifying when both output neurons were normalized with a biologically-plausible approximation based on
the proportion of silent patterns.

Biologically-plausible training of a neural circuit to discriminate between in-
puts

An RP circuit with multiple output neurons can classify its inputs by selectively applying the learning
rule to its output neurons. Fig. S9 presents a simple proof-of-concept with two identical RP circuits
(or, equivalently, a single RP circuit with two output neurons) that can learn to classify whether its
inputs have originated from the prefrontal cortex or the visual cortex. The circuits were presented
with a mix of activity patterns recorded from these two areas, where the learning rule was applied to
output neuron #1 only when input from the visual cortex was presented and to output neuron #2 only
when input from the prefrontal cortex was presented. This resulted in the one neuron responding
with — log p(Z|visual) — log Z; and the other neuron responding with — log p(Z|prefrontal) — log Z5,
where Z; and Z, are unknown normalization factors.
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A maximum-likelihood classifier that classifies a new pattern - argmax(Z,,c., |dataset) - can be imple-
mented by simply comparing the activation of the two output neurons in response t0 Z,,..,. Normally,
comparing the responses of the same output neuron for two input patterns would result in log Z
canceling out. In this case, when comparing the responses across different output neurons, it is
required to find Z; and Z, (also referred to as the partition functions) and add them as biases to the
neurons’ responses.

We tried to compensate for the biases log Z1, log Z5 in two different ways:

1. By applying the Wang-Landau algorithm [11], a numerical MCMC-based method for normal-
izing exponential distributions. This method can give accurate results but has no biologically-
plausible implementation.

2. A simple biologically-plausible approximation based on the proportion of time during which the
circuit receives no spiking input (see earlier in the Sl - “Self-normalization in RP models” - for
details).

We applied both of these methods to the output neurons and used them to predict whether input
patterns have originated from the visual cortex or the prefrontal cortex. We classified either by using
the responses to individual patterns, or by averaging the response across k input patterns. Fig S9
shows the accuracy obtained when classifying activity patterns from groups of 100 input neurons,
by applying 10 epochs of the learning rule using 100,000 samples from each of the two datasets,
while setting k£ = 1,2..., 7. With correct normalization (Fig. S9b), classification of the input patterns
was near-perfect even using one or two example. With the approximate normalization (Fig. S9c)
the accuracy was lower (~90%) when using a single example, but quickly rose when averaging over
multiple examples.
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Derivation of the noise-based learning rule from Minimum Probability Flow

Minimum Probability Flow [12] is an algorithm for estimating parameters for probabilistic models
by minimizing the KL-divergence between the data and the model after running the dynamics for
an infinitesimal time ¢ : Oy pp = argming Drcr, (p(?||p(®)(6)). The authors show that this objective
function be approximated by minimizing the objective:

|D| S gy exp[ E;j(X) — EZ-(X))] (S4)

;€D x;¢D

where: z; € D denote patterns in the training data, z; ¢ D denote patterns not in the training data,
and g;; denote elements of a transition-rate matrix I" which is allowed to be extremely sparse. This
is further extended to the case where T" is sampled rather than deterministic, giving the objective:

-3 S (2) e 55 - B

;€D x;¢D

where the inner sum is obtained by averaging over samples from g;;. Being a convex function, this
objective function has a global minimum which can be obtained by iteratively applying its gradient:

OF;( BN
X

s (2) o E®-E®] e

ij

=22

;€D x;¢D

Minimum Probability Flow’s advantage comes from the fact that transition-rate matrix I" can be very
sparse (g;; = 0 for most 4, j). When this is the case, most of the terms in Equ. S4 and Equ. S5
drop out, and they can be directly computed even for high dimensional input patterns. This solves a
major problem in estimating the parameters of maximum entropy models, as directly minimizing the
KL-divergence between the model and data requires either summing over all the possible inputs or
approximating it with MCMC methods.

Essentially, Eq. S5 sums over pairs of input patterns - those which are part of the training set
(z; € D) and those that are not (z; ¢ D), where g,; are elements of a transition matrix that defines the
probabilities to switch between states in a Gibbs-style random walk. The learning rule implements a
stochastic version of Eq. S5 by taking advantage of three properties:

1. The term E;(X) - the energy of state = - is exactly the membrane potential of the RP output
neuron (with synaptic connections \) in response to the input Z5.

2. The vector 2 ( Y i exactly the vector (hi(zj), ..., hi(Z})) - the response of the RP intermediate
neurons to the mput Z; - because E;( (X) = Yo i hi(z).

3. We can create patterns z; ¢ D by adding noise to the patterns z: each of the bits in the input
pattern is flipped with probability p. Since g;; reflects the probability that &; and «; appear together,
this defines a transition matrix I' where g;; is the probability that pattern < would be flipped into
pattern z;:

g = (1—-p)" i=]
Yl (1= p)nRpk g, differs from z; by k bits
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we denote these noisy patterns as z..»o. In particular, g;; = g;; (because bit flipping is symmetric)

1

o] (ZJ] ) o By substituting all of these into equation S5 we obtain:

IK(X)
ox Z

Because the inner sum is obtained by the random generation of z..,, and the outer sum by sampling
from the input data, a stochastic gradient descent using this gradient would be equivalent to the
learning rule presented in the paper:

5 1) = b g, 50 | 5(EC0) = Bl

Zecho

OKD) _ ) — ho L By -
)~ o) — itz exp | 3(B(@) - o) (s6
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Algorithm 1 RP model with pruning and replacement (random selection)

Randomly pick a set of k projections hq(z)...hi(x) for the model
Approximately train the RP model on the empirical data ..,

Choose the ¢ projections for which |)\;| is smallest and remove them
Generate ¢ new random projections g1 (z)...g4(x) and add them to the model
repeat steps 2-4 until the required amount of projections has been replaced

A

Algorithm 2 RP model with pruning and replacement (greedy selection)

Randomly pick a set of k projections hq(z)...h,(z) for the model

Approximately train the RP model on the empirical data .,

Choose the ¢ projections for which |);| is smallest and remove them

Generate a set of » random projections ¢, (z)...g, ()

Generate a set of samples zsynin ~ P

Add to the model the g projections which maximize: | Zrm,, g;(x) — erym gj(z)|
repeat steps 2-6 until the required amount of projections has been replaced

NoahR w0
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