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Supporting Information Text

Supplementary Information A:
Equilibrium of the model with cultural transmission

The linear recursion [4] can be rewritten in matrix form:

x’lH'l 2e1p 2e1q 0 7 c1
x;H'l = eap e eaq x5 |+ | co =Bx+ec.
zit! 0 2e3p  2es3q xy cs3

The eigenvalues of B, the roots of the characteristic polynomial of matrix B, are roots of

2e1p— A 2e1q 0
eap ez — A e2q =0,
0 2esp  2e3q— A

which reduces to
A [)\2 — (2e1p + €2 + 2e39) A + 2e1e2p” + 2eze3q” + 46163]3(]] =0.

These roots are A = 0 and the roots of f(\) = 0, where
F(A) =A% — (2e1p + e2 + 2e3q) A + 2e1e2p” + 2e2e3q” + 4derespq.
Since
A = (2e1p + 2e3q + 62)2 — 4(26162p2 + 26263(]2 + 4deiespq)

= p(2e1p — 2e3q + 62)2 + q(—2e1p + 2e3q + 62)2 > 0;
A1+ Ao = 2e1p + 2e3q + ea € (—2, 2);

Mz = 2e1eap” + 2eze3q” + derespg € (-1,1).
This implies
A€ (—1,1);
A2 € (—1,1).
We conclude that the system will converge to the equilibrium point, which is given by
T1 = 2e1px1 + 2e1qr2 + ci1;

T2 = e2px1 + e2T2 + €2qT3 + C2;

T3 = 2e3qrs + 2e3pxa + c3.
This can be rewritten as

(1 —2e1p)z1 — 2e1qx2 = c1;
—eapz1 + (1 — e2)x2 — eaqrs = ca;

(1 —2e3q)z3 — 2e3px2 = cs.

We can then solve these equations to get

_Bl.
m=
e B2,

A7

_BS.

™=

A=1—e3—2e1p—2e3q+ 26162p2 + 26263(]2 + 4eiespq;
Bi =(1—e3 —2e3q+ 26263q2)01 + 2e1q(1 — 2e3q)ca2 + 26162q203;
By = eap(1l — 2e3q)c1 + (1 — 2e3q)(1 — 2e1p)ca + e2q(1 — 2e1p)ces;
B3 = 263€2p201 + 2e3p(1 — 2e1p)ce + (1 — e2 — 2e1p + 2elezp2)03.

[A1]

[A2]

[A3]

[A4]

[A5]

[A6]

[AT]

[AS]

[A9]
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2 Supplementary Information B:
21 Calculation of covariance and regression coefficients in model with cultural transmission
2 Denote T = E(Xcn) = E(X,p) = E(Xm), it is easy to see

Cov(Xen, Nib) = E(Xen N — E(Xen)E(NL)
= P(Xen = 1, NI = 1)+ 2P(Xen, = 1, NI = 2) — E(Xen) E(NL)

=1— P(XcuNJy = 0) — P(Xep = 1, N7y = 2) + 2P(Xen, = 1, NI, = 2) — 23 [B1]
=14 P(Xen = 0,NJ\ = 0) + P(Xep = 1, N7y = 2) — P(Xo, = 0) — P(N7, = 0) — 27q
P(Xen =0,Np, =0) = p* (1 — 1 — 2e121) + 2p°g[1l — 2 — ea(x1 + x2)] +p°¢*(1 — 3 — 2e32); [B2.a)
P(Xcn =1,Np, = 2) = p°q®(c1 + 2e122) + 2pg°[ea + e2(z2 + 23)] + ¢ (cs + 2es3); [B2.b]
P(Xen=0)=1-7; [B2.c]
P(Nya = 0) = p*; [B2.d]
T = p’x1 + 2pqre + ¢ 3. [B2.€]
Thus, we have
Cov(Xen, Nfb) =1+ P(Xen = 0, Ny = 0) + P(Xep = 1, N, = 2) — P(Xo, = 0) — P(NZ, = 0) — 23q
=1 +p4(1 —c1 —2e1m1) + 2173(1[1 — ¢z — ez(x1 + z2)] +p2q2(1 — c3 — 2e3x2)
+ ¢ (c1 4 2e12) + 2pg°[ca + ea(x2 + x3)] + ¢* (c3 + 2e323) — (1 — T) — p° — 2Tq (B3]
=T(1 - 29) +p°(¢" — p")er + 2pa(q” — p*)ez2 + ¢*(a° = p°)es
— 2p31:1(pe1 + gez) + 2pgx2[q(per + ge2) — p(pe2 + qes)] + 2¢°z3 (pez2 + ges)
= (p— a)(T —©) — 2p’x1(per + ge2) + 2pqea[q(per + gez) — p(pez + ges)] + 2¢°xs (pez + ges).
From [11] we can further simplify to obtain
Cov(Xen, Npu) = —2p"q(per + gez)z1 + 2pqea[p(per + qe2) — q(pez + ges)] + 2¢°p(pex + qes)as B4
= 2pg[p(per + ge2)(z2 — x1) + q(pe2 + ges)(xs — z2)].
Then we get
Ba = %&éffa) = p(pe1 + ge2)(xz2 — 1) + q(pe2 + ges)(x3 — x2). [B5.b]
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2 Supplementary Information C:
2 Covariance decomposition
The parent-offspring phenotype covariance is given by
Cov(Xeh, Xp + Xm) = E[Xen(Xp + Xm)] — E(Xen) E(Xp + Xim)
=PXeh=1,Xp+ Xn=1)42PXen =1, Xp + X, =2) — 27°
=1—P(Xen(Xp+ Xm) =0) + P(Xen =1, X, + X, = 2) — 27° [C1]
=1-P(Xen=0)— P(Xp =0,X,n =0) + P(Xer, =0, X, =0, X, = 0)
+P(Xe=1,X, =1,X,,, = 1) — 227,

25 where

P(X, =0,X,, =0)=P(X, =0)P(X,, =0) = (1 -7)?, [C2.a]
P(Xen = 0,X, =0, X, = 0) = p*(1 — 1) [p(1 — 21) + q(1 — z2)]
+2pq[p(1 = x1) + q(1 — z2)] [p(1 — w2) + g(1 — x3)]
+q* (1= cs) [p(1 — 22) + (1 — 25)]” (C2.b]
=(1-7)°— {P201 [1— (pz1 + (1502)]2 +2pgea[1 — (po1 + qm2)] [1 — (o2 + qus)]
+¢’cs[1 — (pz2 + q3))| 2}

and
P(Xen =1,Xp = 1, X;n = 1) = p*(c1 + 2e1)(pz1 + qz2)” + 2pg(ca + 2€2)(pr1 + qa2) (P2 + qs)

) ) [C2.¢]
+q°(c3 + 2e3)(px2 + qa3)”.
Hence
Cov(Xen, Xp + Xm) =T — 28 — (pPc1 + 2pqea + ¢°cs) + 2p(pa1 + quz) (per + gez) + 2q(pra + qws) (pea + qcs)
+2p°e1(pr1 + qr2)® + dpgez (pr1 + qr2) (pr2 + qr3) + 2¢°es(pa2 + qrs)’ (C3]
= A1+ Ao,
where
A1 = 2p(pz1 + qz2)” + 2q(pz2 + qus)” — 277
=2 {p(p:vl +q2)? + q(pr2 + qrs)? — [plpz1 + qa2) + q(pr2 + qx3)]2}
= 2pq(pz1 + qz2 — pr2 — q3)° [C4.a]
= 2pq(pa1 + qu2 — prs — qus)’
= 2pqfi,
and
Ay =T —¢—2p(par + qu2) [p(ar — 1) + q(@2 — c2)] — 2q(pr2 + qus) [p(x2 — e2) + q(s — c3)] (Cab)
+2p%e1 (pr1 + qu2)” + dpges(pr1 + qu2)(pra2 + q73) + 2¢°€3(pra + q3)”
26 Again we use the equilibrium condition [11], which gives
Ay =T — ¢ — 2p(pa1 + qo2) [p(a1 — 1) + q(w2 — c2)| — 2q(pr2 + qu3) [p(x2 — c2) + q(x3 — c3)]
+2p°e1(pr1 + qua)? + dpgea(pr1 + q2) (pr2 + qus) + 24 es(pw2 + qus)’
= e1[2p%(pr1 + qu2) — 4p* (pr1 + qr2)” + 2p° (p21 + ga2)”]
+ e2[2pg(pa1 + x2 + qus) — 2pq(pz1 + 22 + q23)° + Apq(pr1 + qr2) (P2 + G3) |
+ e3[2q° (pr2 + qz3) — 4¢° (w2 + q3)* + 2¢° (P22 + q3)” (C5]

= 2p”(pr1 + q@a2) [1 — (p1 + qa2) ] er
+ 2pa{ (b1 + g22)[1 = (pos + qwa)] + (pa2 + g2 [1 = (po2 + gaa)] Jea
+2¢° (pr2 + qus) [1 — (pr2 + qus) | es
= 2p(pe1 + ge2)(pr1 + qu2) [1 — (pz1 + qr2) | + 2q(pez + ge3)(pr2 + qus) [1 — (pz2 + qz3) .
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Supplementary Information D: Analysis of Missing Heritability

From equations (16) and (17), the parent-offspring phenotype covariance can be decomposed in the following way

C’O’U(,XC]—L7 Xp + Xm) =A1 + AQ;
Ar = 2pq(j1 — j2)%; [D1]
As = 2p(per + ge2)jr(1 — j1) + 2q(pe2 + ges)ja(1 — ja),
where j1 = pr1 + qr2, j2 = px2 + qrs.
There is missing heritability when Az > A;. Here we carry out a quantitative analysis of a simple case and derive some
conditions when there is missing heritability.

Before doing the analysis, we make some preparations. Using the equilibrium condition ([4], also supplementary equation
[A9]), we have

_ pBi1+qBa _ p(1 —eap —2e3q)c1 + q(1 — 2e3q)ca + q2€263.

J1 = pr1+qre = A = A ’ [D2]
B B 2 1-2 1—exq—2
ja = pwa + qrs = pb2 Z gbs _ P e201 +p( elp)CilJr q( e29q 611’)037 [D3]

where

Bi =(1—e2—2e3q+ 26263(]2)61 + 2e1q(1 — 2e3q)c2 + 26162q203;
By = eap(1l — 2e3q)c1 + (1 — 2e3q) (1 — 2e1p)ca + e2q(1 — 2e1p)es;

D4
B3 = 26362])261 + 2e3p(1 — 2e1p)ca + (1 — e2 — 2e1p + 261621)2)03; [D4]

A=1—es—2e1p — 2esq + 2e1e2p” + 2eze3q” + derespq.

Now consider the simple case, where ¢; = ¢+ dc¢;i; e; = e + de;, with ¢ = 1,2,3 and ¢ > dc¢i; e > de;. In this case, we have

C

1= + 01 (¢, de)
J2 = 172e+ 2(dc, de).
Neglecting higher order terms and writing k==, the criterion Az > A; becomes
As = 2ek(1 — K) > pgO(6c®, 8e°) =~ Ay [D6]

Now we assume k is of intermediate size (e.g., of the order of p or g). Then, a sufficient condition for Az > A; will be:
e > 0(6c?, de?), and since we already know that e 3> O(de), which implies: e > O(de?), the condition reduces to e > O(5¢?).
This means that the magnitude of cultural effect (e) is greater than that of the variance of genetic effects (6¢?).

The following is a numerical example of this sufficient condition. Assume

c=0.5; e=0.05 p=0.8; ¢g=02; (d1,d2,03)=(0.0322,0.0223,0.0542); (e1,€2,€3) = (0.0036,0.0018,0.0044).

Here ¢’s are sampled from a uniform distribution of (0,0.05), €’s are sampled from a uniform distribution on (0,0.005). Thus,
in this case, e = O(dc) = 0.05, which means that e > O(6c?) is satisfied, and ﬁ ~1074 < 1.
In the main paper, we examine the case where (c1, ¢z, c3) = (¢,c+ d, c+ 2d); (e1,e2,e3) = (e, e,e). From equation [9.a], it is
easy to see A = %, and now we calculate Cov(Xen, Xp + Xom).
Replacing the ¢’s and ¢e’s in equation [11.b] with (¢,c+ d,c+ 2d) and (e, e, e), and pz1 + g2 and pxs + grs with ji and jo,
we have
As = 2e[pji(1 —j1) + qj2(1 = j2)]. [D7]

From (8.a) we know j2 = j1 + 81. Thus

As = 2e[pji(1— j1) + qja(1 — j2)] = 2e[(j1 + ¢B1) — (jr + qB1)” — paBil, (D8]

which means

Cov(Xen, Xp + Xm) = A1 + A = 2pgBi + 2e[(j1 + qB1) — (j1 + aB1)” — paBi] Do)
= 2pq(1 — €)B7 + 2e(j1 + qB1) — 2e(j1 + qB1)”.

Now replace 81 and ji1 with their corresponding expressions and we obtain

~ 2pqd® | 2elc(l—e)+qd]  2e[c(l—e)+ qd]?
Coven Xp+Xn) = 0 Y g1 —20) (10— 20)7 (D10

Hao Shen, Marcus W. Feldman 5 of 21
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which depends on both d and e. (Dividing this covariance by the total variance does not change the results, since the total
variance equals Cllfgzd(l — Cllfgzd) )

Since this case is relatively simple, it is possible to make corrections for A;. However, when ¢’s are different, even analogous
corrections are impossible and neither Ay nor Cov(Xen, Xp + Xm) have a clear interpretation.

Although cultural transmission can contribute to missing heritability, absence of missing heritability does not necessarily
mean that cultural transmission is weak or non-existent. There exists parameter regions where cultural transmission is relative
strong but the two heritability estimates are roughly the same. Here we give an example: assume (c1, c2,c3) = (0.001,0.05,0.95),
(e1,e2,e3) = (0.02,0.02,0.02); p = 0.9;¢ = 0.1 In this case, cultural transmission is much more important than genetic factors
for 81% of people whose genotype is A; A1; equal in importance for 18% of people whose genotype is Aj Az; and relatively
unimportant for 1% of people whose genotype is A2 As. Thus, although in this case cultural transmission is very important for
most people in the population, ﬁ =~ 85%., which means that there is almost no missing heritability.
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Supplementary Information E: On Kong et al.’s Analysis of ‘Direct Effect’

In the main text, we illustrate how Kong et al’s analysis of direct effect works for discrete trait when parents’ phenotypes have
the same effect on different children’s genotypes. Here we provide a similar analysis for continuous traits and point out some
issues in Kong et al’s calculation.

In the Supplementary Information of Kong et al’s paper “Effects of genetic nurture on phenotypic correlation between
relatives” (ref. [S1]), they propose the following model

Xen = (8 +n)(am + ap) + nlant,, +ant,) + € [E1]

where ap ,am represent the number transmitted paternal and maternal alleles and ant,,, anT, represent the number non-
transmitted maternal and paternal alleles(for a reference allele). € is the sum of the intercept and the residual. é 4+ n and 7 are
the regression coefficients and § is what they call 'direct effect’, while n represents the genetic nurturing effect.

For consistency, we transform their notation into the notation in our main text, where we have for the child’s phenotype

Xen = Bi(am + ap) + B2(anT,, + ant,) + 9, [E2]
and for the mother’s phenotype
Xm = 51 (amp + amm) + 52 (amNTm + amNTp) + 6m. [ES]

Here amp and amm represent the number of transmitted alleles from mother’s father and mother’s mother, respectively, while
AmNT,, and am NT, represent the number of non-transmitted alleles from mother’s mother and mother’s father, respectively,
while 0, dm, and §, (below) are the sums of the intercepts and the residuals.

Since both (amp, Gmm) and (am, ap) refer to the mother’s genotype, we have

Amp + amm = am + ANT,, - [E4]
Thus, for the mother,
Xm = Bi(am + anT,,) + B2(amNT,, + @mNT,) + Om. [E5]
Similarly for the father we have
Xp = Bi(ap + ant,) + P2(apnT, + apNT,,) + Op. [E6]

Now consider a simple linear mechanistic model for a continuous trait, X, = a1(am + ap) + a2(Xm + Xp) + €, where €
represents random effects. (For a more complex model, see ref [9] of the main paper.)
In this case, Kong et al’s analysis holds and from path analysis we can see

a1+ az2B1 = Bi; aef = Pa. [E7]
This implies
o a1
B1=—— and B2 = ——. [ES]
1-— a2 1-— (6]

It is easy to see that 81 — B2 = a1, which is exactly the direct genetic effect in the mechanistic model. This analysis can be
extended to cases where the relationship between X, and (am,ap) is not linear, but it fails when the relationship between X,
and (X, X,) is not linear. A simple example has a2 different for different genotypes (gene-environment interaction in the
norm of reaction, see ref. (9)). As in the discrete model, this is because the influence of genetic nurturing on the equilibrium
frequency cannot be neglected when parents’ phenotypes have different effects on different children’s genotypes.

Another issue raised by Kong et al’s model concerns the calculation of parent-offspring covariance and covariance between
relatives; they assume that ¢’s and a’s are independent of each other (S1). However, as we will show, this assumption of
independence can be problematic even in linear cases. In order to show why this is unreasonable, we first calculate the
covariance between mother and offspring without this assumption and then explain the consequences of the assumption.

From the regressions E2 and E5,

Cov(8, am) = Cov(d,ant,,) = Cov(dm,am) = Cov(dm,ant,,) =0 [E9]
Because of random mating, all the a’s are independent of each other. Also
Cov(dm,ap) = Cov(dm,ant,) = 0. [E10]
We can then calculate the mother-offspring covariance as
Cov(Xen, Xm) = p12Var(am) + p1B2Var(ant,,) + Cov(8, ym), [E11]

where
Ym = BQ(GmNTm + amNTp) + 6m [E12]

Since Var(am) = Var(ant,,) = pq, we have

COU(Xch7Xm) = (ﬁl2 +ﬂlﬂ2)pQ+COU(5a ’Ym)7 [E13]

Hao Shen, Marcus W. Feldman 7 of 21



98
99

100

101
102
103
104
105

106

107

108

109

110

111

112

113

114

115

116

17

118
19
120
121

122

123

124

125

126

127

128

129

130
131

132

which holds without any assumption of independence. Then, if we add the assumption of independence of §’s and a’s, we have
Cov(d,vm) = 0, and hence
Cov(Xen, Xm) = (B1° + 152)pg. (E14]

This is the formula Kong et al. used in their calculation. However, this assumption (and simplification) basically entails
that genetic nurturing is very weak. To show this for continuous traits, consider a mechanistic model for genetic nurturing:
Xen = f(am, ap, Xm, Xp, €), where € represents random effects in the model (if the model is deterministic, then there is no e
term).

We then have the same regression expressions [E2] and [E5], Xcn = fi(am + ap) + B2(ant,, + anT,) + 9 and X, =
Bi(am + ant,,) + Ym, which imply

B1(am + ap) + B2(anT,, +ant,) + 0 = f(am,ap, B1(am + ant,,) + Ym, Xp, €). [E15]

Thus
6 = f(am,ap, Bi(am + ant,,) + Ym, Xp, €) — [Bi(am + ap) + B2(anT,, + an,)]. [E16]

Using the fact that ~., is independent of anm;ap;anT,,; anT,, We have
COU(57 ’Ym) = COU(’YWH f(arru Ap, Bl (am + aNTm) + Ym, XP’ 6)) [Elﬂ

Here v, is independent of all the terms in the f function except the v, term. For continuous traits, we use the Taylor
expansion

_ of 1 9%f 2
Cov(d,vm) = mVar(vm) + 20X2 Cov(Ym, Yim) + - (E18]
For the first term, we know that
Var(ym) = 283pq + Var(6,) = 283pq + Var(s). [E19]

The assumption that we can neglect Cov(d,vm) can be represented by
Cov(d,7m) < (B1” + B1B2)pq [E20]

If we assume that Cov(d,ym) ~ aanmVar('ym)7 then [E20] implies

%[Zﬂgpq + Var(6)] < (812 + B152)pq. [E21]

However, since Var(d) depends on the form of f, this inequality will not automatically hold unless Of g very small, which

a‘X’"L
requires weak genetic nurturing.

A special case of a continuous trait is the linear model. Again assume X.;, = a1(am + ap) + a2(Xm + X,) + € from path
analysis we have az(vm + vp) + € = 9 (see eq. [E2]). Together with [E19] this implies

403B3pq + 203V ar(8) + Var(e) = Var(d), [E22]

4a§ﬁ§pq+Var(e)
1—2a2 )

which means Var(d) =
For the inequality (g{—fm[Qﬁgpq + Var(8)] < (812 + B152)pg, notice that % = a3. Then
a2[263pg + Var(e)] < (1 — 2a3)(81° + B152)pg. [E23]
Use [E8] and replace 1, 82 with a1, az to obtain
(1 — a2)?2Var(e) + 205a3pq < ai(1 — 203)(1 + a2)pg. [E24]

This inequality depends on the relative magnitude of a1, a2 ,Var(e) and pg and thus will not automatically hold. To be more
specific, the condition will only hold when Var(e€) is very small and a is not too big.

We now turn to the discrete case, which is difficult to analyze directly in general. However, we already have a special case,
which is the model in the main paper, where from [10],

A+ A A
Cov(Xen, X) = S22 = (8 + BrBo)pa + 52 — Bufapa. [£25)
Thus
Ao
CO’U((S, ’Ym) = 7 - 5162PQ7 [E26}
and inequality [E20] becomes
A
72 — B1Papg < (BT + B1B2)pa. (E27]

8 of 21 Hao Shen, Marcus W. Feldman
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or

Ag < (261 + 451 82)pg. [E28]

However, this can be problematic even in the simplest case. Assume ¢1 = c2 = ¢3 = ¢ and e; = e2 = e3 = e. In this case,
both 31 and B2 are 0, but Ay > 0. We have also seen that in the cases of ‘missing heritability’, Az > A (or more explicitly
Az > 2B%pq), which makes it very unlikely that As < (257 + 451 82)pq (one way to make the assumption reasonable is to
make the ¢’s different enough and set the e’s to be small, but this again assumes weak genetic nurturing).

In general, the assumption in [E20] cannot be automatically satisfied in both discrete and continuous cases. We have to
make additional assumptions about the strength of genetic nurturing and the form of the function f in eq. [E15], including the
randomness of the transmission process, assumptions that can be violated in many cases.
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Supplementary Information F: Covariance and regression coefficient in the population subdivision model

Here we calculate the covariance among N;, Nt Ny, Ny, and X, and then compute the regression coefficients.

To simplify the calculation, we use the law of total covariance, which states that for random variables Y7, Y2, Z in the same
probability space, Cov(Y1,Y2) = E(Cov(Y1,Y2|Z)) + Cov(E(Y1|Z), E(Y2|Z)). Let I be the indicator function for subpopulation
with I = 4 when the individual (and thus its parents) is in population i. Then, for the law of total covariance, set Z = I,
Y: = N%,Ys = N3, where N% and N% are two different elements from the set {N}, N}, N}, N2}, Within each subpopulation,
N}, N}, N}, N are mutually independent; thus E(Cov(N§, N%|I)) =0, and

Cou(NS, N%) = Cov(E(NS|I), E(N%)|I)). [F1]

Since for i =1,2,...,k,
E[E(NS|I)] = E[E(Np)|I) = E(N%) = E(Np) =q; E(Ni|I =i) = E(Np|I =i) =q; P(I =1i)=au,
we have
Cov(N4, Np) = Cov(E(N4|I), E(Ng)|T))

k
_ 2 2 2 [F2}
= gt —¢* =w—q" =pg—v.

i=1

(This calculation can also be made using Wright’s F'st and heterozygosity, where the correlation between Nj and N% can be
written in another form from which the covariance can be calculated.)

In order to compute the regression coefficients, we also need to calculate Cov(Xcn, N},) and Cov(Xen, N3). Cov(Xen, Ni)
and Cov(Xcn, N}') can then be automatically found be symmetry. Similarly to [14], we again use the law of total covariance to

obtain

Cov(Xen, Nyy,) = E(Cov(Xen, N |I)) + Cov(E(Xen|I), E(Np,|I)). [F3]

Since X., and N, are independent within each subpopulation, we again have E(Cov(Xcn, Ny, |I)) = 0 and Cov(Xen, Nyy,) =
Cov(E(Xcn|I), E(N|I)).

Now set z; = c1p? + 2copiqs + c3¢2, and & = Zf 1 @i, which represent, respectively, the frequency of bar in each

subpopulation and the meta-population. We have Cov(Xen, Nyy,) = Cov(E(Xen|I), E(Ny|I)) = Zle a;q;x; — qr, which we
denote by K. As in [16], Cov(Xcn, Ni,) can be decomposed as

Cov(Xen, NE) = E(Cov(Xen, NL|T)) + Cov(E(Xen|I), E(NE|I). 4]

Then, since Cov(E(Xci|I), E(NEI|I)) = Cov(E(Xen|I), E(NL|T)) = Zk

i=1
in the cultural transmission model; this is equal to Zle a;piqi[pi(ca — c1) + qi(es — c2)], which we denote by Ko.

a;qi; — qx, all we need is E(Cov(Xen, N5 |I)), as

Now we produce all the expressions needed to calculate 81 and (2. From multivariate regression analysis, 51 and [z are
given by equations [F5]

Cov(Xen, an) =5 [Var(an) + Cov(an, Nf,)] + BQ[CO’U(N:,“ Ny + Cov(me N

F5
Cov(Xen, Nyy) = B1[Cov(N,y,, N,tn) + Cov(N,y,, N;)] + B2[Var(N;,) + Cov(N,y,, N [F3]
Replace the covariances with the expressions above and since Var(Ny,) = Var(N/) = pq we obtain
Ky + Kz = p1(2pg — v) + B2(2pq — 2v); [F6]
K1 = B1(2pq — 2v) + B2(2pq — v),
and therefore
_ Kyv+ Ka(2pg — v)
pr = ;
(4pg — 3v)v
By = Kiv — Ka(2pq — 2v) [F7]
(4pg — 3v)v
K
Br— o= —2.
v
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s Supplementary Information G: Recursion analysis of the assortative mating system

170 Here we show that there is a unique fixed point which is globally stable for this assortative mating system.
171
From main text, the recursion for Q" is

nt (P'c1 +Q"c2)(R"es + Q" c2)
=(1—

Q ( T)pq + [P"Cl =+ QQ"CQ + R"63]2
[P —c) +Q"(1 - )][R"(1 — ¢c3) + @"(1 — c2)]
[P*(1—c1)+2Q"(1 — c2) + R*(1 — ¢3)]?
Using P" + Q™ = p; R" + Q" = q, the recursion can be reduced to

(rP"c1 +2rQ"c2 +rR"c3)
[G1]

+ [rP"(1—c1)+2rQ"(1 —c2) + rR™(1 — ¢3)].

Q™ = (1 — r)pg + r[@"(c2 —c1) + per][Q"(c2 — ¢a) +qes] | r[=Q"(c2 — 1) +p(1 —en)][-Q" (2 —es) + (1 — ca)] G2

Q™(2c2 — c1 — e3) +pe1 + qes —Qm(2c2 — 1 —e3) +p(1 —c1) +q(1 —c3)
172 To simplify this expression, assume f(Q",c1,cz,c3) = T[Qngﬁ&Z;)jic_l]c[giiffl__‘f;g:'J%].
173 Then
174 Qn+1 = (1*T)pq+7'[f(Qn,Cl,C2,C3)+f(Qn,1761,1762,1763)]. [G3]

Now we decompose f(Q",c1,cz,c3)
n Q" (e2 — 1) + per][Q" (ca — e3) + qcs]
fQ%ere2,05) = Q"(2¢2 — ¢1 — ¢3) + pe1 + qes

~ (c2 —c1)(e2 — e3)(Q™)? + [per(e2 — ¢3) + ges(c2 — ¢1)]Q™ + pgeics
- Qn(2c2 — c1 — c3) + per + qes

B (CQ _ 61)(02 _ 03) Q" N [pcl (CQ — Cg) + q03(02 — C1) — (cz—c1)2(6622_—60{%)_(f;1+qc3)}Qn + pgeies
 2c—c1—c3 Q™(2c2 — c1 — ¢3) + per + qes (G4]
2 —e)? Am
B (cz — Cl)(CQ — ) o+ pe (e 26;)_2(1231(;2 c1) Q" + pgeics
2c0 —c1 — C3 Q" (2c2 —c1 — c3) + pe1 + qes
2 2 C1Cn — [pe1(ca—c3)®+qea(ca—c1)?](pe1+qces)
_ (e —c1)(e2 — C3)Qn 4 Perlez —cs)” +qes(cz —c1)” | Pa1cs (ca—c1—c3)?
2¢2 —c1 —c3 (2¢2 — 1 — ¢3)? Q" (2¢2 — c1 — ¢3) + pe1 + qes
175 Replacing (c1,c2,¢3) by (1 —c1,1 — c2,1 — ¢3), we get a similar expression for f(Q",1 —c1,1 —c2,1 — c3). We then sum all
176 the terms and get
QnJrl = (1 - T)pq + T[f(Qn7 C1,C2, 63) + f(Qn7 1- C1, 1- C2, 1- C3)]
2 2
—c3)? +q(c2 — A B [G5]
— (1 —rpg RS tale—a) A4 —I,
(2c2 = c1 = c3) 9(@™)  1-g(Q)
177 where
A = poenen _ PC1(c2 = €3)° + qes(cz — e1)*](per + ges) _ —[pei(ez — e3) — qes(cz — e)]”
pgarcs (262 —C1 — 63)2 (262 —C1 — 63)2 ’

—[p(1 — c1)(c2 — e3) — q(1 — c3)(c2 — c1)]? |
(262 — C1 — 63)2 ’

9(Q™) = Q"(2¢c2 — c1 — ¢3) + pe1 + qes.

B =

178 Write % =h(Q"), M = g(Q"),a = pci(c2 — c3) — qes(cz —c1), b =p(1 — c1)(c2 — ¢3) — q(1 — ¢3)(c2 — ¢1), and assume

179 p > q. We now prove that |h(z)| <r < 1 for z € [0, q].

181 From the expression for Q"*!, we get

_ rla—(a+b)g(@)l[a — (a —b)g(z)]
h(ﬁU) - (262 — el — 63)9(33)2[1 — g(m)]z . [GG]

Since a — (a + b)g(x) = (2¢c2 — c1 — c3){pg(c1 — ¢3) — [p(c2 — ¢c3) — q(c2 — c1)]x}, we get

_ rfpates — es) = [plez — e3) — a(ea — en)]w}a — (a — bg()
o) = 9@ — 9@ | 171

Hao Shen, Marcus W. Feldman 11 of 21
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196

We now prove |a| < g(z); |b] <1 — g(z) for z € [0,4].

Due to the symmetry between a and —b, g(x) and 1 — g(z), and since g(zx) is a linear function of x, we only need to prove
la| < g(0) and |a| < g(q).

The first inequality is obvious since

la] = |pci(ca — e3) — ges(ca — c1)]
< peil(ea — e3)| + ges|(c2 — e1)] [G8]
<per + g3 = g(0).

We now prove |a|] < g(¢g).When ¢z — ¢1 > 0, we have

9(q) = 2c2q + (p — q)cr = c1 + 2(c2 — c1)g;

G9
Jal = Ipes(ea — es) — ges(ez — ex)] < exlplez — s)] + esfea — e1)a. 1G9)
Comparing the coefficients of ¢; and ¢z — ¢1 in g(g) and |a|, we see |a| < g(q).
When ¢z — ¢1 <0, we have
a = pci(ca — c3) — qes(ez — c1)
=pcicz — (p — q)cics — geacs
<pcice
< pca
=qe2+(p— gl
< 292 + (p — @)er = g(a); (G10]
—a = —[pci(c2 — c3) — qes(c2 — 1)

= —pcicz + (p — q)cics + geacs
<gc2+(p—q)a
< 2gc2 + (p—q)ar = g(q)-

Thus, |a| < g(g). Now we have proved |a| < g(z); [b] <1 — g(x). Notice that:
la —(a—b)g(z)| = |a[l — g(z)] + bg(x)]

< lal[l = g(z)] + [blg(z) (G11]
< 29(2)[1 - g(2)].

‘We have

r{pa(ci — c3) — [p(ca — c3) — q(c2 — c1)la}[a — (a — b)g(x)]

= gl — 9P | -
< |2{p9(01 —c3) — [p(ea — ¢c3) — q(eca — 1)} i
- g9(@)[1 — g()] '
We now prove that
‘2{pQ(Cl — 63) ;(E)(GQ:;(B;)}— q(02 — Cl)}x}| <1 [Glg}
This is equivalent to proving
2|pg(c1 — c3) — [p(e2 — s) — qle2 — e1)]z| < g(x)[1 — g(z)]. (G14]

The right hand of this inequality is a quadratic function opening downward, and the left hand side is a linear function.
Thus we only need to prove the inequality at x = 0 and = = q.
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When z =0,

2|pg(c1 — e3) — [p(e2 — ¢3) — q(ca — ¢1)] X 0 = 2pgler — csl;

g(0)[1 — g(0)] = [pe1 + qes][p(1 — 1) + q(1 — ¢3)]
=p’cr(1—c1) +q°es(1 —e3) + 2pg(er + ez — 2¢ie3)
> 2pqler + cs — 2min(c1, c3)]

[G15]

= 2pgler — cs).
When x = q,

2|pg(c1 — ¢3) — [p(e2 — c3) — q(c2 — c1)lg = 2q(p — q)|e1 — c2l;

9(@)[1 - 9(9)] = [2c2g + (p — @)e1][2(1 — c2)g + (p — @) (1 — c1)]
=(p-a)’c(l—ca)+de(l - e2)q” +2q(p — @)lea(l = e2) + e2(1 — )] [G16]
> 2q(p — q)(c1 + ca — 2c1c2)
> 2q(p — q)[c1 + c2 — 2min(c1, c2)]
=2q(p — g)ler — cal.
Hence we have proved

2{pq(c1 — c3) — [p(ca — c3) — q(c2 — c1)]x}
o)~ 9(a)] <1 (G171

Thus

2{pq(c1 — ¢c3) — [p(c2 — c3) — q(ca — c1)]x}
@) < a(0)1 — g(@) Ir 19
<re(0,1).

We now prove that there is a unique fixed point in (0,¢). When Q™ = 0, Q"' > 0; when Q™ = ¢, Q"™ < ¢; thus, there is
at least one fixed point in (0, q). Now we assume there are at least two fixed points, say x1 and x2, assume 1 < z2. By the
mean value theorem, there exists one point y in (z1,22) such that h(y) = 1, which contradicts |h(y)| < r < 1.

Assume the fixed point is ¢*. We now prove that it is globally stable. Applying the mean value theorem to two points,
n+1 *
(Q™, Q™) and (¢*,q*), we can see there exist a point 2" such that ||C’|2Q:77;f‘| = |h(z")| <r < 1. This implies that the fixed
point is globally stable.

Hao Shen, Marcus W. Feldman 13 of 21
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Supplementary Information H: Covariances with assortative mating

Here we compute the covariance among N;, Nt Ny, Ny, and X, under assortative mating. First we identify three groups
according to how assorting occurs:

0. Random mating;
1. Assortative mating and both parents are bar;
2. Assortative mating and both parents are non-bar.

We use an index function I to represent the parents’ assorting group. I = 0,1, 2 represents parents in assorting groups
0,1, 2, respectively. The frequencies of A; and A2 in mating group 0 are p,q. We denote the frequencies of A; and A2 in
assorting group 1 by p1,q1, and the frequencies of A1 and Az in assorting group 2 by p2, g2, where

_ uer + vea
pr= uc1 + 2ves + wes’ 1)
u(l—c1) +v(l —c2)
P2 =

u(l—c1) +2v(l —c2) +w(l —c3)’

Before calculating the covariances, we introduce some useful notation and identities. Write

a = [p(ca —c3) — q(c2 — c1)]v + pg(es — c1);
B=(cs+c1—2c2)(q1+q2) +2(ca —c1); [H2]
T = E(Xcn) = ucr + 2ves + wes.

Then
g1 —q=p—p1
o ucy + vea
o ucy + 2ves + wes
e pe1 +v(e2 —c1) _ [p(ca —¢c3) = qlea — e1)]v + pg(cs — 1) [H3]
per + qes +v(2c2 — e — c3) T
_¢
==
Similarly, we have g2 — ¢ = p — p2 = ==, which also means
« « «@ «@
Q=49+ =; 2 =q — 7——; P1=p—=; p2=p+ s
T 1—= T 1—2

We can replace p1,p2,q1, g2 in the equilibrium condition

v=(1-=7r)pg+rTpiqa + (1l — T)p2q2 [H4]
and obtain
| p-—ga o — | (@—pla o?
g — w=9/% & 1— _
vop m{ T z° Trl=7) 1-z (1-7)?
[H5]
_ —ra?
z(l—7T)"
Now we calculate the covariances.
Cov(Xen, N}) = E(XenNy) — E(Xen)E(NL)
= veg + wes — (uer + 2ves + wes)g [H6]

= [2p(c2 — c3) — 2q(c2 — c1)]v + pg(cs — c1)

Next we calculate Cov(N%, N3), where N§ and N} are two different elements from {N}, Ni,, N;', Nj.}. From eq. [F2] we

know this is equal to pg — v, which also equals %_ZE), as in equation [H5].

We now calculate Cov(Xcp, N,y). Within the same assorting group, X., and N, are conditionally independent; that
is,E[Cov(Xcn, Ny |I)] = 0; Cov(Xen, Nyy,) = Cov(E(Xcen|I), E(N|I)).

14 of 21 Hao Shen, Marcus W. Feldman



Since

E[E[Xcn|I)] = ( Xen) = uct + 2veg + wes;
E(Xcn|I=0)= 01 + 2pgca + q Cc3;
E(Xen|I =1) = pier + 2p1gqica + gics;
E(Xa|I=2)=

pac1 + 2pagaca + gics
we have

Cov(Xen, Npy) = ra[E(Xen|I = 1) — E(Xen)](q1 — q) + (1 — 2)[E(Xen|I = 2) — E(Xen)](g2 — q)
= ralE(Xen|I = 1) — E(Xen|I = 2)]

Using the expression 1 = ¢ + £;¢2 = ¢ — 2= and the definitions in [H2], we have
E(Xen|l = 1) = E(Xen|I = 2) = (pier + 2prqica + gics) — (P3c1 + 2p2q2c2 + g3 cs)

= [(c3 + 1 — 2¢2)q} +2(c2 — c1)q1 + c1] — [(c3 + 1 — 2¢2)g5 + 2(c2 — €1)g2 + c1]
= (¢ — @2)l(es + e1 = 2c2) (1 + g2) + 2(c2 — 1))

__oab

T z(1-3)

224 Thus, Cov(Xcn, NJ) L

T(1—7) = 6(pq - ’U) = BCOU(NX,N%)

Hao Shen, Marcus W. Feldman
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Supplementary Information J: Causal analysis

The last section (A unified causal framework) of the main paper makes heavy use of previous studies in causal analysis. Here
we provide a short introduction to the key notions related to this analysis as well as proofs to some of our results.

In this framework, causal relationships can be represented by graphs, where vertices (or nodes) correspond to random
variables (later we use vertices/nodes/variables interchangeably), and edges will represent relationships between the random
variables. A directed edge represents a causal relationship if all the edges are directed, in which case, the relationship can also
be represented by a pair of vertices. A directed acyclic graph (DAG), which is a common setting in causal analysis, is a graph
in which there are no cycles. Sometimes, as in our model, there are also bidirected edges, which represent the existence of
hidden confounders between the variables. A path is a sequence of edges such that each edge starts with the vertex ending
the preceding edge. A directed path is a path where each edge is an arrow that points from the first to the second vertex of
the pair. We call Y a parent of X if there exist a directed edge from Y to X, or conversely, X is a child of Y. We call Z an
ancestor of X if there is a directed path from Z to X, and conversely, X is a descendant of Z.

Consider a DAG with nodes X1, X»,..., X, and denote the set of parents of X; by Pa; or Pa(X;), and the set of ancestors
of X; by An; or An(X;) Then the causal information of this DAG is encoded in the decomposition P(X1, X2,...,Xn) =
IL; P(X;|Pai). (P(X1,X2,...,Xy) is said to be compatible with a DAG if such a decomposition holds.) This decomposition
guarantees that the model is Markovian, i.e., Pa; screens off all the effect of X;’s ancestors, which means P(X;|Pa;) =
P(X;|Pai, An; — Pa;). Formally, a Markovian model M is defined as (V, G, P(X;|Pa;)), where V is the set of variables, G is a
DAG, and P(X;|Pa;) are the conditional probabilities that make up the joint distribution of X1, Xa,..., X,,.

Another way to look at a DAG is a functional model perspective, which assumes that X; = fi(Pa;,U;), where f; is a
function and U; is a set of hidden variables which screen off all the randomness between X; and Pa;. In the setting of a
DAG, U;s are jointly independent so that the model is Markovian . Because U;s are jointly independent, P(X1, Xa,...,X,) =
ZU; II; P(X;|Pa;, U;) = I1; P(X;|Pa;).) Thus these two ways of looking at the same causal diagram are obviously equivalent
in the setting of a DAG, i.e., for each set of P(X;|Pa;), there is a set of f;s and U;s that generate the same joint distribution,
and vice versa.

A functional model can be further extended to a causal diagram with both unidirected and bidirected edges, where it is no
longer assumed that U;s are jointly independent. Such models are called ‘semi-Markovian’, since X; is still determined by
Pa; and U;, and the joint distribution is determined once the joint distribution of U;s is known. Similarly to a Markovian
model represented by a DAG, a semi-Markovian functional model has its probabilistic equivalent given by P(X1, Xa,..., X,) =
II; P(X;|Pasi, U;), where U;s are not necessarily all independent. The proof of such equivalency can be found in Druzdze and
Simon (1993) (S2). Formally, the probabilistic model can be represented as (V,U, Gvu, P(X;|Pa;, U;)), where V is the set
of observable variables, U = U;U; is the set of hidden variables, and Gvy is the graph with nodes in both V and U. The
corresponding graph G for observed variables can then be obtained by adding bidirected edges between two nodes if the two
variables are confounded by variables in U; i.e. there exists a path X; <— ... <~ Uy — ... = X/ , where all nodes except X; and
X in the path are in U. The corresponding functional model can be represented as (V, U, Gvu, fi). Because of the equivalency
mentioned above, we choose one of the two perspectives (probabilistic or functional) for convenience in this section. A model
can either be referred to as (V,U, G, P(X;|Pa;,U;)) or as (V,U, Gvu, fi), depending on the context.

We now introduce some of the graphical tools for describing and analyzing the relationships between the variables we studied
in the main paper. First, we introduce the idea of d-separation in a semi-Markov model in the presence of bidirected edges,
and then introduce the notions of a front-door path and a back-door path.

A path p is said to be d-separated (or blocked) by a set of vertices (S7) if and only if either

e p contains one of the following three patterns of edges:
I—-M—=J I M— J I+ M— J,such that M is in Z.

e p contains one of the following three patterns of edges:
I > M+ J I+ M« J I+ M+ Jsuch that M is not in Z and no descendant of M is in Z.

Note here that Z can be the empty set, in which case p is said to be blocked (by the empty set) if and only if there exists
one of the following three edge patterns: I — M « J, I <> M + J,I <> M « J. p is said to be active if it is not blocked.

A front-door path from X to Y is a path starting with an edge pointing away from X, i.e. a path starting with X — ... .
An active front-door path has the form X — ... — ... = Y, and is also called a causal path.

A back-door -path from X to Y is a path starting with an edge pointing to X, i.e. a path starting with X < ....An active back-
door path is a backdoor path such that there is no collider structure. i.e. — M <, which meansno I — M <« J, I < M + J
or I <+ M + J. Such paths are also called non-causal paths.

For a path from X to Y to be active, there exists a probability dependence between X and Y ,.i.e. P(Y) # P(Y|X).
However, such dependence can be either causal, through a front-door path, or non-causal, through back-door paths. Thus, to
identify causal effects, we need to cancel non-causal effects. It is then natural to ask whether causal effects can be identified
using observed data and, if they can be identified, how can this be done. To answer these questions, we introduced a
systematic approach developed by Pearl (S3), namely, the do operator, and the identification of an interventional distribution
for semi-Markovian models (S5, S6).

Recall the functional causal model M with n variables, X1, X2, ..., X,, and X; = f;(Pa;,U;). P(X; = z;|do(X; = z;)) in
the graph G, where Py (X; = z;|do(X; = z;)), is defined as P(X; = z;) in model M’, which we denote by Py (X; = x;).
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Here G’ is a new model where X; is fixed at z;; i.e., we change X; = fi(Pai,U;) to X; = x;. This can be understood as
removing all the edges pointing toward X, and make it fixed. For other sets of variables Y and Z, we can similarly define
P(Y|do(Z)). The problem is then to identify this expression using observed data, which naturally leads to the definition of
identifiability (see Tian and Pearl (S5)):

The causal effect of a set of variables T" on a disjoint set of variables S is said to be identifiable from a graph G (of the
observed variables) if the quantity P(S|do(T')) can be uniquely calculated from the positive joint distribution of the observed
variables,i.e. P, (S|do(T)) = Pu, (S|do(T")) for any two models with graph G of observed variables and their joint distribution.

Full graphical criteria have been obtained for the identifiability of causal effects in semi-Markovian models, as well as the
procedure for identifying such causal effects (S5, S6). Using the methods in these papers (as well as the additional definition of
P(Xpa|Tpa, NTpa, Gpa), equation [20] in the main paper), all the expressions used in the main paper, such as those in equation
[22] and [23] are identifiable and can be calculated according to the procedure. (Of course, in empirical cases, there will be
more restrictions on the potential distributions, which means that the counterexamples used to illustrate the non-identifiability
of some graphs may be problematic. However, these restrictions will not influence the expression of a causal effect when it is
identifiable.)

In the process of determining identifiability of a causal effect, or calculating a causal effect if it is identifiable, a very useful
technique is the do-calculus (S2). Here we show a naive version of it, which can be expressed by the following three rules.

e P(Y|do(X),Z, W)= P(Y|do(X), Z) if Z blocks all the paths from W to Y.
e P(Yl|do(X),Z)=P(Y|X, Z) if Z blocks all back-door paths from X to Y. (We also say Z satisfies the back-door criteria.)
e P(Y|do(X),Z) = P(Y|Z) if Z blocks all causal paths from X to Y.

These rules will be used later in this section to prove the results at the end the main paper. First, however, we introduce by
introducing path-specific effects, natural direct effects and natural indirect effects.

Having introduced the do operator, we now use it to calculate the total causal effect of a variable X on another variable
Y, represented as P(Y = y|X = 2') — P(Y = y|X = z). (We can average over Y if we want to calculate the expected causal
effect.) However, such a causal effect is the joint effect of all the causal paths from X to Y. A natural question then is whether
we can identify the causal effect in each path, i.e., the path-specific effects.

An intuitive understanding of path-specific effect is that it is the effect of only changing X from z to =’ for the path under
study while keeping other paths unchanged. Applying this to mediation analysis, the ‘natural direct effect’, an extension of
‘direct effect’ in path analysis, can be defined as the path specific effect of the ‘direct path’. The ‘natural indirect effect’, an
extension of ‘indirect effect’, can be defined as the path specific effect of the path mediated by the mediator. (The sign and
direction of change varies for 'natural direct effect’” and 'natural indirect effect’, but both can be viewed as path specific effects.)
Using this intuition, we can see how equations [24] and [25] work. These can be viewed as the path specific effect of path 1
from Tpq = z to Tpe = y and the opposite path specific effect of path 4’ from T}, = y to Tpe = . Such a decomposition is also
called the ‘mediation formula’ (S4). (For a formal definition of path specific effects using counterfactuals and the corresponding
identification criteria, see Avin et al. (S8))

Now refer to the casual diagram in the main paper (repeated here as Figure S1, which corresponds to Figure 1 in the main
paper). We turn to proving the results at the end of the main paper, namely, to show that when equations [29-33] hold, the
quantities in [26], [27], [28] are the same.

v 1%

Gpa (Toa NT,a)  —> NT,, ——f X
Toe ™ Go m 3 Xa

Fig. S1. A unified causal diagram for genetic nurturing, population subdivision and assortative mating

The results can be proven using do calculus and the fact that Tpq and NT),, are independent. To show how this works, we
explain the derivation of the expression for P(X¢x|do(NTy, = x)) and some key subsequent steps. The rest of the proof should
be easy to understand.

Notice that for equations [26], [27] and [28], we can always decompose the change from z = (Zm,zp) to ¥y = (Ym, yp) into
two steps: the first step changes mother’s genotype with father’s genotype fixed, i.e., changes from (zm,zp) to (ym, zp); and
the second changes father’s genotype with mother’s genotype fixed, i.e., changes from (ym, Zp) to (Ym,yp). Since the two steps
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327 are similar, we only need to prove that the statement is true for the first step. The second step then follows naturally, and so
s2s  does the general statement.

Thus, without loss of generality, we assume z = (zm, z) and y = (Ym, 2), and prove the statement in this case.

P(Xcn|do(NTpe = x))

=Y P(Xcn|Tpa, do(NTya = 2)) P(Tpaldo(NTpe = 7)) (Law of total probability)

Tpa
= Z P(Xcn|Tpa, do(NTpa = ) P(Tpa) (Rule 3 of do—calculus)
Tpa
= > P(Xe|Tpas Xpa, do(NTpa = 2)) P(Xpa Ty, do(NTpa = 7)) P(Tpa)
Tpa (Law of total probability)
pa
=Y P(Xen|Tpa, Xpa) P(Xpa| Tpa, do(NTpa = 7)) P(Tpa)
Tpa (Rule 3 of do—calculus) [J1]
Xpa
= Y P(Xen|Tpa, Xpa) P(Xpal Tpa, do(NTpa = ), Gpa) P(Tpa) P(Gpal Tpa, do(NTpa = 7))
Tpa (Law of total probability)
pa
Gpa

= Z P(Xen|Tpa, Xpa) P(Xpa|Tpa; NTpa = %, Gpa) P(Tpa) P(Gpa|Tpa, do(Tpa = 2))

Tpa (Rule 2 of do—calculus)
pa
Gpa

= Z P(Xch|Tpa7Xpa)P(Xpa|TpavNTpa = vapa)P(Tpa)P(Gpa‘Tpa)

Tpa (Rule 3 of do—calculus)
pa

Gpa

Recall that

P(Xon|Tm, NTr = Ym, Gm) — P(Xon|Tm, NIy = Tin, Gm)
P(Xm|Tm = Ym, NTrm, Gim) — P(Xon|Tn = T, NTom, Gin)
P(Xp|Tp, NTp = yp, Gp) — P(Xp|Tp, NT) = x5, Gp)

) =

)

Fl( m7ym7$m)
Fl( m7ym7$m)

= I (Xp, Yp, Tp); [JQ}
P(XP|TP:yPaNTP7GP)7P(X ‘TpfxpaNTIhG F ( p7yp7xp)
P(XenTpa = 4, Xpa) — P(Xen|Tpa = @, Xpa) = F2(Xen, y, @).

Then

P(Xcn|do(NTpa = y)) — P(Xen|do(NTpe = 7))

= Z {P(Xch|Tpa7Xpa) [P(Xpa‘TpaaNTpa =Y,Gpa) — P(Xpa|Tpas NTpa = vapa)]

Tpa
o X P(Tya) P(Gyal o) | 193]
=" P (X s ) Y P(Xen| T, Xpa) P(Tya, Gopa) P(X,| T, NT,, = 2,G)
Xpa Tpa
Gpa
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For the transmitted alleles, we have

P(Xcp|do(Tpa = )

= Z P(Xen|NTpa, do(Tpa = 2))P(NTpa|do(Tpa) = )

NTpa

> P(Xcr|NTpa, do(Tpe = 2)) P(NTya)

NTpa

= Y P(Xen|NTpa, Xpa, do(Tpa = 7)) P(Xpa| NTpa, do(Tpa = ) P(NTya)

X P(Gral NTya, do(Tyo = )}

= Z P(Xen|Tpa = &, Xpa)P(Xpa|NTpa, Toa = @, Gpa)P(NTpa, Gpa).

Thus,

P(Xen|do(Tpe = y)) — P(Xen|do(Tpe = z))

=Y {P(Xcqua = 4, Xpa) [P(Xpa| NTpa, Tpa =y, Gpa) — P(Xpa| NTpa, Tpa = 2, Gpa)|

NTpa
ol X P(NTpa, G,,a)}
+ 3 {[PCterlTon = 4, X0m) = P(Xehl T = 7, X))
NTpa
Xpa % P(Xpa| NTpa, Tpa = @, Gpa) P(NTpa, Gpa)}
[J5]
= Fi(Xom, Yo ) Y P(Xen|Typa = 4, Xpa) P(NTpa, Gpa) P(X,|Ty = 2, NTy, Gy)
Xpa NTpa
Gpa

+ Fo(Xen, Yms ¥m) Y P(Xpa| NTpa, Tpa = 2, Gpa) P(NTpa, Gpa)
NTpa
Xpa
Gpa

=Y (X, Yy ) Y P(Xen|Toa = 45 Xpa) P(NTpa, Gpa) P(X,| Ty = 2, NTy, Gp) + Fo(Xen, y, @)
Xpa NTpa
Gpa

Since P(Xcn|Tpa = ¥, Xpa) = Fo(Xen,y,a) + P(Xen|Tpa = @, Xpa) for any o = (a1,2), and using the fact that
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329

330

331

332

333

334

me Fi(Xm,Ym,Tm) =1 —1=0 we have

E Fi( X, Ym, Tm) E P(Xen|Tpa =y, Xpa)P(NTpa, Gpa)P(Xp|Tp = 2, NT}, Gp)
Xpa NTpq
Gpa

=Y F(Xo, s ) Y P(XenlTpa = 4, Xpa) P(NTpa = @, Gpa) P(X,| Ty = 2, NT, = 03, Gy)

Xpa Ga
= F(Xm Y wm) Y P(Xen|Tpa = Y, Xpa) P(Tpa = @, Gpa) P(X,|NT, = 2,T, = 03, Gy)
Xpa G

=Y Fa(Xeny, @) P(Tya = @, Gpa) P(X,INT} = 2, T = a2,G) D F1 (X, Yon 1)
Xp Xm

[J6]
Gpa
+ ) P (Xo Yy @) D P(XenlTpa = @, Xpa) P(Tpa = o, Gpa) P(Xp|INT, = 2, Ty = a2, Gy)
Xpa S
= Fi(Xm, Yy ) Y P(XenTpa = @ Xpa) P(Tpa = @, Gpa) P(X,|NT, = 2, Ty, = a2, Gy)
Xpa S
= F(Xoms Yms ) Y P(Xen|Tpa, Xpa) P(Tpa, Gpa) P(X,|Ty, NT,, = 2,Gy)
Xpa Tpa
pa
This means that expression [26] is
[P(Xenldo(Tya = y)) — P(Xenldo(Tya = 2))]
— [P(Xenldo(NTpa = y)) — P(Xen|do(NTpe = )] [J7]
= F>(Xen,y, ).
Similarly, expression [28] can be represented as
Fa(Xen,9:2) Y P(XpalNTha, Ty = 2, Gpa) P(NTpa, Gpa)
NTpa
X [J8]
Gpa
= FQ(XC}% ya LE)
Thus, we only need to prove that the difference in [27] is F2(Xen, y, ).
Similarly to the previous analysis, we can write
P(Xen|NTpe = )
=Y P(Xe|Tpa, NTpa = ) P(Tpa| NTpo = )
Tha
=Y P(Xer|Tpa, Xpas NTypa = @) P(Xpa|Tpa, NTpa = 2) P(Tpa) 139]
Tpa (Law of total probability, independence of Tpq and NTpq)
pa
=Y P(Xen|Tya, Xpa) P(Xpa| Tpa, NTpa = ) P(Tpa)  (Rule 1 of do—calculus).
Tpa
Xpa
Thus
P(Xch|NTpa =y) — P(Xcn|NTpa = )
= Z P(Xen|Tpa, Xpa) P(Tpa)[P(XpalTpa, NTpa = y) — P(Xpa|Tpas NTpa = y)]- [J10]
x5

This expression will be in general different from that of P(Xcp|do(NTpa = y)) — P(Xcn|do(NTpe = x)) in equation [J3] ,
which means Kong et al’s estimate of indirect effect is biased. Actually, this bias can be shown even in the simplest example
represented by equations [9a], [9b] and [9c], where the indirect effect estimated by Kong et al. would be 82 = f—_de, while the
true indirect effect is ed . (This again proves that Kong et al’s method only works when genetic nurturing is weak, and we can
assume 1 — e~ 1 and B2 ~ ed.)
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335

336

337
338
339
340
341
342
343
344
345
346
347
348
349

350

For transmitted alleles, we have

Thus

P(Xen|Tpa = )
= > P(Xr|NTpa, Tya = 2) P(NTpa|Tpa = 7)

NTpa

> P(Xen|NTpa, Tyo = 2)P(NTpa)  (Independence of NTyq and Tpa)

NTpa [J11]
= > P(XerINTya, Xpas Toa = @) P(Xpa| NTya, Tya = ) P(NTya)
NTpa
Xpa
= ) P(Xen|Xpar Tpa = ) P(Xpa|NTpa, Tya = 2)P(NTpa)  (Rule 1 of do—calculus)
NTpa
Xpa
P(Xcthpa = y) - P(XCh‘TPa = LK)
= Fo(Xen,y,2) Y P(Xpa| NTpa, Tpa = y) P(NTya)
NTpa
Xpa
+ Z P(Xch|Tpa =z, Xpa) Z P(NTpa)[P(Xpa‘NTpa,Tpa = y) - P(Xpa|NTpa7 Tpa = -T)]
Xpa NTpa
= Fa(Xen,y,@) + Y P(Xen|Tpa = @, Xpa) Y P(Tya) [P(Xpa|Tya, NTya = y) = P(Xpa| Tya, NTpa = )]
Xpa Tpa
= Fo(Xen, 4, @) + > P(Xen|Tpa =, Xpa) Y P(Tpa = a)[P(Xpa|Tpa = @, NTpa = ) = P(Xpa|Tpa = &, NTpa = )]
Xpa «@
= F2(Xen, 9,2) + Y P(Xer|Tpa = @, Xpa) P(Tpa = @)[P(Xpa|Tpa = &, NTpa = y) = P(Xpa|Tpa = @, NTpa = 2)]
o
+ ) Fa(Xen, 2, 0)P(Tpa = @)[P(Xpa|Tpa = &, NTpa = y) = P(Xpa|Tpa = @, NTpa = 2)]
o
= F5(Xen, y, @) + P(Xen|[NTpa = y) = P(Xen|NTpo = x)
+ 3 Fa(Xen, 2,0)P(Tya = @) > _[P(Xpa|Tpa = @, NTpa = y) = P(Xpa|Tpa = @, NTpa = )]
@ Xpa
= Fy(Xen,y, 7) + P(Xcn|NTpo = y) = P(Xen|NTpa = ).
[J12]

and F3(Xcn,y,z) is the difference in [27], which completes the proof.
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