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S1 Appendix. Models derivation

We report the detailed derivation of the models proposed in the paper. The derivation
is based on the assumptions discussed in the section Models. These assumptions allow
to neglect second-order interactions among the stochastic processes, so that the
variables can be partially decoupled, thus leading to drastic reductions in the size of
model. Such strategy is illustrated in the following proposition.

Proposition 1. Let (2, A, P) be a probability space. Let A, B,C C Q and let D be a
finite partition of 2, such that:

(H1) AL B|C,D VDeD;
(H2) B1L D|C VDEeD.
Then, we have:
2 pep PIA|C, DIP[C, D]

P[A|B,C] = PG = P[4]C].

Proof. We have:
P[A,B,C] > .pepP[A B, C,Dl > ppPlAB,C,DIP[B,C, D]

P[A]B, 0] = P[B,C] P[B,C] P[B,C]
Y pepPI[AB,C,DIP[B|C, DIPC, D]
N P[B,C] '

From (H1), it follows:
P[A|B,C, D] =P[A|C, D].

Moreover, in virtue of (H2), we have:
P[B|C,D] =P[B|C] =P[B,C]/P[C].
By substituting into the above equation, the thesis follows. O]

In the following, we will use several times the result of Prop. 1, where (H1) is a
modeling choice on the dynamics of the system and (H2) is a simplifying assumption.
Specifically, A is the target event, whose probability is the aim of the computation. In
many situations, we know the joint probability of C' and B, whereas the probability of
A can be obtained by the joint probability of C' and a different event D. Proposition 1
allows to pass from B to D, by assuming that the knowledge of B does not provide any
further information when C' and D are known.
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Remark: the equations references in this document are referred to the main paper.

Definition of transition rates

As a starting point for a rigorous derivation of the proposed models, we provide a precise
definition of the transition rates that govern the dynamics of the stochastic processes
Tf, C}, A}, M} and Z}. Specifically, we have, for 6 € {B,U} and «a, 8,1 € {P,N}:

3518 i t+At _ T A A
kC,i - AI%IEO At [CZ 5|(Clal‘rl) (57 B)]a

BBla-m,8 _ 1 tHAL _ .
kT,i " _AI}EIBOEP I:Tz ﬁ|( i— l)EaTl-‘rl,C) —(0475,7%5)]’

j t+At ¢ t
fé(w,v(t))—Alir_riOKt]P’ (ZITA =2 |2 =0,T! = a,
EI] EIM d’L] :x"_UhSAt,M; :O:I s
j A
gl (z,v(t) = AI?LIO EP [ZIT2 =02 = 2, T} = al,

where v(t) (i.e. the normalized shortening velocity) is assumed to be given. In the
definition of fi, the events conditioning the probability ensure that, at time ¢, the i-th
BS is not attached and that there exists a non-attached MH at distance x 4+ vps At (so
that at time ¢ + At the distance is reduced to x).

Derivation of Eq. (5)

Le us consider the time increment At and let us compute the probability

7oP%9A (¢ 4+ At). In virtue of the Bayes formula [1], we have:
a/35 N4 4 Af) At—0
P [T = o (Tim1, T, Tig)' = (@, B.6), (Cima, Ci, Cigr)' = (0,0, N)] w727 (2)
+P [THA = B(Tio1, Ti, Tian)' = (0, B,6), (Cio1, Ci, Cig1)' = (9,1, V)] w227 (1)
[Tﬁ“:a\( i1 T3 Tie)! = (0,8.0), (Cim1, Cr, Cin)! = (0,7, M) 7277 (1)
+P [CIHP = 9|(Ti-1, T, Tiga)' = (a0, 8,6), (Cio1, Ci, Ciga)' = (9,m, \)]w IO (1)
+P [CHTA = (Tio1, T, Tia)' = (@, 8,0), (Cim1, Ci, Cign)' = (9,7, M)] w7 (1)
[Cfiff—AI i1, Ti Tis1)' = (8,6, (Cim1, Ci, Cign)' = (0,1, 1) n2#7 (1)
+P [(Tio1, T5, Tig1) ™2 = (0, 8,6), (Ci1, Ciy Cign)' T2 = (9,1, M)

(Ti-1, T3, Tip1)" = (. 8,6), (Ci—1,Cs, Cigr)' = (0,1, \)] wOOIIA (),

where, by definition, we have:

P [T = B|(Ti-1, Ty Trt)' = (@ B, 6), (Cimr, Ci, Cit)' = (9,1, N)] Y20 RpEe oA,

and

P[CHR = 0|(Ti-1, Ty, Ti1)' = (., 8,6), (Ci—1, Ci, Ci1)' = (9,m, )] S k}’}’i‘flAt,

P [CHN = n[(Ti-1, T5, Tig1)" = (@, 3,6), (Ci1,Ci, Ciga)' = (9,7, \)] S kﬁn!ﬁAt

P[CHP = N(Ti—1, T3, Tipr)' = (a, ,6), (Ci—1,Ci, Cigr)" = (9,1, )] a0 k‘é/\,lLAt
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By adopting assumption (H1) and applying Prop. 1 for A = (T/TA! = @),

B= (T}, =06,Cliy=)),C=(Ti-1,T0)" = (, 8),(Ci-1,Cy)" = (¥,n)) and
D= {(T}_y, =¢,C}_y = ()}e,c, we have:

P [T;tj_lAt - Oé‘(Ti—LTmTi-‘rl)t = ( 67 )a( i— 1701701-‘1-1) (19)777)‘)]
-1
Soaletiwy | S P [TH = al(Time, T, T = (£.@, B),
£,¢
(CZ'*27CZ 1, ) (C J 77)] 504/6 C19"( )
ZE X aa\E B9 755, Cﬁﬂ(t)

1—1
9
ZEC SaBC 77<t)

and similarly for the term related to Tfjlm In conclusion, by taking the limit At — 0,
we obtain Eq. (5).

At +o(At),

Derivation of Eq. (15)

Before showing the derivation of Eq. (15), we precisely state the hypothesis of invariance
by translation of the joint distribution of RUs. Specifically, we assume that, for any set
of indices Z; C Z and Z, C Z and for any collection of states a; € {N, P} (for i € ;)
and 3; € {U, B} (for i € Iy), the joint distribution of the states of the corresponding
RUs is not affected when the RUs are translated by a count of & € Z units:

(=)o (ge=s)] =l (Qetess)]

Similarly to what done before, we consider a finite time increment At and we write:

7Bt + At) SOp [T”At—m Tior, T, Tisa)' = (@, B,68), CF = 0] n™P%0(1)
+P [T = B|(Timy, T, Ti)' = (o, B,0), CF = 5] w700 ()
[Tfrﬁt—a Tio1, T3, Tig1)' = (o, B,3), CF = ] m@9(1)
+P [CIFA = g|(Tiy T, Tt ) = (o, 8,0), CF = 7] w707 (1)
+P [(Ti=1, T3, Tigr) 2" = (@, 8,6), C1 T2 = ]

(Ti-1, T3, Tys1)" = (@, B,6), Cf = ] w*Pon(¢),
where, by definition of the transition rates, it holds:
P14 = BI(Ti 1, T Tia)! = (a, B,0), CF = ) 22° k71 07 A,

and
P [CIHAL = n[(Ty_1, Ty, Tosr)' = (@, 8,6), CF = 7] “C kP AL,

By adopting assumption (H4), Prop. 1 for A = (T/72 =), B = (T}, = 6,C! = 1),
C=((Ti-1,T;)" = (o, 8)) and D = {(T}_, = £, C{_; = () }¢ ¢ leads to:
P [T/ = o|(Ti-1, T, Tipr)' = (@, 8,6), Cf =]
_ el [T = al(Ty—2, Ti—1, Th) = (6,@, 8), CLy = Q)] w570 (1)
. et ()

Aﬁ\—jo '];?(,qo - B,0 AL

In conclusion, by letting At — 0, we get Eq. (15).
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Assumption (H3) Assumption (H3-bis)
Fig A. Representation of assumptions (H3)-(H3-bis). According to assumption (H3)
(respectively, assumption (H3-bis)) when a BS-MH pair is within the XB formation
range, then the adjacent BSs (respectively, MHs) cannot be bound to the considered
MH (respectively, BS).

Derivation of Egs. (7) and (17)

We start with a remark on Ass. (H3).

Remark 1. Assumption (H3) states that, whenever a MH can bind to a given BS, it
cannot be involved in a XB with another BS. Suppose that the support of f is contained
in the interval [z1,z1 + h]. Then, this is equivalent to say that, if d;; € [z1,21 + h], the
XBs between the couples (¢ — 1, 7) and (¢ + 1, j), which feature displacements d;; — D4
and d;; + D4 respectively, cannot exist. This condition is automatically fulfilled if XBs
are present only for displacements in the interval (=D + 21 + h, D4 + 1), which has
width 2D 4 — h. The interval consists in the support of f, with width A, surrounded by
two bands of width D4 — h. Consider now the following condition:

fh(dij(),v(t) #0 = My #i Yk j. (H3-bis)

Assumption (H3-bis) states that, whenever a BS lies within the attachment range of a
given MH, it cannot be involved in a XB with another MH. By similar considerations as
above, it turns out that this hypothesis is satisfied if XBs are present only in the range
(=Dpr + 214+ h, Dps + 21). Since Dy > D4, assumption (H3) is stronger than (H3-bis).
Assumptions (H3)-(H3-bis) allow to decouple the dynamics of the different units. Their
validity is justified when the shortening velocity is relatively small, whereas, for large
velocities, the XB displacements may be convected outside the region
(=Da +x1 4+ h,Dy + 21). Figure S1-1 provides a visual representation of assumptions
(H3)-(H3-bis).

We recall that we have defined d;;(t) as the distance between the i-th actin BS and
the j-th MH at time ¢. Since the myofilaments mutually slide with velocity
vns(t) = —4 SL(t)/2, we have, for some constant dy:

dij(t) = Dai— Dnj + SLT(t) — do,
D4 and D), being the distance between two consecutive BSs and MHs, respectively. In
order to account for the imperfections in the sarcomere lattice, we consider the value of
dy as a random variable rather than a constant. Hence, we assume that, given a BS in
front of the MF, the probability that the closest MH is located at distance x is uniform
for z € [0, Dys). We denote by py :=1f [Hj € Z: dﬁj = m] = Dy~ ! the MH linear
density, that is:

b
P[EIjeZ:dﬁj:xE(a,b)] :/ ﬂ“[EIjGZ:dﬁjzx]dx:pM|b—a|.

Let us consider now the variable n; p(z,t) (similar calculations can be carried out for
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n; & (z,t)). We have:

f I:(Zi,T)t-‘rAt (x . Uhs( )At,P)] At—0
£[(Z:, 1) = (2 — vs ()AL P)|(Z6, T)" = (0, P)]P [(Z, T0)" = (0,P)]
+f [(Z:, )2 = (& — ons ()AL, P)(Z:, T)" = (2, N)E [( i ) = (a,N)]
+f [(Z:, Th) VA — (& — s ()AL, PY(Zs, T;)! = (z,P)|f [(Z = (z,P)].

Thanks to Prop. 1, by taking A = ((Z;, T;)**2t = (z — vns(t) AL, P)), B = (Z! = 2),
C=(T!=N) and D — {(T;21, Ti41,Cy)" = (a,n,8) }an,s, assumption (H2) leads to

£ [(Z:, )2 = (2 — v (DAL P)(Z:, Th) = (w,N)] ° ENT At.

where we have defined:

_Za,n,é ké\ﬂ{f‘a'ﬁaép [(T’i—lleiaTi—i-h Ci)t = (Q»NJMS)]

ENP _
o P[T! = N] ’
Nla-n,6
TP o s B P (T, Ty, T, C) = (o, Py, 0)]
' P[T} = P] '

We notice that the transition rates Ejj\«/ ZP and Eﬁé\/ can be obtained from the variables

7P as in Eq. (8). Moreover, we have:

P [(ZwT)tJrAt (x - Uhs(t)At ,P)|(ZuTi)t = (ZL','P)]
AZOL—P[(Z:, Th) 2 = (0,P)|(Z:, T))" = (x,P)]
—P[(Z;,T;)" = (x — vis(OALN)|(Z:, T)) = (2, P)]

201 = At (gh(e, () - RRY)

where we have applied once again assumption (H2). Concerning the XB formation term,
we have:

(F) :i=1£[(Z:, T)' 2" = (& — v ()AL, P)(Z0, Th)' = (0, P)]P [(Z:, T)" = (0, P)]
=f[(Z;, )2 = (z — vs() AL, P), (Z:, )" = (0, P)]
= £ [(Z;, T;)""2 = (z — v ()AL, P), (Z:, T;)" = (0,P),3j € Tag: dly = &, M} = 0]
+1£[(Z:, 7)) = (x — ons ()AL, P), (Z:,T)" = (0,P),3j € Tns: diy = @, M} # 0]
+ £ [(Z, )™ = (2 — v ()AL P), (Z:,T3) = (0,P),3j € Z\ T+ di; = x].

The last two terms are at least of second order in At for At — 0, while the first term
gives:

£[(Z:, T2 = (2 — v ()AL, P), (Z:, Ty)' = (0,P),3j € Ias: dly =z, M} = 0]

=P[(Z;,T;)"" = (v — vns ()AL, P)(Zi, i)' = (0,P),3j € Tas: df; =z, M} = 0]
£ [(Z:,T)" = (0,P),3j € Z: di; = x, M = 0]

B0 fh (@, ons(0) £ [(Z,T0)t = (0,P), 3 € Z: dl; = =, M} = 0] At;

the remaining two terms are null. Thus:

(F) ~ fp(z,v(t) Atf [(Z;, T;)' = (0,P),3j € Ins: di; = a2, M} =0].
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By assumption (H3), for any ¢ and x such that f5(z,v(t)) # 0, the event (M} = 0) for j
s.t. d}; = x implies the event (Z] = 0), thus:
£[(Z,T;)" = 0,P),3j € Iy : dij =z, M} = 0]
=f [(Zi,Ti)t =(0,P),3j € Iy dfj = :U]
= ([T} =P,3j € In: di; = 7]
> (2, T)" = (v +kDy, P),3j € Iy : diy = )),
k

since a BS can be only attached with displacements that are multiple of Dj;. Moreover,
we recall that the RU dynamics is independent of the interaction with XBs and thus of
do (see section Models) and that for i and z such that fi(x,v(t)) # 0 the events

(3j € Iy: djy = ) and (35 € Z: dj; = x) coincide. Therefore, we have (on the support

of fh):
£ [T} =P,3j € Ind; =z] =P[T} =Pt [3j € Z: dj; = x].

In addition, since (Z; = « 4+ kDjs) implies (35 € Z: dfj = x), on the support of f5 it
holds true:

£[(Zi,T0)" = (¢ + kD, P),3j € Tas: dfy = ] = £ [(Z,T3)" = (¢ + kD, P)].

Since assumption (H3) implies (H3-bis), the unique nonzero term of the sum is k =0
and thus:

(F) ~= fp(z, o) At(P [T} = P]f [3j € Z: df; = ] — £ [(Z:, T,)" = (2, P)]).
Finally, we divide everything by At we let At — 0 and we observe that:

n; p(z — ops(t) AL, t + At) — n; p(2, 1)

At
n; p(T — vns(E) AL, t + At) — n; p(x — vns(t) At, t)
B At
n;,p(x — vns(E) AL, t) — ny p(x,t)
* At ops(t) ohs(t)
oni,p

oni,p
7 (x, t) — Uhs (t) W (x, t)

We get in such a way Eq. (7). Moreover, the expected value of the force exerted by the
whole half filament is given by:

+oo
Fe(t) = Z 1 Fxp(x)f [Z! = 2]dz
Z +oo
- Z/_Oo Fxp() (£ [2) = 0. T} = P] +£ [2) =2, T] = N]) da
Z +oo
— Z /_Oc Fxg(x) (nip(z,t) + ni p(z,t)) d.

On the other hand, Eq. (17) can be derived similarly to Eq. (7), by dropping the
dependence on the RU index 1.
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Derivation of Egs. (11) and (21)

By following [2], we multiply Eq. (7) by (%O/z)p, for p = 0,1, and we integrate with
respect to x over the real line. Thanks to the fact that, for x — Fo00, the distributions
n;, are definitively equal to zero, for o € {N, P} and for i € Z,, the convective terms
give raise to the following terms. For p = 0, we have:

+oo on.:
/ Vhs Moo g = [ni7a]+°° =0.

or —o0

On the other hand, for p = 1, we have:

+o0 on; +o0 Foo
/ x v Md:v = —/ Uhs N pdr + Uhg [S’Lﬁ/?ni’a} . =0 M?,a(t)~

oo SLo/2 ™ 0z oo SLy/2

Hence, simple calculations lead to Eqgs. (11) and (21).
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