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S3 Appendix. Numerical schemes

We provide details about the numerical schemes employed to approximate the solution
of the models proposed in this paper.

Remark: the equation references in this document are referred to the main paper.

RU dynamics

Since the equations describing the evolution of the RUs are independent of the variables
describing the XB states, their solution can be approximated independently of that of
the models describing the XB dynamics. Specifically, we adopt a Forward Euler scheme
with a time step size of 2.5 · 10−5 s. Further details on the properties of the numerical
solution obtained by applying this scheme can be found in [1].

XB dynamics

Concerning the equations describing the XB dynamics, we notice that Eqs. (11) and
(21) can be written in the following form:{

ẋ(t) = A(t)x(t) + r(t) t ∈ (0, T ],

x(0) = x0,
(S2-1)

where x(t) is the vector of the variables describing the states of XBs, while A(t) and
r(t) are respectively a time-dependent matrix and vector, determined by the input v(t)

and by the RUs states παβδ,ϑηλi (t) (or, for mean-field models, παβδ,η(t)).
In order to approximate the solution of Eq. (S2-1), we consider a subdivision

0 = t0 < t1 < · · · < tM = T of the time interval [0, T ] with time step size ∆t and we
denote by x(k) ≈ x(tk) the approximated solution at time tk. Due to the linearity of
Eq. (S2-1), we consider the following exponential scheme [2]:

x(0) = x0,

x(k)
∞ = −A−1(tk)r(tk) for k ≥ 1,

x(k) = x(k)
∞ + e∆tA(tk)(x(k−1) − x(k)

∞ ) for k ≥ 1.

(S2-2)
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Due to the implicit nature of the scheme of Eq. (S2-2), that entails better stability
properties than the explicit scheme used for the RUs equations [3], we solve it with a
larger time step size than the one used for the RUs model (∆t = 1 · 10−3 s), by a
first-order time splitting scheme.
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