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1 Web Appendix A

In order to obtain the initial U and V', we apply the singular value decomposition (SVD) to
the log-transformed matrix A and obtain the components {U’, V', 8} (i.e., In(A) = U'S'V'T).
Set Vo4 = V' and UM = (S10U{ 1y S92W( )5 - - - » SKKW( 1)) Where sj is the k-th diagonal
element of S§’. Assuming matrix U%? is known, we estimate the loadings v(j,) and shape
parameter 7 by fitting a ZIP regression (will be discussed in Section 2.3) with aj) as the
response, vector uf}f), u‘(’fg), cee u‘(’ff{) as the covariates and a scaling vector N as an extra
offset parameter. Since A has m columns, we need to fit m GLMs to obtain m rows in V.
However, an important assumption of our model is that the link between p;; and \;; (i.e., 7)
remains the same across all m different GLMs. To accommodate this, we solve all m models
simultaneously to get a globally best 7 value. Here we combine the response, covariates and
offset parameter in m regressions into larger scale matrices A®, U*?? and N® and fit a

ZIP regression with A as response variable, columns in U*°¢ as covariates and N as the

offset parameter:
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The fitted coefficient V* is a combined vector of v ) such that V° = (va),ve), -, Um,))-

We could obtain the fitted V" by cutting V* to v(;)’s and rearrange v(;)’s to matrix V",

Then update U in a similar fashion. The response and covariates are A®) and every



columns in V*™* and an offset parameter N*) is needed as well:

-
a’(l,) 1/ new
T new
(v) a(2’) * new 4 (v) !
AW = , Vv = ;o N =1 Ny~ Ny,o-o ,Npyooo N, .
Vne'w
-
Un,) N -
n times
The fitted coefficient is U® = (w(1,), w2, -+ ,U@x,)) and thus the U™ is able to be recon-

structed from U? in a similar way like V"¢,

After U, V are updated, one more step is involved to ensure the uniqueness and or-
thogonality of these updated components. We apply SVD to the U™ V™% T and label the
components by {U", V', 5"}, Set U = (syyu] 1, $hU 9y, -+ Sg gl o)) and VI = V",

We use the updated U, V and 7 to obtain the estimates of A and P in the current round
of iteration and then calculate the likelihood value L(A):

L(A) =[] Ly UV, m, N) =] ] {pijﬂ(aij =0) + (1 — py)
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where In(\;;) = Zszl wigv;, and logit(p;;) = —7In(\;).

When the percentage of total likelihood difference between two iterations is less than a
certain small value, the algorithm terminates; Otherwise, we continue to update U, V, 7
until convergence. In ZIP regression step where U, V and 7 are updated, we will use the
EM algorithm to estimate the coefficients (see Section 2.3), and thus the likelihood increases
due to the nature of EM algorithm used in regression estimation. The likelihood remains

the same in SVD step. Overall, the algorithm is guaranteed to converge.

2 Web Appendix B

LM algorithm introduces a positive damping parameter p. If we reduce p, the LM algorithm

behaves like Newton’s method, which is a good way to get quadratic convergence in the final
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stages of the iteration; while if we enlarge p, the descent direction in LM algorithm is closer
to the gradient descent method, which is free from the information of second derivative of
the objective function and thus the algorithm still works when the Hessian matrix of the
objective function is ill-conditioned or nearly singular. Such an algorithm could be put into
the trust-region framework and is implemented in many solvers with common programming

languages [Yuan, 1999, Moré and Sorensen, 1983].

B.1 LM Algorithm
We use Levenberg-Marquardt method to solve 8 and 7. The objective function is Q(3,7) =

—In(L) and we want to minimize the objective function. The log likelihood function is:

n n

In(L) = ZZZ In(p;) + Z(l - Zz){yz In(m;A;) —miA — In(y;!) +In(1 — pz)}
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(1 - Z){ding(y) (X5 + In(m)) — diag(my)e*? — In(Y1)}

where diag(a;) represents a matrix whose diagonal elements are «;; In is a pointwise operator

on the vector.

The first and second derivative of In(L) are:
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where W = (717 + 1)~ ... (e7%F +1)71),
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In addition, diag(a;) represents a matrix whose diagonal elements are «;; In is a pointwise
operator on the vector.

Correspondingly, the Jacobian (J) and Hessian (H) matrix of objective function Q(3, 7)are:

JT H H
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JT -Hﬁ’r -HTT

J(ﬂvT) - -

Initialize:
Step 1: Set initial 5y and 79, which is discussed in Section 2.3. Then we calculate .Jy with
these initial values.

Step 2: Set initial damping parameter pu:

p=p-Jn
where p is user specified and the default value is 1 x 107%; J,,, is the maximum element in
matrix Jg J.
Iterating:
Step 3: Multiply p by 2 until (H (8, 7) + pl) is positive definite.

Step 4: Obtain the descent direction h by solving equation:

(H(B,7) + pl)h = =J (5, 7).

Step 5: Define and compute the gain ratio ¢:
QBT = QU +h)
hTJ(8,7) + 3hT(H(B,7) + nh)h
Step 6: If 6 > 0.001, we obtain better In L(3, 7) value, so we update /3,7, u by:

Ot = & + h, ,u:,u-max{%,l—(%—l)g}

Tk+1 Tk

o=




If § <0.001, do not update 3, 7. Update pu = 2pu.
Step 7: Repeat from step 3 to step 6 until the algorithm converges. The convergence

criterion is discussed in Section 2.3.

B.2 Initial Values

Similar to many fitting algorithms, the LM algorithm only finds a local extremum, which
requires us to provide a reasonable initial 7y and y. Fitted 8 from Poisson regression could
be used as the initial value in the first iteration of the EM algorithm. For initial value of 7,
we have to estimate p first. Assuming that all y; from the Poisson distribution are not zero,

estimate p under such an assumption:

# y;’s that are zeros

P= n
Obviously, this expression will overestimate the p, because zeros from the Poisson distribution
are wrongly regraded and counted as a part of true zeros, especially when the estimated p
is relatively low. However, such a estimator is usually accurate enough to help the fitting
algorithm to converge. Then we are able to estimate the initial 7y at beginning of each round

by the following expression (the derivation is at end of Web Appendix B):

logit(p

In practice, if the model is stable and the algorithm converges successfully with all initial
parameters (7 and () in the previous iteration, we tend to use the fitted the parameters in
the previous iteration, for which will accelerate the convergency speed. Only if using the
previous parameters as the initial parameter causes divergence, we will then turn to the

estimation of By and 7y mentioned above.

Derivation of equation (1):



Since we have the relationship between p; and \;:
logit(p;) = —7 In(\)
Plug In()\;) = X" 3 into the expression above:
logit(p;) = —7X;' 8
We use logit(p) to present the mean value on the left hand side, and take the average of X;5:
. T &
logit(p) = =, > X7 0

Correspondingly, the estimation of 7y is:

__ nlogit(p)
tTUELXTs

3 Web Appendix C

We generate rank-3 synthetic NGS data of 200 samples (n = 200) and 100 taxa (m = 100)
according to the assumption in our paper. The Poisson logarithmic rate matrix A = UV T,
where U € R™*3 is a left singular vector matrix, and V' € R™*3 is a right singular vector
matrix. We consider three different clustering patterns in the samples as depicted in U. To
generate U, we create a 200-by-3 matrix U such that:

U(36 :80,1) = 2.0, U(81:140,1) = 1.7

U(l:35,2) =1.8, U(36:80,2) =0.9

U(36 :200,3) = 1.7
with all the other entries being 0, and then jitter all the entries by adding random numbers

generated from N(0,0.06%). Similarly, To generate V, we create a 100-by-3 matrix V' such



that:
V(61:100,1) =1.7
V(36 :60,2) = 1.7, V(61 :100,2) = 1.0
V(1:25,3)=1.7, V(26 : 100,3) = 0.9

with all the other entries being 0, and then jitter all the entries by adding random numbers
generated from N(0,0.05%). The three columns of U and V are plotted in the columns of
Web Figure 1(a) and the true In(\) matrix is plotted in Web Figure 1(b). Each row in U
corresponds to one sample and each row in V' indicates one taxon profile. In Web Figure 1(c)
& (d), we applied complete linkage hierarchical clustering to U, V' [Eisen et al., 1998]. Tt is

clear that both taxa and samples could be clustered into 4 groups.

4 Web Appendix D

As an example, Web Figure 2 shows a typical case that how the fitted distribution changes
in setting (1) as inflated zeros percentages go from 0% to 40%. All methods work well
when inflated zeros do not exist. When the true zero percentage goes higher (20%), the
estimated distribution from log-SVD shifts to the left to capture the excessive zeros. When
true zero percentage continues growing to 40%, our method is the only method that could
keep the right clustering of both samples and taxa. log-SVD fails to recover the underlying
Poisson rate distribution under such a high true zero percentage. PSVDOS performs better
to some extent, but also fails to capture the right taxa clustering just like log-SVD. GOMMS
successfully clusters the taxa, but the sample clustering is not reflected because it assigns
each taxon a single probability of true zero and this might limit the heterogeneity between

samples.
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Web Figure. 1: Plots of simulation parameters. (a) True left singular vectors U and true
right singular vector V, indicating taxon clusters. (b) Heatmap of true In(\) matrix. (c)(d)
The factor values for each sample/taxa. They could be clustered into 4 groups.



PSVDOS

Web Figure. 2: Heatmap of | UVT from different methods in setting 1. Blue histogram shows
the distribution of fitted UV T; Phylogenetic tree on the top and left shows clustering of taxa
and samples.
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Web Figure. 3: Cross validation to choose the number of factors in real data analysis. At a
specified rank, we obtain several CV likelihoods by assigning test sets randomly. Three solid
lines indicate 40%, 50% and 60% quantile of the CV likelihoods.
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Web Figure. 4: Shepard stress plot for nMDS model in Subsection 4.2

11



() (b)

0.12 T T T T T
®  Clinically meaningful taxa with negative loadings 0.16 @  Clinically meaningful taxa with negative loadings | -
. ®  Clinically meaningful taxa with positive loadings © ®  Clinically meaningful taxa with positive loadings
° ° °
01f ° Other taxa i 014l . Other taxa ]
° . .
. ' 0121, ° : i
0.08 - 4 .
o . . . .
. . 0.1+ oo . 4
N R . .
i S . . ‘.o
g 0.08 - . ® L. ]
8 . M . o, . R e
° | 0.06 1, .,: . ©. ° ? ° ]
[ ] .' ‘e *° o . . . [ ]
0.04F +o® o0 T : . 8
. e . | . . . O . e . . .
. . R I o .
002f, o ,o ;...-."._ SR . ® o
. ° o @ Coe 00° LI
o . . R . . i : -~ . :‘ oo . .. . .
0 . . . . oleeatd . I
0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15
factor 2 factor 2
(c) (d)
T T T T T 0.18 N T T T
016+ ® ® Clinically meaningful taxa with negative loadings | - ®  Clinically meaningful taxa with negative loadings
®  Clinically meaningful taxa with positive loadings 0.16 ®  Clinically meaningful taxa with positive loadings | 4
®  Other taxa ® Othertaxa
0.14 o 1
014 i
0.12 . : . i
o’ ° 012 | . . 7
. o e °.°
0.1 o ° . . B .
N . o 01fie o .® j
§ o ~. ‘e T : § e 2.0
5] S H ° 4 3] ®e
8008 cen. o . £ 0.08F,%+°® o, ° 1
o . . (v s L%
. ] oo6f t .0l e ]
: ,g';- ® o .... '. °
° | -;b...’ : L vce
o ; o o0 o ]
. 0.04 i "(. s . o . °
. . i ‘Ll wll C. e .
0 . . 0.02f» e :.. .':-.:. . i
° .0 p° PR P <
o Wt le obe. relvte o . ‘
0 0.02 0.04 0.06 0.08 01 012 014 016 018 0.2 0 0.05 1 0.15 0.2 0.25 0.3
factor 1 factor 2

Web Figure. 5: Absolute taxa loadings on the two most significant factors. Each point is a
loading coordinate of a taxon on these two factors. Blue or red dots are clinically meaningful
taxa in other literature. (a) Loadings on factor 2, 3 of our proposed ZIPFA. (b) Loadings
on factor 2, 4 of log-SVD. (c) Loadings on factor 1, 4 of PSVDOS. (d) Loadings on factor 1,
2 of GOMMS

12



‘Surqoid uo Surpes[q ue9A,

‘ydop Surqord ueopy,
"SSO[ JUOUIYORIJe URDIA[,

69L°0  ¥6€0°0- 6290 <1900  SO¥0  ¥I000  0€T°0  ¥cO0O0 .080°0 6€00°0  ¥¢c'0 910070~
98T°0  L6ST°0- ¢6¢°0  CLITO  GL6°0 00000 xL10°0 Sc000  S8ET'0 G000~ T6T°0 €000
ges’o  1¢900  198°0  8910°0- 1690  LO0OOO  ¥96°0 00000  16¥°0  T1000 «0TI00 6¥000 o dd U
€eL0  LTE00-  GL90 TIV00  x«c00°0 0€00°0-  G8C'0 81000 xxx0000 €S00°0 xx0000 <000~
#0000 _ 277€7 07 _x 00000 8608707 _ Ive’0 _ 0000 _Fri0 _¥1000__ 2860 20000 _ 80I'0__ 690000 ___________.
687°0 86110  9¢6'0  ¢€T10°0- 0660 81000  T¥CO  ¥COO0  ¢beO  ¥E000  €5F°0  €100°0-
x9€0°0  GLlce0- €010  ¥4€¢0  Se¥'0 01000~ 6840 %0000~ x9%0°0 €¥00°0- 0cv'0  S100°0
965°0  G890°0- «LE0°0 <¢I¥ec’0-  ¥9¢°0 L1000  8E6°0 10000  OFPT'0  TE€O00- «€CO0 950070 o dd TSN
9IT'0  €P61°0- 6070  8L80°0 xxx000°0 8F000- 9640 90000~ xxx000°0 9000 xxxT00°0 €000~
xC000_VIIE0" 8000 0Oere 0 (9100 L6000 _,ce00__¢5000_ _ 98¢0 _¥1000 _ ITI'0__880000 ___________.
9LT°0  TLEVO  ¥EEO  9¥6¢°0- €660 000000  ¥9¥°0 8000  8ET'0 18000  60L°0  <¢T00°0-
8¢9°0  €0¥I'0o- €640 ¢0L0°0  8IE0  $CO00- ¥¢&'0 910000  695°0  €200°0- .680°0  TL0O0O
G6¢°0  ¢CSc’0- «€60°0 6L97°0- <60 06000  ¥6C°0 00000~ 0610 €500°0- x€000 8EI0O0 o SSOTIIVUBSIN
Pe1'0  6Lc€0- L8G90  €L0T°0  0ST°0  $€000- €L9°0  8I000 1000 06000 %600 6£000-
«¥00°0 8PS0~ 8000 <¢c&v'0- €060 60000  ¢S€°0 €000  ¥EP'O  6E00°0  «8€0°0  SICO0
onea-d  jooo  onea-d oo onfea-d  jooo  oenfea-d  jooo  onpea-d  jooo  enpea-d  Jooo asuodson]
SANu VoDd SININOD SOUASd AAS-30] VAdIZ

S[ePOW JUSILYIP Ul SI099€] G Jo anfea-d pue sjULIdIJR0) T 9[qR], oM

13



Web Table. 2: The loading values and ranks of potentially clinically meaningful taxa in
ZIPFA and log-SVD

ZIPFA log-SVD

taxa rank loading taxa rank loading
Actinomyces HOT 169 1 -0.245  Eubacterium[11][G-3] spp. 10  0.114
Streptococcus_mutans 3 -0.187  Fretibacterium spp. HOT 360 11 0.113
Eubacterium[11][G-5] spp. 5 0.172  Fretibacterium spp. 14 0.111
Treponema spp. 7 0.171  Eubacterium[11][G-5] spp. 29 0.088
Bacteroidetes[G-5] HOT 511 10 0.140 Eubacterium[11][G-6] spp. 37 0.083
Porphyromonas_gingivalis 11 0.123  TM7[G-1] spp. 38 0.083
TM7[G-1] spp. 15 0.113  TMT spp. 44 0.079
Porphyromonas spp. 21 0.101  Filifactor spp. 58 0.068
Filifactor spp. 25 0.097  Treponema spp. 60 0.066
Eubacterium[11][G-6] spp. 26  0.092 Bacteroidetes|G-5] HOT 511 67  0.060
TMT7 spp. 41 0.071  Porphyromonas_gingivalis 82 0.053
Fretibacterium spp. 42 0.071  Porphyromonas spp. 84 0.053
Fretibacterium spp. HOT 360 43 0.071  Prevotella_intermedia 89 0.051
Actinomyces HOT 175 58  -0.062  Actinomyces_naeslundii 122 -0.034
Prevotella_intermedia 108  0.037  Actinomyces HOT 170 123 -0.034
Eubacterium[11][G-3] spp. 134 0.025 Actinomyces HOT 169 140  -0.028
Actinomyces_naeslundii 142 -0.023  Streptococcus_mutans 147 -0.026
Actinomyces HOT 170 161 0.019  Actinomyces HOT 175 195  -0.011
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