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Supplementary material associated with this article can be found, in

he online version, at doi: 10.1016/j.neuroimage.2021.118755 . 

ppendix – Solution to Model Equations 

The evolution of the ASL signal must be split into two parts, before

S ) and after (S ) the excitation pulse, to account for the different re-
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axation times in these two regimes. In the first regime, the equations

re split into three parts, i.e. before, during, and after the arrival of the

olus of labeled signal in the voxel. For S 2 , not only is the time at exci-

ation relevant, but also the echo time. To take this into account, three

ases are outlined again depending on the passage of the bolus at exci-

ation, and each case is split into parts to account for the fact that the

olus is still passing through during the readout. 

Before excitation: 

For t ≤ ∆: 

 𝑏𝑙 = 𝑆 𝐶𝑆𝐹 = 0 (A1)

For ∆ ≤ t ≤ ∆ ± 𝜏: 

 1 𝑏𝑙 ( 𝑡 ) = 2 𝛼𝑀 0 𝑓𝑇 
′
1 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 
(
1 − 𝑒 

− ( 𝑡 −Δ) ∕ 𝑇 ′1 𝑏𝑙
)

(A2)

 1 𝐶𝑆𝐹 ( 𝑡 ) = 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 

[
𝑇 1 𝐶𝑆𝐹 

(
1 − 𝑒 − ( 𝑡 −Δ) ∕ 𝑇 1 𝐶𝑆𝐹

)
− 𝑇 ′1 𝐶𝑆𝐹

(
1 − 𝑒 

− ( 𝑡 −Δ) ∕ 𝑇 ′1 𝐶𝑆𝐹
)]

(A3)

For ∆ ± 𝜏 ≤ t : 

 1 𝑏𝑙 ( 𝑡 ) = 2 𝛼𝑀 0 𝑓 𝑇 
′
1 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − ( 𝑡 −Δ) ∕ 𝑇 
′
1 𝑏𝑙
(
𝑒 
𝜏∕ 𝑇 ′1 𝑏𝑙 − 1

)
(A4)

 1 𝐶𝑆𝐹 ( 𝑡 ) = 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 

[
𝑇 1 𝐶𝑆𝐹 𝑒 

− ( 𝑡 −Δ) ∕ 𝑇 1 𝐶𝑆𝐹 
(
𝑒 𝜏∕ 𝑇 1 𝐶𝑆𝐹 − 1

)
− 𝑇 ′1 𝐶𝑆𝐹 

𝑒 
− ( 𝑡 −Δ) ∕ 𝑇 ′1 𝐶𝑆𝐹 

(
𝑒 
𝜏∕ 𝑇 ′1 𝐶𝑆𝐹 − 1

)]
(A5)

1 
𝑇 ′1 𝑏𝑙 

= 

1
𝑇 1 𝑏𝑙 

+ 

1
𝑇 𝑏𝑙→𝐶𝑆𝐹 

(A6)

1 
𝑇 ′1 𝐶𝑆𝐹 

= 

1
𝑇 1 𝐶𝑆𝐹 

+ 

1
𝑇 𝑏𝑙→𝐶𝑆𝐹 

(A7)

After excitation: 

For this section, 

 = 𝜃 + 𝑇 𝐸 (A8)

= 𝜏 + 𝑤 (A9)

1 
𝑇 ′2 𝑏𝑙 

= 

1
𝑇 2 𝑏𝑙 

+ 

1
𝑇 𝑏𝑙→𝐶𝑆𝐹 

(A10)

1 
𝑇 ′2 𝐶𝑆𝐹 

= 

1
𝑇 2 𝐶𝑆𝐹 

+ 

1
𝑇 𝑏𝑙→𝐶𝑆𝐹 

(A11)

3 cases are based on time at excitation time 𝜃. 

Case 1: 𝜽 < ∆
For TE ≤ ∆ – 𝜃: 

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 𝑆 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 0 (A12)

For ∆ – 𝜃 ≤ TE ≤ ∆ ± 𝜏 – 𝜃: 

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 2 𝛼𝑀 0 𝑓 𝑇 
′
2 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇 𝐸∕ 𝑇 2 𝑏𝑙 
(
1 − 𝑒 

− ( 𝑇𝐸−Δ+ 𝜃) ∕ 𝑇 ′2 𝑏𝑙
)

(A13)

 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇𝐸∕ 𝑇 2 𝑏𝑙 

[
𝑇 2 𝐶𝑆𝐹 

(
1 − 𝑒 − ( 𝑇𝐸−Δ+ 𝜃) ∕ 𝑇 2 𝐶𝑆𝐹

)
− 𝑇 ′2 𝐶𝑆𝐹

(
1 − 𝑒 

− ( 𝑇𝐸−Δ+ 𝜃) ∕ 𝑇 ′2 𝐶𝑆𝐹
)]

(A14)

For ∆ ± 𝜏 – 𝜃 ≤ TE: 

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 2 𝛼𝑀 0 𝑓 𝑇 
′
2 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇 𝐸∕ 𝑇 2 𝑏𝑙 𝑒 − ( 𝑇 𝐸−Δ+ 𝜃) ∕ 𝑇 ′2 𝑏𝑙
(
𝑒 
𝜏∕ 𝑇 ′2 𝑏𝑙 − 1

)
(A15)

 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇𝐸∕ 𝑇 2 𝑏𝑙 

[
𝑇 2 𝐶𝑆𝐹 𝑒 

− ( 𝑇𝐸−Δ+ 𝜃) ∕ 𝑇 2 𝐶𝑆𝐹 

(
𝑒 𝜏∕ 𝑇 2 𝐶𝑆𝐹 − 1 

)
− 𝑇 ′2 𝐶𝑆𝐹 

𝑒 − ( 𝑇𝐸−Δ+ 𝜃) ∕ 𝑇 ′2 𝐶𝑆𝐹 

(
𝑒 𝜏∕ 𝑇 

′
2 𝐶𝑆𝐹 − 1 

)]
(A16)
12
Case 2: ∆ ≤ 𝜽 < 𝜹 + 𝝉

For 0 ≤ TE ≤ ∆ ± 𝜏 – 𝜃: 

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃) 𝑒 
− 𝑇 𝐸∕ 𝑇 ′2 𝑏𝑙 + 2 𝛼𝑀 0 𝑓 𝑇 

′
2 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇 𝐸∕ 𝑇 2 𝑏𝑙 
(
1 − 𝑒 

− 𝑇 𝐸∕ 𝑇 ′2 𝑏𝑙
)

(A17)

 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃)
(
1 − 𝑒 − 𝑇𝐸∕ 𝑇 𝑏𝑙→𝐶𝑆𝐹

)
𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹 + 𝑆 1 𝐶𝑆𝐹 ( 𝜃) 𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹

+ 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇𝐸∕ 𝑇 2 𝑏𝑙 

[
𝑇 2 𝐶𝑆𝐹 

(
1 − 𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹

)
− 𝑇 ′2 𝐶𝑆𝐹

(
1 − 𝑒 

− 𝑇 𝐸∕ 𝑇 ′2 𝐶𝑆𝐹
)]

(A18)

For ∆ ± 𝜏 – 𝜃 ≤ TE: 

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃) 𝑒 
− 𝑇 𝐸∕ 𝑇 ′2 𝑏𝑙 + 2 𝛼𝑀 0 𝑓 𝑇 

′
2 𝑏𝑙 𝑒 

−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇 𝐸∕ 𝑇 2 𝑏𝑙 𝑒 − 𝑇 𝐸∕ 𝑇 ′2 𝑏𝑙

×
(
𝑒 
( Δ+ 𝜏− 𝜃) ∕ 𝑇 ′2 𝑏𝑙 − 1

)
(A19)

 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃)
(
1 − 𝑒 − 𝑇𝐸∕ 𝑇 𝑏𝑙→𝐶𝑆𝐹

)
𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹 + 𝑆 1 𝐶𝑆𝐹 ( 𝜃) 𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹

+ 2 𝛼𝑀 0 𝑓 𝑒 
−Δ∕ 𝑇 1 𝑏𝑙 𝑒 − 𝑇𝐸∕ 𝑇 2 𝑏𝑙 

[
𝑇 2 𝐶𝑆𝐹 𝑒 

− 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹 
(
𝑒 ( Δ+ 𝜏− 𝜃) ∕ 𝑇 2 𝐶𝑆𝐹 − 1

)
− 𝑇 ′2 𝐶𝑆𝐹 

𝑒 
− 𝑇 𝐸∕ 𝑇 ′2 𝐶𝑆𝐹 

(
𝑒 
( Δ+ 𝜏− 𝜃) ∕ 𝑇 ′2 𝐶𝑆𝐹 − 1

)]
(A20)

Case 3: 𝜹 + 𝝉 ≤ 𝜽

 2 𝑏𝑙 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃) 𝑒 
− 𝑇 𝐸∕ 𝑇 ′2 𝑏𝑙 (A21)

 2 𝐶𝑆𝐹 ( 𝑇 𝐸 ) = 𝑆 1 𝑏𝑙 ( 𝜃)
(
1 − 𝑒 − 𝑇𝐸∕ 𝑇 𝑏𝑙→𝐶𝑆𝐹

)
𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹 + 𝑆 1 𝐶𝑆𝐹 ( 𝜃) 𝑒 − 𝑇𝐸∕ 𝑇 2 𝐶𝑆𝐹

(A22)
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