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SUPPORTING INFORMATION

Web Appendices referenced in Sections 2 and 3, and the R
code for simulation studies and data applications are avail-
able with this paper at the Biometrics website on Wiley
Online Library.
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APPENDIX A

A1 | Proof of Theorem 1

Based on the unified approach to proving between-stage
asymptotic independence by Dai et al. (2012), we need to
evaluate the covariance matrix A;'BA", where

A, = E[(X;X )Y - E(Y; | X)¥]
B = E[(X,V])Y; — E(Y; | X)}Y, — E(Y; | Vi)
A, = E[(VyVIY, — E(Y; | VPl

We simplify the expression of B as

B = E[(X;V]){Y} = Y;E(Y; | X;) = Y,E(Y; | Vij)
+E(Y; | XDEY; [ Vi)
= E[(X\VDE{Y] = YiE(Y; | X)) = YiE(Y; | Vi)
+E(Y; | XDE(Y; | Vi) | X3}
= E(XiViTj)Val’(Yi | X;)
which uses the law of iterated expectations, the fact that
X; includes V;; under the null hypothesis [)’ijT =0, and
assumes homogeneity of variance, that is var(Y; | X;) is
a constant.

Similarly, we have 4; = E(X,X] )var(Y; | X;) and A, =
E(VijViTj)VElr(Yi | Vi) Thus,

A['BA! E(XiXiT)‘lE(XiViTj)E(Vi jVig)—l.
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We consider the second and the third terms:
E(TiX;;)  ET})  E(T{X;)
E(X; X)) E(TXn) E(TXnXi))
E(X; V£) = ¢
(m+1)x3 : : :
EXinXij) E(TXim) E(TXinXi))

1

EWV; vy 1= — —
Vo det{E(V,;V])}

3x3
E(TiX;)E(T}X;)) — B(THE(TX},)
X3 - E(TiXij)E(TiXizj) - E(Xizj)E(Tiinj) .
2 2 2
Thus, for the (m + 1) X 3 matrix E(Xng)E(Vi jvg)—l,
the (k + 1)th element (k = 1, ..., m) of the last column is
proportional to
{EXuXij), E(TiXy), E(TXyXi)}
E(TXiE(TIX;)) — ETHETXE)
x3 E(TiXipE(TiX}) — EX)E(T! Xy
2 2 2
= E(Tl)Var(Tl)E(XU)

X{EX i Xij)EXij) — E(Xik)E(Xizj)} =0,
which uses the independence between T; and X;; and the
assumption E(T;) = 0 or E(X;;) = 0. Similarly, the first ele-
ment of the last column is also zero.

Premultiplying E(XiViTj)E(Vi jvg)—l by EX;X[)™!
completes the covariance matrix, the last column of
which are all zeros. Thus, for any j =1,...,m, we have

covin'/?(8y ~ &x,).n'/*(Bx;xr — Bx;xr)} ~ 0 in proba-
bility.
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