S2 Text: Details of CD-Egger and CD-GLS

Distribution of by,

In the main text, when there are direct effects from g’s to Y, we got

prg = (ayg + Brx - Bxg) - + Kyx - pxg = byg + Kyx - Pxg- (D

Here aty,’s are the direct effects of g’s to Y in the marginal model. g’s are standardized to have mean 0
and variance 1, and the covariance matrix of g’s is X. If we assume the following joint model:
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Here a)(,ogz’s are direct effects in the joint model, and assume a)(,(;,)i’s are i.i.d. N(bg,07). Then
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CD-Egger: Estimation of (b, Kyx) and o7
For CD-Egger, we have:
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We use a iterative algorithm to estimate (bg, Kyy) and Gg. Set initial 0'3 =0.

Step (1): Given of, we can get Vyx = ‘;—ng + 0¢%%. Then estimating (bo,Kyx) is a Generalize Least
Square problem with design matrix X and covariance matrix of errors Q:
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So we can get the estimation (130, Ieyx) and their covariance matrix:
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Step (2): Given (bo, Kyx ), plug them in equation (5), denoting
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Here Q is orthonormal, A;,- - - , 4,, are eigen-values. Denote QX 'xyx = x, we get:
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To get the MLE of Gg, it is equivalent to get root of
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We can use the bisection method to search root for (18) and get the root, i.e., MLE of 67, denoted as 3.

Step (3): Update Vyx with 65, then repeat Step (1) and Step (2) iteratively until convergence, to get
the final estimations (bo, Kyx) and 62. And we can get se(bg) and se(Kyx) from (7).

CD-GLS: Derivation and Estimation of (by,Kyx) and o7

In CD-Egger a possible downside is we ignore the variability in rx, while account for that of ry,. We
propose following method Causal Direction-GLS, and CD-GLS for short, to take into consider of both
variation in ry, and ry,.
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Denote b}‘,g =byg—bo - v, s0 b;‘/g ~ N(0, 632‘.2). Then pyi);xbo'v = Kyx + £, using Delta Method we
8

. ng
will have:
Preg; —bovi
PXg] VYg b*
ryg—b()'v k T e 0m><m Yg
e ~N : g ony Vi, | Je | =N-Kyx+—,Vyxg), (14)
X8 IpyePxg Prem—boVm mxm Pxg
ngm
Here
1 0 _Ivg—bovi 0
IXgy r)z(gl
= . S : (15)
1 _rng 7b0'vm
o ... o 0 ... - —
So we have:
ryg  —bovi
rxgl
ryo—bo-v : 3
— = : ~N(1-Kyx,Vyx,+0yP)=N(1-Kyx,Vyx) (16)
Xg "Yem —bo-vim
rXXm
Here
1 1
ngl ngl
P— z° (17)
1 1
"Xgm TXgm

Again, similar to CD-Egger, we can use iterative method to estimate (bg,Kyx) and Gg, and get standard
errors of the estimations se(by),se(Kyx ). Equation (16) is equivalent to
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Set initial by = 0, oF = 0.

Step (1): Given bo,cg, we can get Vyxy = Vyx, + G&P. Then estimating (bg,Kyx) is a Generalize
Least Square problem with design matrix X and covariance matrix of errors Q:
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So we can get the estimation (130, 1€YX) and their covariance matrix:

(?O ) - (x"Q'x)"'xTQ 1 2
Kyx rxg (20)

cov < Do > = (x'Q 'x)"!
Kyx



Step (2): Given (@0,kyx), plug them in equation (18), denoting
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Here Q is orthonormal, Ay, - - - , 4,, are eigen-values. Denote QX '"Uxyyx = x, we get:
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We can use the bisection method to search root for (26) and get the root, i.e., MLE of 67, denoted as 3.

Step (3): Update Vyyx with by and 6‘&, then repeat Step (1) and Step (2) iteratively until convergence, to
get the final estimations (by,Kyx) and 6. And we can get se(by) and se(Kyx) from (20).



