S3 Text: Degrees of Freedom for the Goodness-of-Fit Tests

CD-Ratio
For CD-Ratio, from the main text we have:
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Since % is the projection matrix to vector A 1, eigenvalues of A are (m — 1) 1’s and one 0,

1eading to ORatio ~ Xy%,_l .

CD-Egger

For CD-Egger, from the main text we have:
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As we show in the Section 3 above, plug in estimation 6& of 002 we get Vyx, with notations in equation
(6) of S2 Text, we have
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And the test statistic Qggger 1S:
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Since Q 2X(X7Q'X)"'X7Q "7 is the projection matrix to dimension-2 space @~ ?X, eigenvalues of
A are (m—2) 2’s and two 0’s, leading to Qg gger ~ )53172.

CD-GLS
Based on the asymptotic distribution from above equation (16) in S2 Text, for CD-GLS we can construct
GOF test: .
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Similar to CD-Egger, the (asymptotic) null distribution is Q; ¢ ~ )(31_2.



