
S3 Text: Degrees of Freedom for the Goodness-of-Fit Tests

CD-Ratio

For CD-Ratio, from the main text we have:

rrrY g

rrrXg
∼ N(111 ·KY X ,VY Xg) (1)

And

K̂Y X =
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Y Xg ·
rY g
rXg

111T ·V−1
Y Xg ·111

(2)

For simplicity, we use rrr to represent rrrY g
rrrXg

, K to represent KY X , K̂ to represent K̂Y X , and V to represent
VY Xg. Then the test statistic QRatio is:

QRatio =
(
rrr−111 · K̂

)T V−1 (rrr−111 · K̂
)

(3)

And we have

rrr−111 · K̂ =

(
I− 111111T V−1

111T V−1111

)
rrr (4)

So
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Here
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2

(
I− 111111T V−1

111T V−1111

)
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And
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2
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(7)

Since V− 1
2 111111T V− 1

2

111T V−1111
is the projection matrix to vector V− 1

2 111, eigenvalues of A are (m− 1) 1’s and one 0,
leading to QRatio ∼ χ2

m−1.

CD-Egger

For CD-Egger, from the main text we have:

rrrY g = b0 · vvv+KY X · rrrXg + εεε,εεε ∼ N(0,
VY g

nY
+σ

2
0 ΣΣΣ

2 = VY X) (8)

As we show in the Section 3 above, plug in estimation σ̂2
0 of σ2

0 we get VY X , with notations in equation
(6) of S2 Text, we have (

b̂0
K̂Y X

)
= (XT

ΩΩΩ
−1X)−1XT

ΩΩΩ
−1rrrY g (9)

And the test statistic QEgger is:

QEgger = (rrrY g − b̂0 · vvv− K̂Y X · rrrXg)
T V−1

Y X(rrrY g − b̂0 · vvv− K̂Y X · rrrXg) (10)
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Here
rrrY g − b̂0 · vvv− K̂Y X · rrrXg

=
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So
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Here
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2
Y X

(
I−X(XT

ΩΩΩ
−1X)−1XT

ΩΩΩ
−1
)

VY X

(
I−ΩΩΩ

−1X(XT
ΩΩΩ

−1X)−1XT
)

V− 1
2

Y X

= I−ΩΩΩ
− 1

2 X(XT
ΩΩΩ

−1X)−1XT
ΩΩΩ

− 1
2

(13)

Since ΩΩΩ
− 1

2 X(XT
ΩΩΩ

−1X)−1XT
ΩΩΩ

− 1
2 is the projection matrix to dimension-2 space ΩΩΩ

− 1
2 X, eigenvalues of

A are (m−2) 2’s and two 0’s, leading to QEgger ∼ χ2
m−2.

CD-GLS

Based on the asymptotic distribution from above equation (16) in S2 Text, for CD-GLS we can construct
GOF test:

QGLS =

(
rrrY g − b̂0 · vvv
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−111 · K̂Y X
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rrrXg
−111 · K̂Y X

)
(14)

Similar to CD-Egger, the (asymptotic) null distribution is QGLS ∼ χ2
m−2.
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