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1 Rate network

1.1 The network model

We consider a network of N randomly connected rate units, each of which make an average of K connections
with other units. Unless otherwise noted, for all rate network simulations, N = 40,000 and K = 200. In
analytical calculations, we take N — oo and K — oo while K/N — 0. In all but Figure 7, units are governed
by the following dynamics

dri
TE: —r;i+o(hi), h;= ;J,Jr] (1)
V)

where 7 is the time constant of the rate dynamics, and h; is the total synaptic input to neuron ¢. Synaptic
input is transformed through a sigmoidal neural transfer function

é(z) = ’““;X (1 + erf( . \/f) > ) 2)

where rpax is the maximal firing rate, 6 is the input at which the firing rate is rmax/2, and o controls the
gain of the transfer function. In particular, for ¢ — 0 the transfer function becomes the Heaviside function,
¢(x) =1 for x > 0, and zero otherwise.

1.2 Learning rule

The temporally asymmetric Hebbian learning rule produces the following connectivity matrix J;;:

s P-1
Jij = ASEY TS AE (e 3)
s=1 p=1
where A is a learning rate, ¢;js are ii.d. Bernoulli random variables (¢;; = 1 with probability ¢ and 0
otherwise) and K = Ne¢ represents the average in-degree of a neuron. This connectivity matrix stores S
sequences of P patterns {£"'}, where §f’“ can be thought as the input to neuron 7 (i = 1,..., N) in pattern
w(p=1,...,P)ofsequence s (s = 1,...,S), using a temporally asymmetric Hebbian rule. With such a rule,

synapses are modified for each pair of successive patterns in the sequence by an amount f(& " +1)g({“;’” ),
where the function f describes the dependence of the learning rule on input to the post-synaptic neuron,
and ¢ describes the dependence on input to the pre-synaptic neuron. The patterns are identically and
independently distributed (i.i.d.) as & % N(0,1).

In the first part of the paper (Figures 1-3 and Supplementary Figures 1-6,10-11) we use a bilinear rule,
f(x) = g(x) = x. In Figure 4-7 and Supplementary Figures 7-9,12 we use a non-linear learning rule, with

q ife >z
fla) =" : ! (4)
gr—1 ifx <y

g@>{% i >z (5)

gg—1 ifzx <z

The variable z; (z,4) defines the threshold separating potentiation and depression when post (pre) synap-
tic firing rates are varied, while gy (gq4) controls the strength of plasticity at high post (pre) firing rate. In
order to keep the average sum over incoming connection strengths zero, we set g, = F, (), where F, is the
cumulative distribution function of a standard Gaussian [1].



1.3 Sequences in continuous time

The network defined above can also learn and retrieve sequences in continuous time. We simulated a
network storing sequences 77 (t) defined as realizations of Ornstein-Uhlenbeck (OU) processes, with zero
mean, standard deviation ooy and correlation time constant 7oy, using the connectivity matrix

TAt

Jy= A% Z / s+ AD)g (s ()) (6)

Note that Eq. 6 will produce connectivity with the same statistics as in Eq. 3 when 7oy < A4, oou = 1,
T/A; = P and the OU process is discretized with a timestep of A;.

In Figure 1 of the paper (left column), we use the continuous learning rule of Eq. 6 to store and retrieve
OU processes generated using a time constant of 7oy = 4ms and standard deviation ooy = 1 with a
discretization of 1ms. We use a temporal offset A; = 10ms and neuronal time constant 7 = 10ms.

2 Mean-field theory of sequential activity

2.1 Overlap with network activity

In this section we derive a mean field theory for a network where stored patterns are Gaussian and the
learning rule is bilinear, i.e. f(z) = and g(y) = y. With this choice, the connectivity matrix is given by

S P-1

o C” Z ng ,u,+1 ,p, (7)

91;41

where the learning rate A in Eq. (3) has been absorbed in the parameters of the transfer function (Eq. 2),
by rewriting o* = % and " = %. The input current to neuron i at time ¢ is given by a weighted sum of the
firing rates of all its pre-synaptic neurons:

£) = Jir;(t). (8)
i

We start by assuming that the number of sequences S is large, S > 1, and the number of patterns per
sequence is much smaller than the in-degree, P < ¢N. Assuming that the dynamics start from an initial
condition that is correlated with the first pattern of sequence s, i.e. £%1, the input current can be re-written

as
Z gt L chs (1) + Yilt) (9)

J#l
where Y; describes the ‘noise’ term,
s P-1
L+l
ORI ST o ()
l#s p=1 VED

In the large ¢N limit, due to the law of large numbers, and using the fact that P < ¢N, the first term
in Eq. (9) converges in probability to

P-1
PIRARMOL (11)
p=1
where the g;s are given by
N
S 1 S
G0 = = D& (). (12)
j=1



The overlaps {q;,(t) 5:1 are our first P order parameters. They describe how correlated the network state is

with the stored patterns f_:‘;’l, 5“’2, e ,f_tg’P . We assume that the network state is uncorrelated with the rest
of stored patterns since ¢/, (t) ~ O(1/V'N) for | # s. The ‘noise term’ Y; then has mean zero, and variance

Var (Y;(t)) = aM(t) (13)
where the sequential load is defined by
S(P-1)
Nc
while M, the mean of the squared firing rate, is an additional order parameter defined by

e (14)

1SN,
M(t) = + er (t). (15)

In this theory we assume that the total number of stored patterns is much larger than the number of
patterns in a sequence, i.e. S > 1. We can now plug Egs. (9-15) in Eq. (1) to yield

dr; P-1
rd—; =—r;+¢ (Z ng‘ﬂqlt(t) + Yi(t)> . (16)

pu=1

Since all sequences are statistically equivalent, we have dropped the index s corresponding to the par-
ticular sequence of concatenated patterns. The variable Y;(t) corresponds to the interference produced by
stored patterns that do not belong to the sequence being retrieved (in this case, sequence s). By the cen-

tral limit theorem, the variables Y; are approximately i.i.d. Gaussian random variables across neurons, i.e.
Yi(t) N (0, aM (t)). Using equation (12) we get the following dynamical equations for the overlaps:

P-1
o ——q+ [ DéDic's (Z §1q,(0) + \/aMu)y) (17)

pn=1

where Dy = e=¥*/2/y/27 and DE = HLQ DE"
The dynamical equation for the first overlap (i.e. ¢1) simplifies to

dq:
“a _ - 1
Tt « (18)

where we have used the fact that £! does not appear in the argument of ¢ in the r.h.s. of Eq. (17).
To simplify the equations for the other overlaps, we define

pP—1
R(t)= 3 q2(t) + ad(t), (19)
kel
Since the stored patterns are Gaussian, we write Eq. (17) as
d
T% =—q +/D.gl2>x§l¢ (ar(t) + Ria(t)z) 1=2,...,P (20)
where ¢! and = are independent standard normal random variables. Using the change of coordinates
Eq1 + xRy

\/%271 +RP

&Ry —2q1
[ ———

\/ql2—1 +Rp



where u and v are also uncorrelated standard normal random variables, equation (20) becomes

P-1
dq
Tﬁz_ql'f'ql 1G<;qu +aM()> l:2a7P (21)
where
_ JDwo v
= Tz .

Using the neural transfer function of Eq. (2), we can use integration by parts to simplify:

_ 1 62
G(z) = mexp <_2(c72+x)> . (23)

By defining the ‘delay line’ matrix as L;; = J; j+1 we can also write equation (22) in vectorial form

G(x) (22)

7—7 quG(Zq# )+ aM( ))Lcj' (24)

When S is of order 1, and P is of order Ne¢, the variance of the two terms in the r.h.s. of Eq. (9) are of the
same order, and in particular the variance of the first term no longer vanishes. In this scenario, we assume
that at any given time during retrieval of a sequence, the network state has a finite overlap with only a small
fraction of the patterns in the retrieved sequence. The ‘signal’ term in Eq. (9) then needs to include only
those patterns, while the noise term Y;(¢) includes all the patterns that are far from the patterns that have
currently a finite overlap with the network state. All the resulting equations are therefore the same as the
ones derived above in the case S > 1. Note that when S'is of order 1, and P < ¢, the dynamics of Eq. 24
are driven mainly by the “signal” term, the “noise” term becomes negligible, and so incorrect assumptions
about the statistics of the noise have only minimal consequences for the dynamics of the overlaps.

2.2 Average squared firing rate

The system of equations describing the dynamics of the overlaps, Eq. (24), depends on M (t). The next step
is therefore to find a self-consistent mean-field equation for M:

—1N 2(¢ 25
fﬁzi:m() (25)

Taking the derivative with respect to time, we find

dn
TW = 7'— Z ri(t (26)

=-2M + — Zrl hi( (27)

= —2M e lZn(O)aﬂ(hi(t)) [ e“/fas(hi(u))qb(hi(t))] (28)

where we have used the general solution of the ODE for r;:

ri(t) = et (ri(O) + du e [h;(w)] ) (29)

o T



Recalling Egs. (9-12), the field h;(¢) in the first sum in the r.h.s. of Eq. (28) can be described as a random
Gaussian variable, whose variance o7 (¢) is the sum of the norm of the vector of overlaps, plus the noise term
due to interference with the other stored sequences,

Z @2(t) + aM(t). (30)

In the large N limit, this sum can be replaced by an integral over the Gaussian distribution of h;(t).

We turn now to the other sum in the r.h.s. of Eq. (28). This sum can also be replaced in the large N
limit by an integral over the joint distribution of h(u) and h(t), which is a correlated bivariate Gaussian
distribution. Here we write h(u) and h(t) in terms of 3 uncorrelated Gaussian variables, where each are the
sum of an independent and shared variable. Specifically, we write h;(u) = op(u)(a(u,t)x + b(u,t)z), and
hi(t) = opn(t)(a(t,u)y + b(t,u)z). It remains now to find the time-dependent parameters a and b in terms of
the original order parameters. By computing the variance and covariance of the fields using both the original
mean-field description and our Gaussian formulation, we can solve for a and b:

P—1
=" G (t) + aM(t) = o5 ()2 (a?(u, ) + b*(u, 1)) (31)
Pk 1
(hi(t)hi(u)) =D qr(t)gr(u) + aC(t,u) = op(u)on ()b (u, 1) (32)
k

where in Eqs. (31,32) we have used the fact that patterns {£!} are independent, and that x, y, and z are
independent and uncorrelated. We have also defined C(t,u) = & >, r;(u)r;(t). Solving Eqgs. (31,32), we find

a(t,u) = /1 — p(u,t) (33)
b<t’ u) = p(u7 t) (34)

where we have defined

i a(ar(u) +aC(tu)

u,t) =
Pt 70 ()0
Averaging over the statistics of z, y, and z we obtain:
P == 2M 42 [ DEDzo©)s(on(0)2)
t
—|—2/ d—ue(“_t)/T/DnyDz(b(ah(u) 1= p(u,t)x + op(u)y/plu,t)z)
o T
B(on ()T plts W)y + on(t)\/olE, 0)). (35)
The time evolution of C'(¢,u) can be derived similarly as for Eq. (28),
dc(t, _
Y )+ e [ DEDzo(E 0o (0)2)

+/Ou %e(%u)/f/pxpypw(gh(v) 1= p(v, D)z + on(v)v/p(0, 1)2)
¢(on(t)/1 = p(t,0)y + on(t)/p(t,v)2). (36)

The dynamics of the average firing rate 7(t) = + >, r(t) are given by:

/ Dz6(on(1)z) + e~/ (= 7(0) - /0 t 657“@(”/” / Dzé(on(u)2) ). (37)

In Supplementary Figure 4, solutions to equations (35-36) are plotted along with numerically computed
values from a full network simulation of size N = 50,000.



2.3 Retrieval properties

To study the time-dependent properties of retrieval, we can analyze Eq. (21) for the case in which the gain is
constant: G = 1+ e. With this approximation, it is straightforward to analytically derive several properties
of the recalled sequence, including retrieval speed and the scaling of overlap widths.
Forl=2,..., P, we have:
dgi

e | _
T @+ (1+e)q-

which leads by recursion to
() = q1(t =0)(1+ )\t~ Lexp(—t/7)
e = A1)

(38)

From this equation, we can easily see that for ¢ > 0, sequences grow unbounded, while for ¢ < 0 sequences
decay. Furthermore, by computing the derivative of ¢;(¢) with respect to time, we find that the overlaps ¢
peak at ¢ = 7(I — 1), which shows that the sequence progresses at a speed proportional to 7.

To determine the widths of the overlaps vs time curves, we compute the standard deviation of the
distribution given by ¢;(t)/ [ ¢/(u)du. We find that the mean is equal to 7/, while the standard deviation
is 7v/1. Thus, the width of the overlap vs time curves is proportional to the square root of the peak time.
This prediction agrees well with the empirically measured values for full network simulations (see Figure 2
of main article).

2.4 Sequence capacity

In the following sections, we will calculate the maximum number of sequences that a network can store and
successfully retrieve as a function of network parameters.

2.4.1 Conditions on transfer function for successful retrieval

In the previous section we found that recalled sequences with a constant gain above one grow unbounded,
while those with gain below one decay. To make the notion of retrieval more precise, we can define a sequence
of asymptotically long size as being successfully retrieved if the gain converges to a value larger or equal to
one during the sequence.

The shape of the gain function G in Eq. (23) dictates whether it can take values that are greater than
one, and its form depends on the transfer function parameters 6 and o. By examining the dependence of G
on these two parameters, we can bound the region for which successful retrieval is possible. Note that the
shape of G only determines whether it is in principle possible to successfully retrieve a sequence. Whether
or not the temporal trajectory of the gain rises above one during recall depends on the initial condition of
the overlaps and mean squared firing rate, as well as the number of stored sequences. We find that G is
either a monotonically decreasing function (if G’(0) < 0), or that it is a monotonically increasing function
for small values of its argument, reaching a maximum Gp,,x, and then monotonically decaying towards zero
(see Fig. 3c for examples). Thus, successful retrieval is possible if at least one of the following conditions is
satisfied:

1. G(0) is larger than one
2. G'(0) is positive, and the maximum of G, Gnax, is larger than one

These criteria lead to the following conditions for 6 and o, using G defined in Eq. (23):

1. If |6] < o4/ —log(v2mwo?), then G(0) > 1

2. If || > o, then G’(0) > 0

3. If |0] < 1/v2em and |0] < o4/ —log(v2mo?) then Guax > 1.



These conditions define 6 possible regions, that are plotted in Supplementary Figure 3a. In region D
and E (see figure), condition 1 is satisfied (G(0) > 1), so retrieval is possible for vanishingly small initial
overlaps, provided « is sufficiently small. In region F, conditions 2 and 3 are satisfied but not 1 (G(0) < 1,
but G initially increases with its argument and reaches a peak Gyax > 1), so retrieval is possible for initial
overlaps of small but finite size, again provided « is small enough. In regions A, B, and C retrieval is not
possible, as both G(0) < 0 and Gax < 1.

2.4.2 Maximum load

As already mentioned, a necessary condition for sequence retrieval is that the function G(x) has a maximum
that is larger than 1. If this condition is satisfied, then let x. be the largest value of  such that G(x) = 1.
For av — 0, the condition G4, > 1 guarantees that a sequence can be retrieved, provided the initial overlap
with the first pattern is large enough. If G ( Zf;ll qZ(O)) > 1, the overlaps initially grow until the norm of
the overlap vector stabilizes at a value where G ( Zf;ll ai(t) ~ 1.

When a > 0, the gain now depends on the additional ‘noise term’ aM (t), since the argument of G is
now 25;11 q>(t) + M (t). If this noise term is larger than x., then the gain will be smaller than one for
any ¢(t), and therefore sequences will decay starting from any initial condition. The maximal value of « for
which sequences can be retrieved is therefore given by

Gla.M) =1, (39)

where M is given by its steady state value when ¢ = 0:

M= / Dug? (vm) . (40)

When o < a., there exists an overlap vector for which 25:_11 qZ(O) + aM = z.. With suitable initial

conditions, the dynamics of the network will converge to a vector with such a norm, and sequences will be
retrieved. When a > a., 25;11 qi(O) +aM > z. and hence G < 1 for any ¢, and therefore stored sequences
cannot be retrieved.

Equations (39-40) were solved numerically. Solutions are plotted in Fig. 3 of the main text as a function

of o for a few values of €, and in Supplementary Fig. 7 in the whole ¢-0 plane.

2.5 Sequence robustness

We assessed sequence robustness by perturbing the initial condition of the rates by a Gaussian pattern:
r(t =0) = ¢(EM + 0,20), where o, controls the standard deviation of the standard Gaussian perturbation
20 ~ N(0,1). We focused specifically on transfer function parameters in region F (see section 2.4.1), as
sequences with parameters falling in regions D and E will still be retrieved for arbitrarily small initial
overlaps. Surprisingly, we find in region F that increasing « results in higher robustness to perturbations
(Supplementary Figure 10). Mean-field analysis of the perturbation provides an explanation for this effect.
The perturbed initial conditions for ¢ and M are given by:

@(t=0)= /Dszvqb(v +0.2)
M(t=0)= /quﬁ(vmy

with all other overlaps equal to zero, ¢;(t = 0) = 0,1 # 1. Increasing perturbation strength increases slightly
M (0) while more dramatically decreasing ¢;(0). Looking at the mean-field dynamics of M in Egs. (35) and
(36), we can also see that the effect of the perturbation decreases exponentially with 7.

As explained in the previous section, successful recall depends on the argument of G: Zf;ll qz (t) +alM,

specifically on whether or not this argument stabilizes to a value around x.. For small «, this argument



is dominated by the overlap norm, and as the perturbation strength increases, the initial value of this
norm decreases. When the initial norm becomes too small, the dynamics of ¢ and M decay to a region
where G( 25:_11 qz (0) + aM ) < 1, and the sequence is not retrieved. For example, for S =1 and P = 16
corresponding to an o = 0.08, when o = 2.5 the initial argument of G is too small to converge to z.
(Supplementary Figure 10, left).

For large «, the initial argument is dominated by aM(0). Increasing perturbation strength decreases the
initial norm of the overlaps, as in the case for small «, but aM(0) can remain large enough such that the
argument converges in time to x.. This phenomenon ensures that the critical initial overlap below which a
sequence is not retrieved (due to the dynamics of the argument not converging to x.) is smaller, and thus
confers a higher tolerance for perturbation strength.

3 Excitatory-inhibitory rate network

So far, we have analyzed a simplified rate network that ignores the separation between excitation and
inhibition. To assess whether our results hold also in networks that obey Dale’s law, we developed a procedure
to build an E/T network that can store and retrieve sequences. Our goal is to transform a rate network of
the form

dh; N
dtl = —hi+ Y Jijé(h)) (41)

j=1

T

where J;; are unconstrained, into the following two-population network, composed of Ng E neurons and NNy
I neurons:

dhy ENEEEEE NIEIII
TE dtl =—h; "‘Zjij ¢ (hj)_zjij ¢ (hg) (42)
=1 j=1
dhi _ 1 A e gE e
I dt =—h; + ZJij ) (hj) (43)
j=1

such that the excitatory population in Eq. (42) shares the same pattern overlap dynamics as those in Eq. (41),
and excitatory (inhibitory) units send only positive (negative) projections. Note that for simplicity we ignore
inhibitory to inhibitory connections,

The four connectivity matrices are given by

58— (A 3 e (49)
Y VEgs Kgp ‘ B

EI _ “ij
Jijt == (45)

IE ij
Jij = H— (46)

where the synaptic transfer function w has zero support at negative values, and all types of connections have
sparse connectivity (i.e. E(cgENE) = Kgpp < Ng, IE(ciI]ENE) = K;g < Ng, E(C%INI) = Kg; < Nj).
Note that in this model, both excitatory and inhibitory synaptic efficacies onto excitatory neurons scale as
1/VK, as in the balanced network model [2, 3] and other associative memory models with separate E and T
populations [4, 5], while excitatory synapses onto inhibitory neurons scale as 1/K.

Note also that we have assumed that TAH learning takes place only in excitatory recurrent weights JgE ,
and that all other connection strengths are fixed. For the sake of simplicity, we make the following additional
assumptions:

1. Inhibition is fast (77 < 7g)

©



2. Inhibitory firing rates depend linearly on their input (i.e. ¢! (hl) ~ géhl )

Using these assumptions, we can reduce Eqs. (42) and (43) to the following equation, that now only
describes inputs to E neurons:

Ng
= —hP + Z TEEG(hE) =" The(hE) (47)
j=1

where Jin represents an effective inhibitory connectivity matrix, given by:

N
I EI 1IE gdaJIEJET EI IE
= E JELJIE E s 48
9 . ik Ykj KIE KEI Cik Ckj ( )

Taylor expanding the excitatory connectivity in Eq. (44) around all but the first stored sequence, we find
that only the first and second order terms will contribute to the total synaptic inputs in the K — oo limit:

JEE ~ cf;E (AEE ZS:PZlf sty su))
N Y v KEE s>1 p=1

A A S P-1 pP—

EE / EE s,,u—i-l 9 [L 7,u+1 1 L

+ w f(¢; ) . 49
e (S Y S we S

s>1 p=1 p=1

Plugging the above into Eq. (47) and averaging the field over sequences s # 1, we get:

Ng P-1
(Z']EE JE)—ZJII]Q%}LJIS)) = (VKpewpe —VKe195J18Je1) RE+ App@pp Z feH* T Hm* (50)
=1

pn=1

where E denotes an average over patterns in all sequences except the retrieved one, and the random structural
connectivity matrix ¢;;, and in addition we have defined

WEE :/ Daxw(Agg/ax)
Oep :/ Daw' (App\/ayx)

= /_O:o /_Z DaDyf(x)*g(y)

and introduced the following order parameters:
Rp =B(4(h"))
=B(g(¢")o(h")).

RE represents the mean firing rate of the excitatory population, while ¢*s are the overlaps with the patterns
of the retrieved sequence.

The mean field, Eq. (50), is composed of two terms: The first term in the r.h.s. is proportional to the
mean firing rate of the excitatory population. Such a term does not appear in the one population network.
It scales as V'K, and therefore diverges in the large K limit, unless there is a balance between excitation
and inhibition, V KgpWgr = \/KEIgéJIEJEI. The second term contains the sum over overlaps with the
patterns in the sequence. This term is the same as in the one population network, except for the additional
factor . Thus, for the E-I network to be described by the same equations as the one population network,
a balance between excitation and inhibition is required [2, 3, 4, 5].

10



Thus, in the E-I network, we impose the condition

VEKeewpe = VKe19hJieJer. (51)

In numerical simulations we used a rectified linear transformation w(z) = [gw - © 4 0w]+. Other parameters
are specified in Table 7b.

3.1 Simulation procedure
To construct the excitatory-inhibitory rate network, we take the following steps:

1. We begin by simulating the single population rate network of Eq. (41) with connectivity specified by
Eq. (3). We use a rectified linear rate transfer function, ¢(h) = [g4 - h]+, and the threshold plasticity
rule of Egs. (6-7) in the main text. We fix 2y and ¢4 to a desired coding level, and find values for A
and g, that lead to sequence recall for a given sequence length.

2. We next construct a two-population rate network (Egs. 42-43). We start by defining Ng excitatory
neurons, each with the same rectified linear rate transfer function as in the previous step, ¢¥(h) =
[9¢ - h]+. We then construct the recurrent excitatory connectivity as specified in Eq. (44), with all
plasticity-related free parameters fixed as before. To impose non-negative weights, we choose a rectified
linear transformation for the synaptic transfer function w(x) = [g., - © + 0]+

3. We next add N; inhibitory neurons, each with a rectified linear rate transfer function, ¢’ (h) = [gé h] 4.
For sparse E-I and I-E connectivity, the weights J/” and JJ' are constrained by our choice of w, and
Eq. 51. The initial condition for the inhibitory neurons is fixed to the initial excitatory population

average firing rate (i.e. E(¢E(f(§}1))))
4 Spiking network
To transform the rate network of Eqs. (42,43) into a spiking network, we mapped dynamics to a current-

based leaky integrate-and-fire network. Single unit dynamics were governed by the following current-based
equations. For o, 8 € {E, I}:

. Kap
dv , .
Tt =0 (Vi = VEor)y | =VE+ Vs 30N " Sy 4 I + 00/T5 Walt) (52)
B i
dsY g g
o af 1 1, « k

T = =Sl Tl > a(t—th— D) (53)

tk

B

where D controls the synaptic delay, I, controls the external input drive, and 7,, controls the refractory
period. o, controls the strength of the stochastic fluctuations induced by a white noise input W, (¢t) with
unit variance density. The Heaviside function © sets a lower bound on the attainable voltage, so that the
membrane potential cannot be more hyperpolarized than a ‘floor’ Vf°°r, This lower bound captures in
a simplified fashion the inhibitory reversal potential that prevents the neuronal membrane potential from
going to arbitrarily hyperpolarized values. Without this lower bound, many neurons have voltages with
unrealistically large hyperpolarizing deflections, as large as 100 mV below the resting potential. Note that
retrieval still occurs without the implementation of this lower bound.

We simulated a spiking network with Ng = 20,000 excitatory units, and N; = 5,000 inhibitory units.
Vioor was set to —80 mV for excitatory units and —oo mV for inhibitory units, with V" = —70 mV. We
set D =1 ms, 7., = 1 ms, the reset potential V" = V' and the input drive I, = 0 mV. We used the
Euler-Maruyama method with a time step of 1 ms. A full list of parameters can be found in Table 7c.

11



4.1

Simulation procedure

To construct the full spiking network, we take the following steps:

1.

We start by simulating an excitatory-inhibitory rate network, following the steps as outlined in section
4.2.

We then match both rectified linear rate transfer functions to those derived from leaky-integrate and
fire (LIF) units operating in the presence of noise. We use the following equation for the transfer
function of unit activity in population « [6]:

ythresh

T

Va(T) = Tpp + TEN/T due“z(l + erf(u)).

Véeset,m
To fit the LIF transfer function, we fix the reset potential to zero, and the refractory period and
membrane time constant to desired values. The desired membrane time constant should be less than
the synaptic time constant (see final step). We leave as free parameters the threshold and strength
of external white noise (0,). We minimize the Euclidean distance between the two transfer functions
over the interval © € {Ziower, Tupper} using the L-BFGS-B optimization algorithm, bounding both the
threshold and noise strength from below at zero. Starting from many random initial conditions we find
that a global minimum is reached by the procedure.

To produce threshold, reset, and resting membrane potentials within a physiological range, we apply
a linear transformation ¢v (x) = Ayx + Ay that shifts and scales these parameters. All connectivity
weights are also scaled by the same factor. To impose a nonzero resting membrane potential, we fix
yrest — yreset — A2 Note that all weights Jff taken from the rate network are also divided by the
synaptic time constant 7,. The new parameters and connectivities are therefore:

V()Ehresh* _ )\(‘)}Vihr%h + A%
set™

Vofeie _ A%
T2y = X2 7o

Oa = AV 0q.

The initial conditions are SEE(O) = ¢E(/\‘E/f(€1’1)), S]E(O) = E[SEE(O)], SE](O) = 07 VE(O) = A‘E/,
and V7(0) = AL, where 2 is a standard Gaussian variable.

. We aim to keep the range of neural firing rates below saturation, and adjust several parameters to this

effect:

(a) The dynamic range of excitatory firing can be adjusted by scaling the gain of the excitatory linear
transfer function, gf . The dynamic range of inhibitory firing can be adjusted by rescaling Jg;
and Jrp while keeping their product constant.

(b) The gain of the excitatory LIF transfer function is fixed by the gain of the original linear transfer
function, g4. The gain of the inhibitory LIF transfer function can be controlled by adjusting the
gain of the corresponding linear transfer function, while scaling Jg; inversely.

Finally, we build the LIF spiking network of Egs. (52,53). We now have two timescales, one for the
synapses (7s) and one for the single units (7,,,). The time constants of the rate network are mapped
to the synaptic time constants. All other parameters, including weight matrices, are taken from the
previous two steps. Note that if the fitted ¢ is unrealistically large and disrupts retrieval, we reduce
it to a more realistic value. This is the case for the parameters of Figure 7 in the main article, and
so we lower it to a value equal to half the spiking threshold (see Table 7c). An alternative approach
would be to fix o, to a desired value, and fit the LIF transfer function using only the threshold as a
free parameter.
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5 Supplemental Procedures

All rate network simulations were performed using an adapative Runge-Kutta method of order 2(3) with
relative and absolute error sizes of 1e-3 and le-6, respectively.

Measuring robustness

To measure robustness in the top row of Supplementary Figure 10, we computed the difference in the
time-averaged norm of the overlaps between perturbed and unperturbed trials:

K(to,t1) = Ety<t<ty (|Munperturbed (t) [|l2) — Etg<t<t, ([[Mperturbed (t)[|2)

where the expectation is over the time interval starting at ty and ending at t;. Unperturbed overlaps
Munperturbed (t) In Supplementary Figure 10 correspond to those in Figure 1 of the main article. To generate
the perturbed overlaps Miperturbed (t), we fixed the initial condition of rate units to r(t = 0) = ¢(¢M! 4 0,20),
where o, controls the standard deviation of the the standard Gaussian perturbation zg ~ A (0,1).

We measured k in two time intervals: 1) in the time interval leading up to the observed retrieval time,
where ¢g = 0 and t; = argmax, mp(t), and 2) in the latter half of this interval, where ty = argmax, mp(t)/2
and ¢, = argmax, mp(t).

Retrieval time ratio

To compute the retrieval time ratio (RTR) in Supplementary Figure 2, we divided the observed retrieval
time by the predicted retrieval time (see Section 2.3.1): RTR = argmax, mp(t)/(7(P — 1)).

Peak distributions
Neurons

To find firing rate peaks for a given unit during a single trial of recall, we computed the average firing rate 7;
for unit ¢ and selected all continuous intervals of firing occurring one standard deviation above this threshold.
The nth peak midpoint time for unit ¢ was computed using a weighted average,

midpoine _ 2t <ty T

"
o Ztg <<ty r(t)

where t7 and ¢} mark the beginning and end of the nth continuous interval. The width aﬂbdth of a peak was

defined as the length of the continuous interval: ¢} — ¢j. Single unit peaks that had maximal firing rate at
t=0 were excluded from the analysis, but do not qualitatively alter the distribution if included.

Overlaps

To measure the width of each overlap, we used the following equation:

gWidth _ Et my (t) . (t — t,r?ean)z
K Zt

my,(t)

where tﬁ’can is defined as:
tmean _ Zt t i m(t)
14

>em(t)
To compute the cumulative density of peak times for single neurons and overlaps, we measured the time
interval starting at ¢ = 0 and lasting up to the retrieval time (defined in the previous sections).

13



Measuring capacity in a finite network

To compute the mean-field correlation in Fig 3b, we use both M and 7 to normalize the overlaps by the
standard deviation of the firing rates (see section 2.2).

To compute the mean-field capacity curve in Fig. 3c (dashed curves), we use a bisection method to con-
verge on the smallest « for which the maximal overlap values in the sequence {argmax, ¢ (t), argmax, ¢z (t), ...,
argmax, qs(t)} are a monotonically decaying function.

Retrieval with nonlinear rule

We initialize the network to r(t = 0) = ¢(f(£')). To measure the pattern correlations in Figure 4d, we
compute the Pearson correlation coefficient between 7(¢) and g(¢!) for each pattern &L

Selectivity criterion

To generate the sorted raster plots of Fig. 5, we first divided units into active (silent) pools according to their
maximum firing rate: argmax, r(t) > 0 (argmax,r(t) < 6), where 6 defines a minimal activity threshold.
We set 6 = 0.05 - rpax. Selective units were defined by the union or intersection of these pools in different
stimulus contexts.

Turn selective units

Right (left) selective units were those that had membership in the active pool during recall of the right (left)
sequence, and were in the silent pool during recall of the left (right) sequence.

Non-specific units

To determine non-specific units, we first sought neurons that were active in both left and right stimulus

contexts. We then computed the mean absolute difference (MD) in activity between the left and right trial
for each of these units: MD = = SN ST | pleft () — P8 ()| Units with MD < 0.075 were identified as

K2

non-specific.

Decaying weight perturbations

To generate the sorted raster plots of Fig. 6a, we included units that had a maximal activity of at least
0.15 - rpax on day 1 (for day 1 sorted) or day 30 (for day 30 sorted). These accounted for roughly half of the
total population of neurons.

Activity profile correlation

To measure the similarity of activity across days in Fig. 6¢, we computed the Pearson correlation coefficient

between rate trajectories 7 and 7, where n and m are simulation days, and i is the index of the neuron.

We averaged this quantity across all neurons.

Spiking network
Quantifying correlations

To compute pattern correlations in Figure 7c, we transformed spiking activity into rates by convolving spikes
with a Gaussian kernel (20 ms standard deviation). We then computed the Pearson correlation between rates
and transformed patterns as in the rate network case with a nonlinear rule.
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Sequential capacity of the nonlinear rule

To compute the storage capacity in Supplementary Figure 9, we numerically simulated retrieval of a sequence
of length P = 16 in the presence of an unretrieved stored sequence of length P’. We used a bisection method
to find the largest P’ for which the final retrieved pattern correlation exceeded a threshold of x = 0.025. If
the final pattern correlation was less than x for P’ = 0, then the sequence capacity was a. = 0, otherwise it
was reported as a, = LK(P’*U.

We choose for simplicity o — 0 and rescaled the transfer function threshold 6 by defining 8y = 6/(p(1 —
p)(p(1 — q)* + (1 — p)g®)), where p = 1 — g, and ¢ = 1 — gy. We have assumed that the plasticity rule
thresholds are the same (i.e. xy = z4), and as in Section 1.2, that ¢ = F.(xf). This rescaling of the
threshold 6 is necessary as the variance of the field scales with p, and so the threshold must be adjusted to
maximize capacity [7, 1].
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6 Supplemental Figures
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Figure 1: Single unit retrieval examples for the network in Figure 1 in the main text. Units are randomly
selected from the whole population.
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Retrieval time ratio
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Figure 2: The ratio of the observed and predicted retrieval times (see Supplemental Procedures), for varying
P, as a function of rate transfer function parameters  and o. All other parameters are as in Figure 1 of the

main text.
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Figure 3: Gain function behavior a. Conditions for successful retrieval. Sequences can be retrieved for
appropriate « and ¢1(0) in the green regions, and cannot be retrieved in the blue regions. Within D and E,
retrieval is possible for vanishingly small initial overlaps. In region F, retrieval is possible for initial overlaps
of small but finite size. In regions A, B, and C retrieval is not possible, as both G(0) < 1 and Gpax < 1.
The blue line corresponds to condition 1, the orange line to condition 2, and the green line to condition 3
(see section 2.4.1). The maximal capacity within the green region is shown in Supplementary Figure 5. The
red dot corresponds to the parameters in panel b. b. Overlaps as a function of time (top), average squared
rate (middle), and gain function (bottom) for full network (left), and overlap dynamics with a constant M
and G approximation (right). In the constant gain case, G has been fixed to the average value of G during
retrieval in the dynamic gain case: 1.0718, and M is shown purely for illustration. All parameters in the
”dynamic gain” case are as in Figure 1 of the main text. c. Solid lines are profiles of gain function G(x) as a
function of x, for three sets of parameters corresponding to the three possible regions of successful retrieval.
Dashed lines indicate threshold at one. The parameters chosen for region F correspond to the the red dot
in panel a.
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Figure 4: Comparison of mean-field with full network simulations a. Solid lines show overlaps computed
using a simulation of the full network. Dashed lines are solutions to the mean-field equations. Top: Overlaps
{g,} of network activity with stored patterns. Bottom: Average squared firing rates, M. b. Mean-field two
time autocorrelation function C, as defined in section 2.2. All parameters are as in Figure 1 of the main
text, except N = 50,000. Discrepancies in the mean-field are finite-size effects, and decrease with larger N.
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Figure 5: Maximal capacity, computed analytically using Eqgs. (39,40) as a function of § and o, for the
bilinear plasticity rule and the error-function transfer function. The white boundary corresponds to the
successful retrieval region in Figure 3. Note that the full curves in Fig. 3c of the main text correspond to
horizontal cuts in this plane.
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Figure 6: Maximal correlation with the final pattern in the stored sequence obtained from numerical sim-
ulations of the full network for various S and P. N = 100,000, K = v/N and all other parameters are as
in Figure 3b of the main text. The dashed vertical lines correspond to the capacity computed in Figure 3b
of the main text, and the solid curves to the correlations obtained from solving numerically the mean-field
equations.
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Figure 7: Temporal characteristics of a retrieved sequence stored with a nonlinear learning rule. a. Distri-
bution of single neuron peak widths, defined as continuous firing intervals occurring one standard deviation
above the time-averaged firing rate. Black error bars denote mean and standard deviation of widths within
each 10 ms interval. b. Green dots indicate observed overlap widths (see Supp. Procedures). Analytic
predictions for Gaussian patterns stored with bilinear learning rule (see Figure 2 of main text) are shown
in red. c. Cumulative percentage of peak times for single neurons (blue) and overlaps (grey). The dashed
black line represents a uniform distribution. All parameters are as in Figure 4 of the main text.
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Figure 8: Average correlation of activity profiles between day n and either day 1 (black) or day 30 (green)
for various o, and A. The time-averaged correlation value between sequential overlaps on day 1 and 30 is
given by the upper number in each panel. The lower number indicates the maximal correlation value with
the final pattern on day 1. All other parameters are as in Figure 6 of the main text.
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Figure 9: Storage capacity of the nonlinear learning rule, in the limit ¢ — 0. Capacity is plotted as a
function of the rescaled transfer function threshold for several coding levels and values of the average of the
function f. N = 50,000, and all other parameters are as in Figure 4 of the main text. See Supplemental
Procedures for details on how storage capacity was determined.
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Figure 10: Robustness to initial perturbations of a network storing sequence length P = 16 for S = 1 (left
column), and S = 4 (right column) sequence number. Top row: The difference in the time-averaged norm of
the overlaps between perturbed and unperturbed trajectories, given as a function of the standard deviation
of the initial Gaussian perturbation o,. This perturbation is added to the initial condition (£1). In green, the
difference is computed using the time interval leading up to retrieval time (see Supp. Procedures). In blue,
the difference is computed using only the latter half of this interval. The green and blue dashed lines display
the average overlap norms of the unperturbed trajectory for the full and latter half of retrieval, respectively.
Bottom row: Overlaps during retrieval following an initial perturbation of strength o,. All other parameters
are as in Figure 1 of the main text.
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Figure 11: a. Conditions for successful retrieval (see Supp. Figure 3). Red dots correspond to panels in (b).
b. Distribution of firing rates across neurons and time (the interval between time 0 and retrieval time). All

other parameters are as in Figure 1 of the main text.
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Figure 12: a. Spiking network from Figure 7 of the main text. b. Excitatory-to-inhibitory connection

strength is decreased by 20%. c. Excitatory-to-inhibitory connection strength is increased by 5%. All other

parameters are as in Figure 7 of the main text.
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7 Parameter tables

Figure 1, 2: Retrieval of a stored sequence

Parameter | Value | Comment
N 40,000 | Neuron count
c 0.005 Connection probability
0 0.22 Rate transfer function offset
o 0.1 Rate transfer function inverse gain
T 10 ms | Time constant
S 1 Sequence number
P 16 Sequence length
Figure 3a: Sequence capacity
Parameter | Value | Comment
N 40,000 | Neuron count
c 0.005 Connection probability
0 0.22 Rate transfer function offset
o 0.1 Rate transfer function inverse gain
T 10 ms | Time constant
S 2 Sequence number
P 16 Sequence length
Figure 3b: Sequence capacity
Parameter | Value | Comment
0 0.22 Rate transfer function offset
o 0.1 Rate transfer function inverse gain
T 10 ms | Time constant
Figure 3c: Sequence capacity
Parameter | Value | Comment
N 40,000 | Neuron count
c 0.005 Connection probability
0 0.2 Rate transfer function offset
o 0.1 Rate transfer function inverse gain
T 10 ms | Time constant
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Figure 4: Retrieval with nonlinear learning rules

Parameter | Value Comment
N 40,000 Neuron count
c 0.005 Connection probability
0 0.005 Rate transfer function offset
o 0.00357 | Rate transfer function inverse gain
T 10 ms Time constant
S 1 Sequence number
P 30 Sequence length
s 1.645 Post-synaptic threshold of plasticity rule
Tg 1.645 Pre-synaptic threshold of plasticity rule
qt 0.8 Plasticity rule parameter
Qg 0.95 Plasticity rule parameter
Figure 5: Selectivity emerges from random input patterns
Parameter | Value Comment
N 40,000 Neuron count
c 0.005 Connection probability
0 0.005 Rate transfer function offset
o 0.00357 | Rate transfer function inverse gain
T 10 ms Time constant
S 2 Sequence number
P 30 Sequence length
Te 1.645 Post-synaptic threshold of plasticity rule
Tg 1.645 Pre-synaptic threshold of plasticity rule
qr 0.8 Plasticity rule parameter
Qg 0.95 Plasticity rule parameter
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Figure 6: Changes in synaptic connectivity preserve collective sequence retrieval

Parameter | Value Comment

N 40,000 Neuron count

c 0.005 Connection probability

0 0.005 Rate transfer function offset

o 0.00357 | Rate transfer function inverse gain

T 10 ms Time constant

S 1 Sequence number

P 30 Sequence length

s 1.645 Post-synaptic threshold of plasticity rule
Tg 1.645 Pre-synaptic threshold of plasticity rule
qt 0.8 Plasticity rule parameter

Qg 0.95 Plasticity rule parameter

A 0.85 Decay rate

o, 0.03 Perturbation strength

Figure 7a: One population rate network

Parameter | Value | Comment

N 20,000 | Neuron count

c 0.04 Connection probability

9o 12 Rate transfer function gain

T 20 ms | Time constant

S 1 Sequence number

P 32 Sequence length

A 6.3 Learning strength

T 1.5 Post-synaptic threshold of plasticity rule
Tg 1.5 Pre-synaptic threshold of plasticity rule
gt 0.8 Plasticity rule parameter

g 0.933 Plasticity rule parameter
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Figure 7b: Two population rate network

Parameter | Value Comment

Ng 20,000 | Excitatory neuron count

Ny 5,000 Inhibitory neuron count

CEE 0.04 Connection probability

CIE 0.04 Connection probability

CEI 0.04 Connection probability

g(% 12 Rate transfer function gain, excitatory
TE 20 ms Time constant, excitatory

gé 20 Rate transfer function gain, inhibitory
TI 5 ms Time constant, inhibitory

S 1 Sequence number

P 32 Sequence length

Agg 6.3 Learning strength

Tt 1.5 Post-synaptic threshold of plasticity rule
Tg 1.5 Pre-synaptic threshold of plasticity rule
qr 0.8 Plasticity rule parameter

Qg 0.933 Plasticity rule parameter

Jo 1 Synaptic transfer function gain

0w -0.0038 | Synaptic transfer function offset

JE 0.0673 | Synaptic weight

JEI 0.0250 | Synaptic weight
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Figure 7c: Two population spiking network

Parameter | Value Comment

Ng 20,000 Excitatory neuron count

Ny 5,000 Inhibitory neuron count

CEE 0.04 Connection probability

CIE 0.04 Connection probability

CET 0.04 Connection probability

e 10 ms Membrane time constant, excitatory
T8 20 ms Synaptic time constant, excitatory

VE & -50 mV Spiking threshold, excitatory

VE -70 mV Voltage reset, excitatory

VE, -70 mV Voltage resting potential, excitatory

VE el -80 mV Voltage floor potential, excitatory

TF;) 1 ms Refractory period, excitatory

OE 10 mV White noise strength (std dev), excitatory
Tl 2 ms Membrane time constant, inhibitory

TSI 5 ms Synaptic time constant, inhibitory

V5 -50 mV Spiking threshold, inhibitory

V5 -70 mV Voltage reset, inhibitory

Vi -70 mV Voltage floor potential, inhibitory

VL eal —oomV | Voltage reversal potential, inhibitory
TrIp 1 ms Refractory period, inhibitory

o1 10 mV White noise strength (std dev), inhibitory
S 1 Sequence number

P 32 Sequence length

A 6.3 Learning strength

Tf 1.5 Post-synaptic threshold of plasticity rule
Tg 1.5 Pre-synaptic threshold of plasticity rule
qs 0.8 Plasticity rule parameter

Qg 0.933 Plasticity rule parameter

G 1 Synaptic transfer function gain

0, -0.0038 Synaptic transfer function offset
JE/Kp 0.204 mV | Synaptic weight

JEY//Kgr | 0.228 mV | Synaptic weight

)\‘E/ 5.167 Excitatory rescaling factor

M, 3.089 Inhibitory rescaling factor
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