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Abstract

Two important propositions and all technical proofs are given in Section S.1. Additional
simulations are included in Section S.2.

S.1 Propositions and Technical Proofs

T T

Tx))', e = (e],e))', and r, = rank(cov(x)). Assume that

Proposition S.1. Ler x = (x, , x,
ranks 1 and ry are constants. When p = min(py, p2) — 00, if minge(1 2y A, (cov(xy)) diverges

and maxye(1,2y A1(cov(ey)) is bounded, then X, (cov(x)) diverges and A (cov(e)) is bounded.

Remark S.1. Hallin and Liska (2011) proposed a decomposition method under a general dy-
namic factor model that includes our approximate factor model given in (6) and (7) as a special
case. Their decomposition method divides each of two observed vector processes into four com-
ponents that are called strongly common, weakly common, weakly idiosyncratic, and strongly
idiosyncratic, respectively. Consider applying their method to our approximate factor model that
has i.i.d. samples. By their Assumption A3 and Proposition I(a) and (b) as well as Weyl’s inequal-
ity, ranks {ry };_, are constant, and minge 1 2y Ay, (cov(xy)) diverges but maxye (1 23 A1 (cov(ex))
is bounded when p — oo. Then with the additional condition cov(x, e) = 0, it follows from our
Proposition S.1 and their Proposition 1(c) that for each y,, xy is the sum of strongly common
and weakly common components, ey, is the strongly idiosyncratic component, and no weakly id-
iosyncratic component exists. Furthermore, if span(zx| ) N span(xy ) = {0}, i.e., the first signal
canonical correlation py < 1, then there is no strongly common component, and xy, is entirely

the weakly common component of y,,.



Proof of Proposition S.1. Recall that 33, = cov(xy,) = VA, V] and 15 = cov(xy, x5). Using

(S.4) that will be shown later, we have
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According to Theorem 3.3.16(d) in Horn and Johnson (1994), we have

07 (UpoUg ) = 0, (Ag A *Up@oUj Ay * A1)
< 01(Ag )0, (AY VB0 U AY )0 (A7),

Since rj, and 0,(©) = py are constant for k < 2 and ¢ < 19, 0,, (U@ U} ) = 0,, (D) is a

positive constant. Thus, when p — oo, we have

Ar, (cov(x)) = 0y, (cov()) = or, (Ay *UpBoUg Ag'?)
> 0, (Up®oUy] ) /03 (Ag %) = 0, (Us Uy ) Jmin A (cov(i)) = o0,

For the noise covariance matrices, we denote their compact SVDs by cov(ey) = V. ;A kV;r’k

for £ = 1, 2. Similar to (S.1), we have

1/2 1/2 T
Veyl Ae,l Ire,1 XTe,1 Acia T Ae,l Ve,l
e

cov(e) = 12 U, . 12 .
VS,Q Ae,2 A612 ITe,z XTe,2 Ae,2 Ve,2

= VAU @ U[ AV,

where U, is an orthogonal matrix, r.; = rank(cov(ey)) for k = 1,2, and Agjpisa .y X 7eo
rectangular diagonal matrix with the canonical correlations between e;’s on its main diagonal.

Finally, as p — co, we have

= < . <2 .
Ai(cov(e)) = || cov(e)lls < [|[Pe]1 klel}{élié} A(cov(eg)) <2 kg?{??;} A1 (cov(eg)) < oo

We finish the proof of Proposition S.1. [



Proposition S.2. Equation (15) is the unique solution to the problem in (11) subject to (12)-(14).

Proof. Let (-, -) denote the angle between two elements in space (L3, cov). Then, cosf(-,-) =
corr(+, -). Hereafter, we use these two operators exchangeably. Note that Zi:l cos? 0(zpe, 210) >
L If w L span({zi, zor}), then 37_, cos?B(zx, w) = 0, and thus such a w is not an opti-
mal solution to the right-hand side of (11). When w [/ span({zis, 290 }), since cos 0(zge, w) =
cos 0( zxe, wo) cos O(wy, w), where wy denotes the projection of w onto span({zys, 290} ), we only
need to consider w € span({zi, 22¢}). Let w = azyy + bzgp with var(w) = a® + b* + 2abp, = 1.

Then, we have

2
Z corr?(zgg, w) = (a + bpe)® + (ape + b)*
k=1

= a® + b* + dabpy + pj(a® + b*) = 1+ 2abp, + p; (1 — 2abpy)

=1+ p} + 2abpe(1 — p?). (S.2)

We first consider p, € (0, 1). Equation (S.2) is maximized only when ab > 0. Without loss of
generality, we assume a and b are nonnegative. Since 2ab < a? + b?> = 1 — 2abp,, the maximizer
of ab satisfies a = b = (24 2p;) /2. Thus, ¢; o 210 + 2a0. Let ¢; = a(z1y + 2o¢). From (13), we

have

0 = corr(dig, dag) = corr (1 — a)z1 — cvzap, (1 — @) 200 — az1¢)

=2(pe +1)a” = 2(pe + 1)+ py,
1 1-—
a==>(1+ Pey .
2 14+ pe

2
1 / 2

To satisfy (14), ¢, must be the one in (15) when p, € (0, 1).

Hence, we obtain

It follows that

Now we consider the solution of ¢, when p, € {0,1}. By (S.3), for ¢, that is defined in (15)

when p, € (0,1), we have lim var(c,) = 0and lim var(c,) = 1. Then by (14), when p, = 0,
pe—0F pe—1~

then var(c,) = 0, and thus ¢, = 0 which satisfies (15) as well as (11) and (13). We also obtain

var(cg) = 1 when p, = 1. Now consider p, = 1. By (S.2), we have max S22 corr?(zpe, w) = 2,
weLy

3



and thus ¢, < z1p = z9. If var(c)) > lore, = —2zypy = —29, then dyy = dyy # 0 and
corr(dyg, dag) = 1. Thus, to satisfy (13), ¢y = 21, = 22, which is equivalent to (15).

From the above, we have that ¢, must be the one in (15) when p, € [0, 1]. O

Lemma S.1. When n — oo, if a,, = Op(b,) holds on a given event A, that has P(A,) — 1,

then we have a,, = Op(by,).

Proof. By the given assumptions, for any ¢ > 0, there exist constants M. and N. such that
P (|an| < Moby|A,) > 1 —cand P(A,) > 1 — e forall n > N.. Then, P(|a,| < M.b,) >
P (lan| < M.b,|A,) P(A,) > (1 —€)? > 1 — 2e. Hence, we obtain a, = Op(by). O

Proof of Theorem 1. First, we show rank(@®) = rq5. Since

* * —1/2 T * 1/2 *
xy, = cov(xk, 25) 2 = cov(zy, A, "V xp)z, = VA 2],

we obtain

S1p = cov(ViAY 25 VoAY?25) = ViAPOAY V] . (S.4)

Hence by rank(M;M;) < min(rank(M;), rank(Ms)) for real matrices M; and M, we have
rank(®) > rip. Again using the above inequality of the rank of matrix product, by @ =
Al_l/QVlTElQVgAQ_l/Q, we have rank(®) < ryy. Thus, rank(©) = 71,.

Now temporarily replace the constraint ¢ < 715 by ¢ < 7, for (10) . Let {Z14, 220}, be
an arbitrary solution of (10). We will later see that corr(2y,, zo¢) = 0 for all £ > ry5. Augment
(Zkts - - Zhrs, ) | With any (rj, — ri,) standardized variables to be Zj, = (241, ..., 25, ) | Such
that Z;| is an orthonormal basis of span(z; ). Denote e = cov(Zy, 22). When £ = 11in (10), 21,
must be proportional to the projection of zo; onto span(x, ). Hence, 2, L span(z; )\span(z1;),

and ©271:1 is a zero vector. Similarly, Q2]

is a zero vector. Using the same argument
for ¢ = 2,..., ryy yields that the only nonzero entries of © are located on the diagonal of
@!Lrmin,Lirmin] - Note that there exists an orthogonal matrix Q; such that 2, = Qiz;. Then,
e = Q&)Q;r has rank ;5. Hence, the only nonzero entries of © are the first r19 €lements of its
main diagonal. We thus only need ¢ < ry5 in (10).

The proof is complete. 0

Proof of Theorem 2. We only need to show the uniqueness of c;.



Let {Z)}r—12 be another set of augmented standardized canonical variables. Then, there
exists an orthogonal matrix Qy such that Z, = Qz; with 2, = I’/ x; defined in (18). By
Theorem 1 and the fact that cov(z1, z5) = QlAQQ;— has the same singular values of Ay, we
have cov(zy, z2) = Q1AgQ) = Ay. Let m be the number of distinct nonzero singular values
of Ag. Then for k = 1,2, we have Q;, = diag(Myy, ..., My, My 11), Where My, ¢ < m is
an orthogonal matrix with column dimension equal to the repetition number of the /-th largest
distinct nonzero singular value of Ay, and My, ,,+1 might be an empty matrix. By A@Q;r =
Q/ Ay, we obtain My, = My, for all £ < m.

By the expression of ¢; in (19), we only need to show

COV(wl,leng] A Z~[1T12]_Covw zl ir12] A Zz[lrﬂ]‘
k=1

This is true because

cov (@, zl1 i1z JAc Z~[1 i1z

= cov(xy, zl)(Q[lmlz’:])TAc Z QE:W’:}z
k=1

2
= cov(@1, 2 ") (diag(Myy, ..., My)) T Ac Y diag(Miy, ..., My,)z; "
k=1
2

1:
= cov(xy, zl m] E [ r2],

k=1

]

Proof of Theorem 3. Under Assumption 1, by the proof of Theorem 4.1 in Wang and Fan (2017)

(see the bound for their A;), we have
Ss, = ||Z1 — Zkll2 = Op(Me1/Vn). (S.5)
From Weyl’s inequality [see Theorem 3.3.16(c) in Horn and Johnson (1994)],

|)\kﬁ — )\K(Ekz” S || Cov(ek)||2 S So fOI‘ 1 S f S Tk.



This implies
)\ké/)%(z]k) —1 for 1< 14 < 7.

Together with the assumption that Ag; /A, is bounded from above and below, we have
)\g(zk) = /\m(Ek) for 1 < E,m < TL.
By Weyl’s inequality, (S.5) and (S.6),

1Kl /n = A (Be)| =

M (S) = ()| < 85, = Op(0(Z0) V7).

Thus,

(S.6)

(S.7)

(S.8)

(S.9)

Under Assumption 1, by the proof of Theorem C.1 in Wang and Fan (2017) (see the bound for

their max;<, T—! Zthl Wi — uie|*), we have

| = Ul ding(01 (Vi) - 0n (YD) (U™ || = Op(v/prTog ).

(S.10)

Also under Assumption 1, by the proof of Theorem 3.1 and the argument in the third paragraph

on page 1355 in Wang and Fan (2017), for 1 < ¢ < ry,
TPk Dk 1
=0p|—)=0p| —+—| =0p(1
P (n/\kg) P (n/\kg + n) P< )

P, ().

NG
:op<

_ pe 1
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of(Ye)  [67(Yi))?
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and

Hence,

oY)  57(Yy)
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(S.11)



By (S.11) and (S.10), we have
R -], = R
F

”U[ L7l diag (@7 (Y) = o1(Yi), -, 00 (Yi) — 00, (Y1) (UE’;:M)THF

+ X = Ul diag(on (Y, o <Yk>><UE;’;"‘”>THF

< 4/7p max ‘az Yk) - Ug Yk ‘ + HXk - ZUZ Yk UlEié]<U/[7;2€])TH

1<e<ry, F
Pk Akl
=0 )=+ 1
P (\/Wkl n Pk ngk)
A (X
=0Op ( 1(71 r) + Dk logpk> : (S.12)

It is easy to show E( f;},) is upper bounded for all 1 < ¢ < ry. Thus, var( frefxm) is upper bounded
forall 1 < ¢, m < ry. Then from the central limit theorem, || FiF} /n—1,, xr, |lmax = Op(1//1).

Hence,
1

1
EHFkap = trace (EFkF;) =71+ Op(1/y/n).
Then by Lemma 1 in Lam and Fan (2009), the fact 0,(By) = A%Q(Ek) for1 < ¢ <ry,and (S.7),

there exists a constant k3 € (0, 1] such that

\/ v (%) [|Fr]| 7
ks /x4 op(1) —
1 k
< | Xsllr

IBrFxllr _ v Ai(Z) | Fillr
= /i + op(1). (S.13)
\/m Vi (Zk)

By [ Xgll2 < [IXk||r < /Tl X2, we have

I Xlle

K3 + Op(l) <

< k4 op(1), (S.14)



From (S.12), (S.13), (S.9) and || X||r < /7%||Xx||2, we obtain
o= [ X, S = [Rei],

= Op(min{ @ + \/pk log s, \/n)\l(Ek)}). (S.15)

From Weyl’s inequality and (S.8), forall 1 < ¢ < py,
A(Zk) = M(Z0)| < 185 = Billa = Op (M (Sk)/vn). (S.16)
Then by (S.7),
A (Z0) > A (25) = (A () = A (Z)| = (1= 0p(1) A, (). (S.17)

It follows that 7, = r, with probability tending to 1 as n — oo. Due to Lemma S.1, we simply

assume 7 = 17 in the rest of the proof.

By the mean value theorem and (S.16), uniformly for / = 1, ... r, we have
~ 1 ~
A (5) = A0 < 510 = 0p (A (ZO)e(E8) = Me(Za)] = Op (A (Bi)n ™),
(S.18)
S1/2,Q _ 1 = _
A2 (E0)=A (0] < S [A-0p (M)A (B0] 2 IMe(E0)=M(E0)] = Op (A (S ),
(S.19)

A ER) = A E0] < (1 = 0p(1)AL (B0 A Ek) = M(Er)| = Op(A (Zp)n 7).

By the uniqueness given in Theorem 2, we let V, satisfy (\A/_E’e])TV,E’Q >0forallk =1,2
and? =1,..., 7 By Corollary 1in Yuetal. (2015), (S.6), (S.7) and miny<,, (Agr—Ae1)/Aee >

0o, we have

19~ Valle =0 (118~ Zell/ mintAd ) - den(20) )
STk

= Op(1/v/n). (S.20)



Note that
— [[AB — AB + AB — AB|); < |A|]2|B — Bll2 + | B[2]|A — A,

|AB — AB|, . T A
= |BTAT —BTAT|j, < |B|ls]|A — Al + |All2| B — BlJ2.

(S.21)

Now we consider the error bounds for the columns of Uy, We first consider ||© — ©||,. By

(S.21), (S.20), (S.19) and (S.7), we have

k T —=1/2<> —1/2
V= APV AV
SAEOIVE = Ville + [V [l max [372(S0) = (5]

= Op(A *(Zp)n~'12). (5.22)

By (S.21), (S.17), (S.22), (S.14), (S.15) and (S.7),
3z, = [|A; PV Xy — A PVIXG 2

< SNX 2 + 0x, 2| AL
= Op(61 | Xy|2 + 0%, 2 A 2 (28))

= Op (min {1 + \/pk)\l_l(Ek) log pr., ﬁ}) .

Define Z; = A, /*V] X,. Then by (S.21), (S.17), (S.9), (S.14) and (S.7), we have

< (5222 S Kol + 82,0, 2SI K ]
_ : P log pr
= Op (mm{ —1—2 n)\1 Ek }) .

Since z} and f, are both orthonormal bases of span(z} ), z; = Q.;, f, with arj, xr; orthogonal

* A* 1 * *
732 - —7i(7))

2

matrix Q.. Since E(f},) is upper bounded for all ¢ < ry and k < 2, var(fisfan) is upper

bounded for all ¢ < r; and m < r9. Then, we can use the central limit theorem to obtain

o)

1
= Hth (EFngT — cov(fy, f2)> sz2
2
1
AT 2

1
~Zi(Z3)" —©
Hn 1(23) 2

1
—FleT —cov(fy, fa)
n 2

<11Q:pl2



Therefore,

1-, = 1 1
@ @ _Z* Z* T__Z* Z* T _Z* Z* T_@
18-l < |12 - sz + |z -e|
1 2 log p
<pmin{ — + k1
g {\/_ ; nA(Zy) }

Here and also in the following text, for simplicity, we write A <p B if and only if A = Op(B).

From Wey!’s inequality, we have the bound for canonical correlation estimators

nax [04(8) —01(©) < [|© — Ol|> Sp 6. (S.23)

Using (S.21), we obtain

max{||©0" — 007|076 —0Te|,}
< (|8l +[1©])]© - e
Sp (28]l + 00)ds Sp (01(©) + 6p)de

SJP 60‘

Let {fjgk}k:m be one pair of orthogonal matrices such that @ = ﬁ@lA@ﬁJQ. Define op; >
- > 09y, to be the distinct nonzero singular values of ©, and 0y ,,4+1 = 0. By Lemma 1 in Lam
and Fan (2009) and Theorem 2 in Yu et al. (2015), there exists a matrix Qi = diag(Qu1, - - - , Qkry)

where Qy, is an orthogonal matrix with column dimension equal to the repetition number of oy 4,
such that

||U ,1i71g)] U[e,:m]QkH < HU[ 1m]Qk _ ”12]||F||Qk||2
<Sp min {50/ 21<n {‘704 Ug,eﬂ}v 1}
Sp de.

NOte that -Ej—g,lli’rlz]QlA[91:7’1271:1”12]Qir(ﬁgéltrlg])T — 6[:,1:T12}A[91:T12,1:7”12](ﬁ[:,llrlz])T — 9. By

the uniqueness given in Theorem 2, we let Uy, = (UL!"2Q,, ULy - Define U3, =

10



(fjgél:nQ]Qg, ﬁgé(rmﬂ)m). We have
(5l — Ul e <p 6 (S.24)

and

Hﬁ[@:él:mz] . U;[Q:,l:rlz]”F SP 5y (S.25)

Then by (S.21) and (S.23),

Hﬁgilleg]K[elzrlg,l:le} (ﬁgél:rl2])T . U[@:iltle]A[elleg,l:T‘lg](U;g,l:rlz})T

2

S ||ﬁ[6:i127‘12]x[01:7‘12,1:7'12] _ U[ezil:r12]AE01:T12’1:Tl2]H H(ﬁ[eél/rlz})THQ
UG A o[ (T ™) T — (U ) T

S ||-[/j‘[9:711:7"12] _ Ug,ll:mg]H ||A[1:r12,1:7’12]||2 + ||U9:,11:7“12 ||2||A[91:r12,1:7“12] _ A[@l:mg,l:rlg]”Q
+ 147 (T ™) T = (U ) T

<p 01(@)(59 + 0

~Y

NVE

By the above inequality, the inequality H(:) — O||2 <p Jy, and the triangular inequality of matrix

norms, we have

||U911 7"12]A[1 12,1 7’121(U[ JLiria] U;g’lzrlﬂ)THQ <p 0y

It follows that

|Ag T (U — U T

< VAT U - U e T

< V| (UG Tl [ Ug; e A el (ugtnel — bty T

<p Jp. (S.26)

Define I'; = VoA, /*U?,. Note that

Cy = S TP AP X + 2P A () T,
+ 3Tl A phtmel _prltrely T (S.27)

11



Let Ty = VA, *Uyy, for k = 1,2. By (S.21), (S.22) and (S.24), we have

||f[1:,1:'r12] o F[1:,1:r12]||2

_ i\/' 371/2-6—[:,1:7’12] -V A*1/2U[3712T12]

=1V o1 144 or I

< [ TEE [ VAT Y2 = VAT Y2y + Vi AT 2o T ) — wltered

=: otV (S.28)
and similarly,

JEG el g,
= [V, PTG VoA, U

Sp A (B2 4 AT (20)d

=6 (S.29)

2l
By (S.21), (S.20) and (S.18),
||{\71K1/2 _ V]_ 1/2“2
< NAB) IV = Ville + [Vl max [3(51) = 37 (2)

= Op(\*(Zy)n7172). (S.30)
Then by (S.24),

|85, TbmE s bl

— [V, ATl v AUl

< (| TL [V, AY2 = VAV [V A2 )| Tk - gl

S AAS)n 2 + 0205

o (S.31)

Now consider the error bound for ;‘;(CT) Let f(x) = 1 —.. We notice that the derivative of

f %(x) is unbound near x = 1. Thus, rather than using the mean value theorem directly for

12



£2(04(©)) — f2(04(©))], we use the following technique:

[N

®>

2 (o4

2(04(©)) — f2(04(©)) )+ f2(0e(©))
= |/01(8) - re(@)|

< swp |f'(@)|[0(8) ~ 7(©)|

(@) <

f2(0u(©)) — f

0<z<1
9 .
< su 0(®) — o @‘
S o Ve ((©) — 0¢(O)
SP 697

where the last inequality holds uniformly forall ¢ =1, ... ru;, due to (S.23). Hence,

 Jnax |ay — ae] <p 51/2 (S.32)

From (S.21), (S.31), and (S.32),

|E.T ALY — 2T A,
< ||K<c”2>|| =T s e, v AU | ALY — A

= Oora (S.33)
Then by (S.21), (S5.28), (S.17) and (S.7),
IS f[ﬂ”l?b&(m)(f“”m])T — 3 AP T
< IO TAL PV [l ST AR — STy A
- ||V1A1/2U5’111’“12]A | (TF72h T — (Tt T,
P AL (1005 + N2 (210
<P A 2(21)0m0 + A2 (21)00Y
<p bp+6,"
<p
=: 01, (S.34)
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Similarly, from (S.29),

Hi‘]lf[l:,lsrm]gg‘m)(fg,l:rm])"r _ er[lt,lﬂ“m]AC(P;[%l:TlQ})T||2
Sp A2 (8)00m0 + N (B1)0))

Sp NP (B0 ()
= (5172. (835)

By (S.21) and its variant under the Frobenius norm following from Lemma 1 in Lam and Fan

(2009),

||ilf[l:71:T12]Kgl2)(f[1:71:7n12])szl . 21F[1:71:T12}Ac<r[1:’1:m2])TX1||(~)
S Hglf\gf,l:rlg];&g12)(f\g-:,l:Tlﬂ)T o Elrgj,l:Tlg]AC(I\gf,lile})TH2||X1”(.)
S R[] K (re) (R e
IS AL @) X~ Xl

A~

1 ~
S Ol Xl + ZA 7 (E0AL (S0 0%, )

T

<Sp ol Xl + AP (SO A(E)0x, )

_. s
=5 (S.36)
and similarly,
Hilf[lz,lzrm]’ggl?)(fg,lzru])T}zZ o 211—\[117157"12]AC<I‘;[371:T12])TX2H(.)
<SP 01l Xall ) + AN A(B)AL 2 (B2)0x, )
=: 3. (S.37)
By the fact that 1 — }jr—i <1- }jr—i < 2z for x € [0, 1] and inequality (S.26), we have

JAC(UL2 U e T e < Ao - U T e <p gy

14



It follows that

[Sirf A - Ty T )

< [ ViAPUR A (U — URE e TAG Y2V o] Xl

<P MBS (Z0) Xl ()0

Sp 01l Xall)- (S.38)

By the definition of @1, (8.27), (8.36), (S.37) and (S.38), we obtain

11— Cilly S degy + 3¢, (8.39)

Together with (S.15), (S.13) and (S.14), we obtain the claimed bound for ||C; — C; I/ ICall -

Now consider the relative error bound for ]31. Write (AJY) equivalently by

2
(7 JLir r Ll
Cg) _ I‘[ ]Aé Z ]
k=1
Note that X, = C ("2) L 15, We have
1Dy = Dyfy < [CT™ = Cill) + Xy = Xl (S.40)

When 75 < 119, 61 = 6?12) and thus ||]51—D1||(.) < ||61—C1||(.)+||)N(1—X1||(.), immediately
leading to the bound for Hf)1 — Dy||(y/[|D1]|(y. Now consider the case when 715 > ry5. Let
7 € (r1g, Tmin). We first look at [|C!”) — C,|). Define T\ = VA, V2 (Ullmel gllma+i
and T} = VA2 (usltmel glre Dy we have

C, =S, AT TX, + =, TV AD([ ) TX,
+ 3, it g el ol Ty (S.41)

with A" := diag(ay, ..., a,) and a, = 0 for £ > r15. By (S.24) and (S.25),

max { || (O, ORr07) — (U], e

J(O e, O — e TR o} Sp oo (S42)

15



Then following the proof lines for (S.28), (S.29), (S.31) and (S.33)-(S.35), we can obtain

AlLLir ~(r
|5 =T 5P oY

o,
IT5 ) — 15, <p (552),
=05 = =T, Sp s,
1= AL — ST AL 2P Gara,
IS EPTAD @) - STV AD T2 Sp o

and

IZ LA @ T - BTV AL T s Sp b
Following the derivation of (S.36) and (S.37), we can obtain
«Q LR () w1 < ~(r r) (T 1
IS, TPIAL @ TR, - S TVAS @)X ) Sp o),

and

S LR () R < ~(r r) (Tax(r 2
IS/ AL T X, = STV AG 7)ol Sp 07,
By the above two inequalities, (S.38), the definition of 65’"), and (S.41), we obtain
~(r 1 2
ICY = Cilley Sp 8ty + 0ey, (S.43)
which has the same bound for ||C; — C; l|(y given in (S.39). Then using (S.40) gives
S 1 2
1Dy —Dyly Sp oLy, + 050, (S.44)

and the claimed bound for ||D; — D, l(y/1 D1y in the theorem.

The relative error bound for )Ail immediately follows from
S -~ ~ 1 2
1X: =Xl < 11Cx = Cilley + 1Dy = Dully S dergy + dcry.
Similarly, we can obtain the bounds for estimated matrices of the second dataset. [

Proof of Corollary 1. For k = 1,2, since 7, it i, and 7, is an integer, we have P(7, = ry) — 1
as n — 0o. Due to Lemma S.1, in this proof we simply assume 7, = r. Hence, we only need to

prove the relative error bounds for 6;” and )A(,(:), and refer the other two bounds to Theorem 3.
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When ?12 S 12, WE have ?12 = min(ru, ?12) S r S Tmin and thus 6](:)

_ 6](312)

= CA)k Then,

the result stated in the corollary has been given in Theorem 3. On the other hand, when 715 > 719,

we have rjo = min(r12,712) < r < ruyi. Then by (S.43), we can immediately obtain the claimed

result in the corollary.

S.2 Additional Simulations

]

We consider Setups 1* and 2* which have the same settings as those in Setups 1 and 2, re-

spectively, except for the noise covariance matrices cov(e;) =

Note that A\;(cov(ey)) €

(0.7 02 )1<ij<ps b =
(5.6202%,5.6702) for 100 < pr < 1500. Especially when o2

1,2.
= 16,

A1(cov(er)) ~ 90 is quite close to 100 that is the minimum nonzero eigenvalue of X, resulting

in challenging cases for estimation (see conditions (I), (I) and (V) in Assumption 1, and also the

result in (S.6)). The finite sample performance of our D-CCA estimates shown in Table S.1 and

Figures S.1 and S.2 is similar to that in Table 1 and Figures 3 and 4.

Table S.1: Averages (standard errors) of D-CCA estimates for the first canonical angle/correlation.

(p1,0?) 0, =0"/p; =1 6, = 45°/p, = 0.707 0y = 60°/p1 = 0.5 01 = 75°/p1 = 0.259
Setup 1*
(100,1)  4.15°(0.24°)/0.997(0.000) 44.7°(2.39°)/0.710(0.029) 59.4°(2.89°)/0.509(0.043) 73.5°(3.08°)/0.283(0.051)
(600,1)  3.65°(0.22°)/0.998(0.000) 44.7°(2.39°)/0.710(0.029) 59.4°(2.89°)/0.509(0.043)  73.5°(3.08°)/0.283(0.051)
(900,1)  3.65°(0.22°)/0.998(0.000) 44.7°(2.39°)/0.710(0.029) 59.4°(2.89°)/0.509(0.043)  73.5°(3.07°)/0.283(0.051)
(1500,1)  3.64°(0.22°)/0.998(0.000) 44.7°(2.38°)/0.710(0.029) 59.4°(2.89°)/0.509(0.043)  73.5°(3.08°)/0.283(0.051)
(900,0.01)  0.36°(0.02°)/1.000(0.000) 44.6°(2.38°)/0.712(0.029) 59.3°(2.89°)/0.510(0.043)  73.5°(3.08°)/0.284(0.051)
(900,1)  3.65°(0.22°)/0.998(0.000) 44.7°(2.39°)/0.710(0.029) 59.4°(2.89°)/0.509(0.043)  73.5°(3.07°)/0.283(0.051)
(900, 9) 12.1°(0.81°)/0.978(0.003)  45.9°(2.46°)/0.696(0.031)  60.1°(2.92°)/0.499(0.044) 73.9°(3.05°)/0.277(0.051)
(900,16)  17.6°(1.28°)/0.953(0.007) 47.4°(2.57°)/0.676(0.033) 61.1°(2.98°)/0.482(0.046) 74.9°(3.16°)/0.260(0.053)
Setup 2*
(100,1)  3.97°(0.24°)/0.998(0.000) 445°(236°)/0.712(0.029) 59.0°(2.82°)/0.514(0.042)  72.7°(2.88°)/0.296(0.048)
(600,1)  3.72°(0.23°)/0.998(0.000) 44.5°(2.36°)/0.712(0.029)  59.0°(2.82°)/0.514(0.042) 72.7°(2.88°)/0.296(0.048)
(900,1)  3.72°(0.22°)/0.998(0.000) 44.5°(2.36°)/0.712(0.029) 59.0°(2.83°)/0.514(0.042) 72.7°(2.88°)/0.297(0.048)
(1500,1)  3.72°(0.23°)/0.998(0.000) 44.5°(2.37°)/0.712(0.029) 59.0°(2.84°)/0.514(0.043)  72.7°(2.89°)/0.296(0.048)
(900,0.01)  0.37°(0.02°)/1.000(0.000) 44.4°(2.35°)/0.714(0.029)  59.0°(2.82°)/0.515(0.042)  72.7°(2.89°)/0.297(0.048)
(900,1)  3.72°(0.22°)/0.998(0.000) 44.5°(2.36°)/0.712(0.029) 59.0°(2.83°)/0.514(0.042) 72.7°(2.88°)/0.297(0.048)
(900, 9) 12.0°(0.79°)/0.978(0.003)  45.6°(2.42°)/0.698(0.030)  59.7°(2.86°)/0.505(0.043)  73.0°(2.89°)/0.292(0.048)
(900,16)  17.3°(2.73°)/0.954(0.030) 47.1°(2.53°)/0.680(0.032) 60.7°(2.90°)/0.488(0.044)  74.0°(2.97°)/0.275(0.050)
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