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Supplementary Note 1: The perceptron forgetting curve

As described in the main text, we wish to train a perceptron having Nx = N inputs and subject to the

update rule (1) to map P random input patterns onto randomly chosen binary outputs. The question that

we seek to answer is, after P patterns have been trained using the update rule in (1), what will be the

probability of misclassification if we then test the output produced by a particular pattern ⌫ without any

further learning? Clearly, the most recently learned patterns are likely to produce correct outputs, while

those learned long in the past are more likely to produce errors due to accumulated changes in the weights

w during subsequent learning. In general, the probability of an error when testing on pattern ⌫ is, using the

Heaviside step function ⇥(·), given by

p(z⌫ 6= 1) =

Z
dx⌫

p(x⌫)

Z
dw⌫

p(w⌫)

Z
dwP


p(wP |w⌫ + [1 � w⌫ · x⌫ ]x⌫

/N)⇥(�wP · x⌫)⇥(1 � w⌫ · x⌫)

+ p(wP |w⌫)⇥(�wP · x⌫)⇥(w⌫ · x⌫ � 1)

�
.

(6)

In this equation, we have, without loss of generality, redefined xµ ! ẑ
µxµ, so that the target output becomes

z
µ = 1 for every pattern. We have also set the classification margin  = 1, which amounts to a choice for

scaling the overall magnitude |w|. In this equation, the weight vector just before training pattern ⌫ is

assumed to come from a distribution p(w⌫), which we shall derive below. The first line in (6) counts the

cases in which the classification using this weight vector is initially incorrect or correct with margin less

than  = 1 (so 1 � w⌫ · x > 0) and in which, after making the initial update w⌫ ! w⌫ + �w⌫ , the weight

vector evolves through P � ⌫ successive updates into the final weight vector wP , which leads to incorrect

classification when pattern ⌫ is again tested (�wP · x⌫
> 0). Similarly, the second line of (6) counts the

cases in which the classification is initially correct with a su�ciently large margin and in which, after making

successive weight updates, the final weight vector wP again leads to incorrect classification.

At this stage, the probability distributions p(w⌫) and p(wP |w⌫) in (6) are unknown. For the latter

distribution, however, we can track its evolution step by step using the update rule (1). Because x is a

random variable, we first seek to find the distribution p(�w|w) by averaging over x. In fact, it will be

su�cient just to calculate the first two moments of this distribution. Let x = xk + x?, where xk is the

component along w, and the index ⌫ has been dropped for simplicity. In this case the weight update (1), in

the case where an update occurs, can be written as

�w =
1

N
(1 � |w|xk)(xkw/|w| + x?). (7)

Using (7), in the case where a weight update occurs, the first moment is given by

µi(w) ⌘ h�wiix

=
1

N

Z
dx

k
p

2⇡
e
�(xk

)
2/2

Z
dx?

(2⇡)(N�1)/2
e
�|x?|2/2(1 � |w|xk)(xk

wi/|w| + x
?
i )

= � 1

N
wi

Z
dx

k
p

2⇡
e
�(xk

)
2/2(xk)2

= � 1

N
wi.

(8)
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Similarly, the second moment of the distribution is

⌃ij(w) ⌘ h�wi�wjix � µi(w)µj(w)

=
1

N2

Z
dx

k
p

2⇡
e
�(xk

)
2/2

Z
dx?

(2⇡)(N�1)/2
e
�|x?|2/2(1 � |w|xk)2

✓
x

k
wi

|w| + x
?
i

◆✓
x

k
wj

|w| + x
?
j

◆
� µi(w)µj(w)

=
1

N2

Z
dx

k
p

2⇡
e
�(xk

)
2/2

h
1 + |w|2(xk)2

i 
(xk)2

wiwj

|w|2 + �ij

�
� µi(w)µj(w)

=
2

N2
[g(|w|)�ij + h(|w|)wiwj ]

(9)

where

g(|w|) ⌘ 1 + |w|2

2

h(|w|) ⌘ 2|w|2 + 1

2|w|2 .

(10)

Together, (8)-(10) describe a drift-di↵usion process. If we neglect higher-order moments, then the single-step

probability distribution is given by

p(�w|w) = qN (µ(w),⌃(w)) + (1 � q)�(�w), (11)

where q (to be calculated below) is the probability that a weight update occurs in a given step, and N (·, ·) is

the multinormal distribution. The time evolution of the probability distribution of the weights is then given

by the Fokker-Planck equation (Risken, 1996):

dp(w⌧ )

d⌧
= �

X

i

@

@w⌧
i

[µi(w
⌧ )p(w⌧ )] +

1

2

X

ij

@
2

@w⌧
i @w⌧

j

[⌃ij(w
⌧ )p(w⌧ )] , (12)

where the initial condition from (6) is either p(w) = �(w�w⌫) or p(w) = �(w�w⌫ ��w⌫), and ⌧ ⌘ q(P �⌫)

is the e↵ective time variable.

Because the coe�cients in (12) depend on |w⌧ |, the full solution is not known in general. However, it is

straightforward to calculate the time evolution of the moments of p(w⌧ ) by multiplying both sides by powers

of w⌧ and using integration by parts (Risken, 1996). Denoting the first two moments (not to be confused

with the moments of �w defined above) as

µ̃i(⌧) ⌘ hwii

⌃̃ij(⌧) ⌘ hwiwji � hwiihwji,
(13)

the time evolution is given by

˙̃µi = � µ̃i

N

˙̃⌃ij = � 2

N

✓
1 � h

N

◆
⌃̃ij +

2h

N2
µ̃iµ̃j +

2g

N2
�ij .

(14)

In the N ! 1 limit, we can assume (to be checked below) that |w⌧ | is constant. In this case, (14) has the

solutions

µ̃i(⌧) = � 1

N
w

⌫
i e

�⌧/N

⌃̃ij(⌧)
(N!1)

=
2h⌧

N2
e
�2⌧/N

w
⌫
i w

⌫
j + �ij

g

N

⇣
1 � e

�2⌧/N
⌘

,

(15)
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where terms ⇠ O(1/N
2) in the second equation have been dropped in the large-N limit (while the first term

is kept because ⌧ may be ⇠ O(N)).

With (15), the solution to the Fokker-Planck equation (12) when just the first two moments are kept is

p(wP |w⌫) =
1

[2⇡g(1 � �2)/N ]N/2

⇥ exp

✓
� N

2g(1 � �2)

⇥
wP � �w⌫

⇤
·

1 � 2h�

2
q(P � ⌫)

Ng(1 � �2)
w⌫ ⌦ w⌫

�
·
⇥
wP � �w⌫

⇤◆
,

(16)

where “⌦” denotes the outer product (i.e. [w ⌦ w]ij = wiwj), and we have defined

� ⌘ e
�q(P�⌫)/N

. (17)

In the N ! 1 limit, the anisotropic term can be ignored, giving

p(wP |w⌫)
(N!1)

=
1

[2⇡g(1 � �2)/N ]N/2
exp

✓
� N

2g(1 � �2)

⇥
wP � �w⌫

⇤2
◆

, (18)

which is the probability density evolution corresponding to an Ornstein-Uhlenbeck stochastic process (Risken,

1996). After a long time, � ! 0 and p(wP |w⌫) from (16) approaches the steady-state distribution

p(w) ⌘ 1

[2⇡g/N ]N/2
exp

✓
� N

2g
|w|2

◆
. (19)

Thus, the deterministic update rule (1) leads to a bounded steady-state weight distribution p(w) after a

large number of classifications have been learned. This di↵ers somewhat from previous models of sequential

learning with random synaptic weight updates, such a bounded distribution as P/N ! 1 was achieved

either by requiring that the synaptic weights should be bounded (Fusi, 2007) or that that they should decay

slightly at each step (Benna, 2016).

Given the steady-state distribution (19), we can assume that ŵ ⌘ |w| is constant in the large-N limit and

let ĝ ⌘ g(ŵ). Then, with g = ĝ, (19) can be used to calculate the variance of w, leading to the self-consistent

equation ŵ
2 = ĝ, which, using the definition of g(|w|) from (10), has the solution ŵ

2 = ĝ = 1. This is close

to but di↵ers somewhat from the steady-state norm found in numerical simulations, from which ŵ ' 1.19.

The reason for this is presumably because of the decision to approximate p(�w|w) using only the first two

moments of the distribution in (12). In general, the higher-order moments do not vanish, and these will

contribute higher-order derivative terms in the Fokker-Planck equation (13). In turn, such terms will lead

to nonvanishing higher-order moments in the distribution p(w), beyond the two that were calculated in

(13)-(15). Presumably, it is these higher-order terms which cause the discrepancy between the simulated

result and the self-consistent calculation. In the theoretical curves shown in the Results section, we use the

value of ŵ obtained from simulations. Using (19), we can also calculate the probability of making a weight

update in a given step, which is given by

q =

Z
dw

(2⇡ŵ2/N)N/2

Z
dx

(2⇡)N/2
e
�|x|2/2

e
�N |w|2/2ŵ2

⇥(1 � w · x)

=
1

2
erfc

✓
� 1p

2ŵ

◆ (20)

and evaluates to q ' 0.798.

With the preceding points in mind, and making use of the probability distributions (18) and (19), we

can proceed to evaluate the integrals in (6) to obtain the probability of incorrect classification when testing
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pattern ⌫. In order to factorize the arguments of the Heaviside step functions, we make use of the following

identity:

⇥(⇢) =

Z 1

0

du �(u � ⇢)

=

Z 1

0

du

Z 1

�1

dv

2⇡
e
iv(u�⇢)

.

(21)

with this trick, (6) becomes

p(z⌫ 6= 1) = I1 + I2, (22)

where

I1 =

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i(uv+u0v0

)

Z
dx

(2⇡)N/2
e
�x2/2

⇥
Z

dw⌫

(2⇡ĝ/N)N/2
e
�N |w⌫ |2/2ĝ

Z
dwP

[2⇡(1 � �2)ĝ/N ]N/2
e
i[vwP ·x+v0

(w⌫ ·x�1)]

⇥ exp

 
�N

⇥
wP � �(w⌫ + [1 � w⌫ · x]x/N)

⇤2

2ĝ(1 � �2)

!
(23)

and

I2 =

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i(uv+u0v0

)

Z
dx

(2⇡)N/2
e
�x2/2

⇥
Z

dw⌫

(2⇡ĝ/N)N/2
e
�N |w⌫ |2/2ĝ

Z
dwP

[2⇡(1 � �2)ĝ/N ]N/2
e
i[vwP ·x+v0

(1�w⌫ ·x)]

⇥ exp

 
�N

⇥
wP � �w⌫

⇤2

2ĝ(1 � �2)

!
(24)

Beginning with I1, the integral over wP can be performed, which, after simplification and using x2 = N in

the N ! 1 limit, leads to

I1 =

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i[(u+�)v+(u0�1)v0

]

Z
dx

(2⇡)N/2
e
�x2/2

⇥
Z

dw⌫

(2⇡ĝ/N)N/2
exp

✓
� N

2ĝ
|w⌫ |2 + iv

0w⌫ · x � ĝ(1 � �
2)

2
v
2

◆
.

(25)

Performing the integrals over w⌫ and x then leads to

I1 =

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i[(u+�)v+(u0�1)v0

]�ĝ(1��2
)v2/2

✓
1 +

ĝv
02

N

◆�N/2

(N!1)

=

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i[(u+�)v+(u0�1)v0

]�ĝ(1��2
)v2/2�ĝv02/2

.

(26)

Finally, the integrals over v and v
0 can be performed exactly, then those over u and u

0 can be evaluated

using the complementary error function, yielding the final result

I1 =
1

4
erfc

 
�p

2ĝ(1 � �2)

!
erfc

✓
� 1p

2ĝ

◆
. (27)
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In a similar manner, the integrals in (24) can be evaluated to get

I2 =

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i[uv+(u0

+1)v0
]

Z
dx

(2⇡)N/2
e
�x2/2

⇥
Z

dw⌫

(2⇡ĝ/N)N/2
exp

✓
� N

2ĝ
|w⌫ |2 + [�v � v

0]w⌫ · x � ĝ(1 � �
2)

2N
v
2x2

◆

=

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
e
i[uv+(u0

+1)v0
]


1 +

ĝ

N
(v2 + v

02 � 2�vv
0)

��N/2

(N!1)

=

Z 1

0

du

Z 1

0

du
0
Z 1

�1

dv

2⇡

Z 1

�1

dv
0

2⇡
exp

✓
i[uv + (u0 + 1)v0] � ĝ

2
(v2 + v

02 � 2�vv
0)

◆
.

(28)

After performing the integrals over v, v
0, and u

0, then changing variables for the u integral, the final result is

I2 =
1p
8⇡

Z 1

0

dr e
�r2/2erfc

 
�r + 1/

p
ĝp

2(1 � �2)

!
, (29)

where the final integral in this case must be performed numerically.

As a check, we can evaluate these results in their extreme limits. In the case � = 1, which corresponds

to testing the most recently learned pattern, we have I1 ⇠ I2 ⇠ erfc(1) ! 0, so that there is perfect

classification for very recently learned patterns. In the opposite limit of � = 0, which corresponds to testing

patterns learned in the distant past, we obtain I1 + I2 = 1

4
[erfc(�1/

p
ĝ) + erfc(1/

p
ĝ)] = 1

2
, which means

that very old patterns are completely overwritten and so are classified at chance level.

Supplementary Note 2: The two-pathway forgetting curve

Let us introduce a second source of input to the downstream units, so that z
µ = �(w · xµ + v · yµ), where

x
µ
i , y

µ
i ⇠ N (0, 1). Though it is not necessary, we will assume for notational simplicity that the numbers of

units in the two input layers are the same, so that Nx = Ny = N . The weights w are again trained using

supervised learning:

�wµ =

8
<

:
(ẑ

µ � wµ · xµ � vµ · yµ)xµ
/N, (wµ · xµ + vµ · yµ)ẑµ

< ,

0, else,
(30)

The second set of weights, meanwhile, is updated using the following rule:

�vµ = �↵nµ

Nn̄
vµ +

p
2
�nµ

Nn̄
ẑ

µyµ
. (31)

This Hebbian update rule defines an N -dimensional Ornstein-Uhlenbeck stochastic process with time-

dependent coe�cients. The evolution of the probability distribution p(v, �t) is given by the master equation:

p(v, t + �t) =

Z
d�vp(�v|v � �v)p(v � �v, t), (32)

where

p(�v|v � �v) = N
 

�↵n(t)

Nn̄
(v � �v), 2

✓
�n(t)

Nn̄

◆2
!

. (33)

We can further note that, since the components of v are not coupled to one another in (31), we can, without

loss of generality, consider the evolution of just a single component vi. In this case the two sides of (32) can
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be expanded to obtain

p(vi, t) + �t
@p(vi, t)

@t
+ O(�t

2) = p(vi, t) � @p(vi, t)

@vi

Z
d�vip(�vi|vi � �vi)�vi

+
1

2

@
2

@v2

i

p(vi, t)

Z
d�vip(�vi|vi � �vi)(�vi)

2 + O((�vi)
3).

(34)

Then, using (33) to obtain h�vii and h(�vi)2i, (34) leads to the Fokker-Planck equation, which describes

the evolution of the probability distribution p(v) as new patterns are learned:

dp(v)

dt
=

↵n(t)

n̄

X

i

@

@vi
[vip(v)] +

(�n(t)/n̄)2

N

X

i

@
2
p(v)

@v2

i

. (35)

In this equation, we have taken the continuous-time limit by letting �t = 1/N and t ⌘ (µ � ⌫)/N , where

µ > ⌫, the number of repetitions to be n(t) ⌘ nµ, and the initial condition to be given by the distribution

(to be calculated below) p(v⌫).

The Fokker-Planck equation (35) can be solved using the Fourier transform (Risken, 1996)

p(k) =

Z
dve

�ik·v
p(v). (36)

With this, (35) becomes

dp(k)

dt
= �↵n(t)

n̄
k · rkp(k) � (�n(t)/n̄)2

N
|k|2p(k). (37)

This equation can be solved by making the following ansatz:

p(k) = exp

✓
�ik · m(t) � 1

2
k · S(t) · k)

◆
, (38)

which, by substituting into (37) and requiring that the terms at each order in k vanish, leads to the following

equations for the time-dependent coe�cients:

dmi

dt
= �↵n(t)

n̄
mi

dSij

dt
= �2

↵n(t)

n̄
Sij + 2

(�n(t)/n̄)2

N
�ij .

(39)

These equations then have the solutions

mi(t) = mi(0) exp

✓
�↵

n̄

Z t

0

dt
0
n(t0)

◆

Sij(t) = 2�ij
�

2

Nn̄2

Z t

0

dt
0 exp

✓
�2

↵

n̄

Z t

t0
dt

00
n(t00)

◆
n

2(t � t
0)

(40)

With this, and letting t = (P � µ)/N , we can take the inverse Fourier transform of (38) to obtain the

distribution of the final weight vector given the weights at pattern ⌫:

p(vP |v⌫) =
1

(2⇡�2

P /N)N/2
exp

✓
� N

2�2

P

[vP � ⇢v⌫ ]2
◆

, (41)

where we have identified Sij(t) = �
2

P (P, ⌫)�ij , with

�
2

P (P, ⌫) ⌘ 2�
2

n̄2N

PX

µ=⌫

⇢
2(P, µ)n2

µ, (42)
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and we have also identified mi(t) = v
⌫
i ⇢(P, ⌫), with

⇢(P, ⌫) ⌘ exp

 
� ↵

Nn̄

PX

µ=⌫

nµ

!
. (43)

In what follows below, in order to keep expressions compact, we shall write �
2

P = �
2

P (P, ⌫) and ⇢ = ⇢(P, ⌫).

Further, though it is not strictly necessary, these expressions can be considerably simplified if we make the

simplifying assumption that the average of nµ in (43) over the last P � ⌫ patterns is equal to its average n̄

over the full set of P patterns (or, in the case of (42), that n
2

µ can be replaced by n̄
2). In this case, (43)

becomes ⇢(P, ⌫) = e
�↵(P�⌫)/N , while (42), after performing the summation, becomes �

2

P = �
2(1 � ⇢

2)/↵.

Returning to the distribution (41), we can see that it begins as a � function at v⌫ and, as more patterns

are introduced and ⇢ ! 0, evolves to the following steady-state distribution:

p(v) =
1

(2⇡�2/↵N)N/2
e
�↵Nv2/2�2

. (44)

This is the distribution from which v⌫ will be drawn in order to calculate the error rate for pattern ⌫ below.

In addition to driving a drift-di↵usion process for the weights v, the updates to v also a↵ect the evolution of

the distribution of weights w due to the appearance of v in the update rule (30). In order to account for this

change, the first two moments of the update �w must be reevaluated as in (8)-(9), but now averaging over

the random variable y in addition to averaging over x. Because hyii = 0, the first moment in (8) remains

unchanged. As for the second moment, (9) generalizes to

⌃ij(w,v) ⌘ h�wi�wjix,y � µi(w)µj(w)

=
1

N2

Z
dx p(x)

Z
dy p(y)(1 � w · x � v · y)2xixj � µi(w)µj(w)

=
2

N2

✓
g(|w|) +

|v|2

2

�
�ij + h(|w|)wiwj

◆
.

(45)

As before, we will assume that |w|2 and |v|2 can be replaced by their average values in the N ! 1
limit. Noting from (44) that hv2i = �

2
/↵, we have the di↵usion tensor ⌃ij = 2[g̃�ij + ĥwiwj ]/N2, where

g̃ ⌘ g(ŵ) + �
2
/2↵, where, as before, ŵ ⌘

p
h|w|2i is taken from numerical simulations. From this result, we

see that the equations (18)-(19) determining the evolution of w can also be applied in the two-pathway case

by making the substitution g ! g̃.

As in the previous section, our goal is to calculate the probability of incorrect classification when testing

pattern ⌫ after training P patterns in sequence. Including the second input pathway, this quantity is given

by

p(z⌫ 6= ẑ
⌫) =

Z
dx⌫

p(x⌫)

Z
dy⌫

p(y⌫)

Z
dw⌫

p(w⌫)

Z
dv⌫

p(v⌫)

Z
dvP

p

✓
vP

����v
⌫ � ↵n⌫

Nn̄
v⌫ +

p
2
�n⌫

Nn̄
y⌫

◆

⇥
Z

dwP ⇥(�wP · x⌫ � vP · y⌫)

⇥
⇥
⇥(1 � w⌫ · x⌫ � v⌫ · y⌫)p(wP |w⌫ + [1 � w⌫ · x⌫ � v⌫ · y⌫ ]x⌫

/N)

+ ⇥(w⌫ · x⌫ + v⌫ · x⌫ � 1)p(wP |w⌫)
⇤
.

(46)

As before, we have absorbed all ẑ
µ into the definition of the input activity vectors xµ and yµ by letting

xµ ! ẑ
µxµ and yµ ! ẑ

µyµ, e↵ectively setting all ẑ
µ = 1. The first term in the integrand corresponds to

cases in which the classification of pattern ⌫ is initially incorrect, so that the weights w and v are both

updated. The second term corresponds to cases in which the initial classification is correct, so that only the

7



weights v are updated. In both cases, the weight distributions for w and v evolve according to drift-di↵usion

processes, as new patterns are learned up until pattern P , at which time, the classification of pattern ⌫ is

tested using the final weights wP and vP (the first ⇥ function appearing in the integrand).

Again using the trick (21) to represent the Heaviside step functions, the two terms in (46) can be written

as

p(z⌫ 6= ẑ
⌫) = J1 + J2, (47)

where

J1 =

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
e
i[vu+v0

(u0�1)]

Z
dx p(x)

Z
dy p(y)

⇥
Z

dw⌫
p

⇤(w⌫)

Z
dv⌫

p
⇤(v⌫)

Z
dvP

p

✓
vP

����v
⌫ � ↵n⌫

Nn̄
v⌫ +

p
2
�n⌫

Nn̄
y

◆

⇥
Z

dwP
p(wP |w⌫ + [1 � w⌫ · x⌫ � v⌫ · y⌫ ]x⌫

/N)ei[(vwP
+v0w⌫

)·x+(vvP
+v0v⌫

)·y]

(48)

and

J2 =

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
e
i[vu+v0

(u0
+1)]

Z
dx p(x)

Z
dy p(y)

⇥
Z

dw⌫
p

⇤(w⌫)

Z
dv⌫

p
⇤(v⌫)

Z
dvP

p

✓
vP

����v
⌫ � ↵n⌫

Nn̄
v⌫ +

p
2
�n⌫

Nn̄
y

◆

⇥
Z

dwP
p(wP |w⌫)ei[(vwP �v0w⌫

)·x+(vvP �v0v⌫
)·y]

.

(49)

Beginning with J1, we can shift the integration variable wP ! wP � �(v⌫ · y)x/N and use x2 = N in the

N ! 1 limit to obtain

J1

(N!1)

=

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
e
i[vu+v0

(u0�1)]

Z
dx p(x)

Z
dw⌫

p
⇤(w⌫)

⇥
Z

dwP
p(wP |w⌫ + [1 � w⌫ · x]x/N)ei(vwP

+v0w⌫
)·x

K1(v, v
0),

(50)

where

K1(v, v
0) ⌘

Z
dy p(y)

Z
dv⌫

p
⇤(v⌫)

Z
dvP

p

✓
vP

����v
⌫ +

p
2
�n⌫

Nn̄
y

◆
e
i[vvP

+(v0��v)v⌫
]·y

=

Z
dy

(2⇡)N/2
e
�y2/2

Z
dv⌫

(2⇡�2/↵N)N/2
e
�↵N |v⌫ |2/2�2

⇥
Z

dvP

(2⇡�2

P /N)N/2
exp

 
� N

2�2

P


vP � ⇢

✓
v⌫ +

p
2
�n⌫

Nn̄
y

◆�2!
e
i[vvP

+(v0��v)v⌫
]·y

=

Z
dy

(2⇡)N/2
e
�y2/2

Z
dv⌫

(2⇡�2/↵N)N/2

Z
dvP

(2⇡�2

P /N)N/2

⇥ exp

✓
�↵N

2�2
|v⌫ |2 � N

2�2

P

|vP |2 + iy ·

vvP + (v0 + (⇢ � �)v)v⌫ +

p
2
⇢�n⌫

Nn̄
vy

�◆

=

Z
dy

(2⇡)N/2
exp

✓
�y2

2


1 +

1

N

✓
�

2

P v
2 +

�
2

↵
(v0 + (⇢ � �)v)2 � 2

p
2i

⇢�n⌫

n̄
v

◆�◆

=


1 +

1

N

✓
�

2

P v
2 +

�
2

↵
(v0 + (⇢ � �)v)2 � 2

p
2i

⇢�n⌫

n̄
v

◆��N/2

(N!1)

= exp

✓
��

2

P

2
v
2 � �

2

2↵
[v0 + (⇢ � �)v)]2 +

p
2i

�⇢n⌫

n̄
v

◆

(51)
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Where the Hebbian decay term ⇠ ↵v⌫
/N was dropped in the first line because it vanishes as N ! 1, and

the integration variable vP was shifted in the third line. Using this result, and noting that the integrals over

x, w⌫ , and wP are the same as those appearing in (23) (with ĝ ! g̃), (50) becomes

J1 =

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
exp

✓
� v

2

2


(1 � �

2)g̃ + �
2

P + (⇢ � �)2
�

2

↵

�
� v

02

2


g̃ +

�
2

↵

�

+ iv


u + � +

p
2
�⇢n⌫

n̄
+ i(⇢ � �)

�
2

↵
v

0
�

+ iv
0[u0 � 1]

◆

=
1p
8⇡

Z 1

r1

dr e
�r2/2erfc

✓
s1(r)p

2

◆
,

(52)

where we have defined

r1 ⌘ � +
p

2�⇢n⌫/n̄p
(1 � �2)g̃ + �2

P + (⇢ � �)2�2/↵
(53)

and

s1(r) =
�
p

(1 � �2)g̃ + �2

P + (⇢ � �)2�2/↵ + r(� � ⇢)�2
/↵r⇣

g̃ + �2

↵

⌘
[(1 � �2)g̃ + �2

P + (⇢ � �)2�2/↵] � (⇢ � �)2 �4

↵2

. (54)

As in the case without the Hebbian pathway, the last remaining integral in (52) must be performed numeri-

cally.

Equation (49) for J2 can be evaluated in a similar manner. To begin, we express it as

J2

(N!1)

=

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
e
i[vu+v0

(u0
+1)]

Z
dx p(x)

Z
dw⌫

p
⇤(w⌫)

⇥
Z

dwP
p
�
wP |w⌫

�
e
i(vwP �v0w⌫

)·x
K2(v, v

0),

(55)

where

K2(v, v
0) ⌘

Z
dy p(y)

Z
dv⌫

p
⇤(v⌫)

Z
dvP

p

✓
vP

����v
⌫ +

p
2
�n⌫

Nn̄
y

◆
e
i(vvP �v0v⌫

)·y

=

Z
dy

(2⇡)N/2
e
�y2/2

Z
dv⌫

(2⇡�2/N↵)N/2
e
�↵N |v⌫ |2/2�2

⇥
Z

dvP

(2⇡�2

P /N)N/2
exp

 
� N

2�2

P


vP � ⇢

✓
v⌫ +

p
2
�n⌫

Nn̄
y

◆�2!
e
i(vvP �v0v⌫

)·y

=

Z
dy

(2⇡)N/2
exp

✓
�y2

2


1 +

1

N

✓
�

2

P v
2 +

�
2

↵
(⇢v � v

0)2 � 2
p

2i
⇢�n⌫

n̄
v

◆�◆

=


1 +

1

N

✓
�

2

P v
2 +

�
2

↵
(⇢v � v

0)2 � 2
p

2i
⇢�n⌫

n̄
v

◆��N/2

(N!1)

= exp

✓
��

2

P

2
v
2 � �

2

2↵
(⇢v � v

0)2 +
p

2i
⇢�n⌫

n̄
v

◆

(56)

Using this result, and noting that the integrals over x, w⌫ , and wP are the same as those appearing in (24)

(with ĝ ! g̃), (55) becomes

J2 =

Z 1

0

du

Z 1

0

du
0
Z

dv

2⇡

Z
dv

0

2⇡
exp

✓
i[uv + (u0 + 1)v0] � g̃

2
[v2 + v

02 � 2�vv
0]

◆

⇥ exp

✓
��

2

P

2
v
2 � �

2

2↵
(⇢v � v

0)2 +
p

2i
⇢�n⌫

n̄
v

◆

=
1p
8⇡

Z 1

r2

dr e
�r2/2erfc

✓
s2(r)p

2

◆
,

(57)
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where we have defined

r2 =

p
2⇢�n⌫/n̄p

g̃ + �2

P + ⇢2�2/↵
(58)

and

s2(r) =

p
g̃ + �2

P + ⇢2�2/↵ + (�g̃ + ⇢�
2
/↵)rr⇣

g̃ + �2

↵

⌘
(g̃ + �2

P + ⇢2�2/↵) � (�g̃ + ⇢�2/↵)2
. (59)

It is straightforward to check that, in the limit � ! 0, which corresponds to shutting o↵ the Hebbian input

pathway, we recover J1,2 ! I1,2 from the simple perceptron result.

Finally, we can calculate the probability of making a weight update in a given step, which in the two-

pathway case is given by

q =

Z
dx

(2⇡)N/2
e
�|x|2/2

Z
dy

(2⇡)N/2
e
�|y|2/2

Z
dw

(2⇡ŵ2/N)N/2
e
�N |w|2/2ŵ2

⇥
Z

dv

(2⇡�2/↵N)N/2
e
�N↵|v|2/2�2

⇥(1 � w · x � v · y)

=
1

2
erfc

 
� 1p

2(ŵ2 + �2/↵)

!
.

(60)

In the case where �
2
/↵ = 0, this evaluates to the earlier result q ' 0.798. For nonzero �, on the other hand,

q decreases and approaches 0.5 as �
2
/↵ ! 1.
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Supplementary Figures

Learning with gradient descent

(Supplemental figure) The forgetting curves are similar for a 
neuron trained by gradient descent and for the perceptron

(P � ⌫)/Nx

p
(z

⌫
6=

ẑ
⌫
)

Supplemental Figure 1: Training with gradient descent yields a forgetting curve similar to the perceptron case.

The perceptron learning rule, according to which synaptic weights are adjusted to produce the correct

output in a single step, is mathematically convenient but biologically questionable. In order to address

this, we simulated the forgetting curve using gradient descent learning, a widely used supervised learning

algorithm in which small updates are accumulated over many repetitions to minimize the readout error.

In this case the output of the neuron is z
µ
a = sgn(wµ · xµ + �⇠a), where ⇠a ⇠ N (0, 1) is drawn randomly

for step a. The number of steps for each pattern was chosen to be Nsteps = 100, and the learning rate

⌘ = 0.01 and the noise amplitude � = 0.2 were chosen by grid search to maximize the area between the

forgetting curve and chance performance. The noise is not strictly necessary in gradient descent learning,

but is included here so that a finite classification margin will be obtained, as in the case of the perceptron

learning rule (Figure 1b). In this case, the synaptic weights were updated according to the gradient-descent

update rule �w
µ
i =

PNsteps

a=1
�w

µ
i,a, where

�w
µ
i,a =

⌘

Nx
[ẑµ � z

µ
a ]xµ

i .

As shown in Supplemental Figure 1, the forgetting curve obtained for the perceptron with this alternative

learning rule is similar to that obtained using the perceptron learning rule.
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Two-pathway forgetting curves depend on Hebbian learning and decay rates

Ny = 0
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A second pathway with slow Hebbian learning can enhance 
recall performance

b ca

Supplemental Figure 2: Forgetting curves in the two-pathway model with each pattern trained once. (a) The

forgetting curve for di↵erent values of the Hebbian learning rate �, with ↵ = 1 and Nx = Ny (dotted line shows the

case with no second pathway). (b) The forgetting curve for di↵erent values of Ny/Nx, with ↵ = � = 1. (c) The

forgetting curve for di↵erent values of the Hebbian weight decay rate ↵, with � = 1 and Nx = Ny. In (b)-(d), solid

lines are theoretical results; points are simulations with Nx = Ny = 1000.

In the two-pathway model, we kept n⌫ = n̄ constant for all patterns and investigated the dependence of

the forgetting curve (4) on its other parameters. Starting with the Hebbian learning rate, we found that

nonzero values of � shifted the forgetting curve slightly downward, modestly reducing the error rate for

all patterns (Supplemental Figure 2a). Whether this qualifies as a true improvement, however, depends

somewhat on bookkeeping. For a fixed total number of synapses Nx + Ny, the error rate can be reduced

by allowing for Hebbian learning. However, the error rate is reduced even more by eliminating the Hebbian

synapses entirely (dotted curve in Supplemental Figure 2a), which decreases the denominator Nx + Ny by

setting Ny = 0. Stated di↵erently, if the goal is to minimize the error rate for a fixed total number of

synapses, this is accomplished most e↵ectively by letting all of the synapses be updated with supervised

learning rather than with Hebbian learning (Supplemental Figure 2b). If, on the other hand, the goal is

to minimize the error rate for a fixed number Nx of supervised synapses, then a benefit is obtained from

including additional synapses with Hebbian learning. The exception to these conclusions occurs for small

values of the Hebbian decay rate ↵, in which case very old memories can persist for longer with error rates

below chance level (Supplemental Figure 2c). In this case, there is a benefit to adding Hebbian synapses

even if they are counted against the total Nx + Ny.
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Optimal forgetting rate and memory capacity

Memory capacity:
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Error tolerance determines the memory capacity and 
optimal forgetting rate
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Supplemental Figure 3: Error tolerance determines the optimal forgetting rate and memory capacity. (a) Given

a threshold p✓ of incorrect classification probability, the memory capacity is defined as the area above the forgetting

curve and below the threshold, normalized by p✓. (b) For each value of p✓, the memory capacity is optimized with

respect to the Hebbian forgetting rate ↵. (For all curves, � = 1 is fixed, Nx = Ny, and n⌫ = n̄ for all patterns.)

(c) The optimal forgetting rate from (b) as a function of p✓. (d) The memory capacity from (b) as a function of

the classification threshold p✓. Dashed line shows the capacity with a second pathway with no learning (Ny = Nx,

� = 0); Dotted line shows the capacity with no second pathway (Ny = 0).

We investigated the e↵ects of the parameters ↵ and � in the two-pathway model, while still holding n
⌫

constant for all patterns, by setting a threshold p✓ for the acceptable error rate, then defining the memory

capacity as the integrated area between the forgetting curve and this threshold value, normalized by p✓

(Supplemental Figure 3a). Because the forgetting curve was found to have relatively weak dependence on �

(Figure 2b), we fixed � = 1 and considered the e↵ects of ↵ and of p✓ on the memory capacity. For a given

choice of p✓, we found the value of ↵ that maximized the memory capacity (Supplemental Figure 3b). This

led to the conclusion that, the larger the error tolerance p✓, the smaller the forgetting rate ↵ should be in

order to maximize the memory capacity (Supplemental Figure 3c). Finally, we found that the optimized

memory capacity increases as the error tolerance becomes greater (Supplemental Figure 3d). Consistent

with our observations from Figure 2, we found that the memory capacity, which is normalized by the total

number of synapses Nx + Ny, is improved by learning in the second pathway if Nx + Ny is held constant

(solid vs. dashed curve in Supplemental Figure 3d), but is even larger if the second pathway is left out

entirely (dotted curve in Supplemental Figure 3d), again indicating that adding supervised synapses is a

better strategy than adding unsupervised synapses if the goal is to optimize the forgetting curve for a fixed

total number of synapses.
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Recall performance depends on repetitions and number of repeated patterns

n⇤ = 10, n⌫⇤ = 30a b

Memory performance depends on number of repeated patterns and number of 
repetitions

n⌫⇤ = 30

n⌫⇤ = 10

n⌫⇤ = 3
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3

Supplemental Figure 4: Recall performance depends on repetitions and number of repeated patterns. (a) In the

two-pathway model in which n⇤ evenly spaced patterns are each repeated n⌫⇤ times during training (bottom panel),

the green shaded area (top panel) provides a measure of the recall performance for the repeated patterns, while the

red shaded area (middle panel) provides a measure of the recall performance for all other patterns. (b) By repeating

the subset of patterns n⇤ times, recall is significantly enhanced for the patterns during training (green curves) while

being slightly diminished for the nonrepeated patterns (red curves).

In Supplemental Figure 4, we illustrate the tradeo↵ in the two-pathway model between the enhancement

of recall for patterns that are repeated during training versus the impairment of recall for the nonrepeated

patterns. In Supplemental Figure 4a, we define the green shaded area as a metric of how well the repeated

patterns are retained, and we define the red shaded area as a metric of how well the non-repeated patterns

are retained. (The area between the dashed and dotted lines provides a baseline in which no patterns are

repeated multiple times.) As shown in Supplemental Figure 4b, the enhancement for repeated patterns

(green curves) is far greater than the impairment for nonrepeated patterns (red curves) if the number of

repeated patterns is much less than the total number of inputs (Nx+Ny). However, as the number of repeated

patterns becomes comparable to the number of inputs, the impairment for the nonrepeated patterns becomes

comparable in magnitude to the enhancement of the repeated patterns.
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Forgetting curves decay exponentially

(Supplemental figure) Power-law forgetting curves? Not 
really

Same curves from previous figure:

r
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<latexit sha1_base64="KB2yIPTffaeSigDKD/J3SmWGEHQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUSutCKLpxWcE+sB1LJs20oZnMkGSEMvQv3LhQxK1/486/MdMOotUDgZNz7uXee7yIM6Vt+9PKrayurW/kNwtb2zu7e8X9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlV6nceqFQsFLd6GlE3wCPBfEawNtKdvK+gC2SXz51BsWSX7TnMv+7YZ9Ua+lacjJQgQ3NQ/OgPQxIHVGjCsVI9x460m2CpGeF0VujHikaYTPCI9gwVOKDKTeYbz9CJUYbID6V5QqO5+rMjwYFS08AzlQHWY7XspeJ/Xi/Wft1NmIhiTQVZDPJjjnSI0vPRkElKNJ8agolkZldExlhiok1IBROCs3zyX9KulB3Db6qlxmUWRx6O4BhOwYEaNOAamtACAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXIJ6PPg==</latexit><latexit sha1_base64="KB2yIPTffaeSigDKD/J3SmWGEHQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUSutCKLpxWcE+sB1LJs20oZnMkGSEMvQv3LhQxK1/486/MdMOotUDgZNz7uXee7yIM6Vt+9PKrayurW/kNwtb2zu7e8X9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlV6nceqFQsFLd6GlE3wCPBfEawNtKdvK+gC2SXz51BsWSX7TnMv+7YZ9Ua+lacjJQgQ3NQ/OgPQxIHVGjCsVI9x460m2CpGeF0VujHikaYTPCI9gwVOKDKTeYbz9CJUYbID6V5QqO5+rMjwYFS08AzlQHWY7XspeJ/Xi/Wft1NmIhiTQVZDPJjjnSI0vPRkElKNJ8agolkZldExlhiok1IBROCs3zyX9KulB3Db6qlxmUWRx6O4BhOwYEaNOAamtACAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXIJ6PPg==</latexit><latexit sha1_base64="KB2yIPTffaeSigDKD/J3SmWGEHQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUSutCKLpxWcE+sB1LJs20oZnMkGSEMvQv3LhQxK1/486/MdMOotUDgZNz7uXee7yIM6Vt+9PKrayurW/kNwtb2zu7e8X9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlV6nceqFQsFLd6GlE3wCPBfEawNtKdvK+gC2SXz51BsWSX7TnMv+7YZ9Ua+lacjJQgQ3NQ/OgPQxIHVGjCsVI9x460m2CpGeF0VujHikaYTPCI9gwVOKDKTeYbz9CJUYbID6V5QqO5+rMjwYFS08AzlQHWY7XspeJ/Xi/Wft1NmIhiTQVZDPJjjnSI0vPRkElKNJ8agolkZldExlhiok1IBROCs3zyX9KulB3Db6qlxmUWRx6O4BhOwYEaNOAamtACAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXIJ6PPg==</latexit><latexit sha1_base64="KB2yIPTffaeSigDKD/J3SmWGEHQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyUSutCKLpxWcE+sB1LJs20oZnMkGSEMvQv3LhQxK1/486/MdMOotUDgZNz7uXee7yIM6Vt+9PKrayurW/kNwtb2zu7e8X9g7YKY0loi4Q8lF0PK8qZoC3NNKfdSFIceJx2vMlV6nceqFQsFLd6GlE3wCPBfEawNtKdvK+gC2SXz51BsWSX7TnMv+7YZ9Ua+lacjJQgQ3NQ/OgPQxIHVGjCsVI9x460m2CpGeF0VujHikaYTPCI9gwVOKDKTeYbz9CJUYbID6V5QqO5+rMjwYFS08AzlQHWY7XspeJ/Xi/Wft1NmIhiTQVZDPJjjnSI0vPRkElKNJ8agolkZldExlhiok1IBROCs3zyX9KulB3Db6qlxmUWRx6O4BhOwYEaNOAamtACAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXIJ6PPg==</latexit>

r
2 = 0.83

<latexit sha1_base64="8fzO/mwVa3f8KRzC+puLs5cThOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUxW6EohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVk16x5JbdGez/7JtkipeREmSo94of3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10tvEEHVmlj0Kp7BMGzdSfHSmOtB5Hga2MsBnqRW8q/ud1EhNW/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmtFS7zOLIwwEcwjF4cA41uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gUFQI8r</latexit><latexit sha1_base64="8fzO/mwVa3f8KRzC+puLs5cThOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUxW6EohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVk16x5JbdGez/7JtkipeREmSo94of3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10tvEEHVmlj0Kp7BMGzdSfHSmOtB5Hga2MsBnqRW8q/ud1EhNW/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmtFS7zOLIwwEcwjF4cA41uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gUFQI8r</latexit><latexit sha1_base64="8fzO/mwVa3f8KRzC+puLs5cThOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUxW6EohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVk16x5JbdGez/7JtkipeREmSo94of3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10tvEEHVmlj0Kp7BMGzdSfHSmOtB5Hga2MsBnqRW8q/ud1EhNW/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmtFS7zOLIwwEcwjF4cA41uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gUFQI8r</latexit><latexit sha1_base64="8fzO/mwVa3f8KRzC+puLs5cThOs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUxW6EohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVk16x5JbdGez/7JtkipeREmSo94of3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10tvEEHVmlj0Kp7BMGzdSfHSmOtB5Hga2MsBnqRW8q/ud1EhNW/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmtFS7zOLIwwEcwjF4cA41uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gUFQI8r</latexit>

r
2 = 0.77

<latexit sha1_base64="i8Ww96ViZGtJIT4Qd4Uv6Z1odFU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUy9SFUHTjsoJ9YDuWTJppQzOZIckIZehfuHGhiFv/xp1/Y9oOotUDgZNz7uXee/yYM6Vt+9PKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG8/UKlYJG71JKZeiIeCBYxgbaQ7eV9BF8guu26/WLLL9hzm75zXqq6LvhUnIyXI0OgXP3qDiCQhFZpwrFTXsWPtpVhqRjidFnqJojEmYzykXUMFDqny0vnGU3RilAEKImme0Giu/uxIcajUJPRNZYj1SC17M/E/r5vooOalTMSJpoIsBgUJRzpCs/PRgElKNJ8YgolkZldERlhiok1IBROCs3zyX9KqlB3Db85K9cssjjwcwTGcggMu1OEaGtAEAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXOASPTg==</latexit><latexit sha1_base64="i8Ww96ViZGtJIT4Qd4Uv6Z1odFU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUy9SFUHTjsoJ9YDuWTJppQzOZIckIZehfuHGhiFv/xp1/Y9oOotUDgZNz7uXee/yYM6Vt+9PKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG8/UKlYJG71JKZeiIeCBYxgbaQ7eV9BF8guu26/WLLL9hzm75zXqq6LvhUnIyXI0OgXP3qDiCQhFZpwrFTXsWPtpVhqRjidFnqJojEmYzykXUMFDqny0vnGU3RilAEKImme0Giu/uxIcajUJPRNZYj1SC17M/E/r5vooOalTMSJpoIsBgUJRzpCs/PRgElKNJ8YgolkZldERlhiok1IBROCs3zyX9KqlB3Db85K9cssjjwcwTGcggMu1OEaGtAEAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXOASPTg==</latexit><latexit sha1_base64="i8Ww96ViZGtJIT4Qd4Uv6Z1odFU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUy9SFUHTjsoJ9YDuWTJppQzOZIckIZehfuHGhiFv/xp1/Y9oOotUDgZNz7uXee/yYM6Vt+9PKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG8/UKlYJG71JKZeiIeCBYxgbaQ7eV9BF8guu26/WLLL9hzm75zXqq6LvhUnIyXI0OgXP3qDiCQhFZpwrFTXsWPtpVhqRjidFnqJojEmYzykXUMFDqny0vnGU3RilAEKImme0Giu/uxIcajUJPRNZYj1SC17M/E/r5vooOalTMSJpoIsBgUJRzpCs/PRgElKNJ8YgolkZldERlhiok1IBROCs3zyX9KqlB3Db85K9cssjjwcwTGcggMu1OEaGtAEAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXOASPTg==</latexit><latexit sha1_base64="i8Ww96ViZGtJIT4Qd4Uv6Z1odFU=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUy9SFUHTjsoJ9YDuWTJppQzOZIckIZehfuHGhiFv/xp1/Y9oOotUDgZNz7uXee/yYM6Vt+9PKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHVzG8/UKlYJG71JKZeiIeCBYxgbaQ7eV9BF8guu26/WLLL9hzm75zXqq6LvhUnIyXI0OgXP3qDiCQhFZpwrFTXsWPtpVhqRjidFnqJojEmYzykXUMFDqny0vnGU3RilAEKImme0Giu/uxIcajUJPRNZYj1SC17M/E/r5vooOalTMSJpoIsBgUJRzpCs/PRgElKNJ8YgolkZldERlhiok1IBROCs3zyX9KqlB3Db85K9cssjjwcwTGcggMu1OEaGtAEAgIe4RleLGU9Wa/W26I0Z2U9h/AL1vsXOASPTg==</latexit>

r
2

> 0.99
<latexit sha1_base64="oSiRToPvZu7QalEd8PVVj9+ebQA=">AAAB8XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQUTaG6MYlJvKIMJJO6UBDpzNpOyZkwl+4caExbv0bd/6NBSZR0ZM0OT3n3tx7jxdxprRtf1qZpeWV1bXsem5jc2t7J7+711RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0HKhULxa0eR9QN8EAwnxGsjXQn70voAtnFarWXL9hFp1o5Oa2Yvz3DN3FSUoAU9V7+o9sPSRxQoQnHSnUcO9JugqVmhNNJrhsrGmEywgPaMVTggCo3mW08QUdG6SM/lOYJjWbqz44EB0qNA89UBlgP1aI3Ff/zOrH2z92EiSjWVJD5ID/mSIdoej7qM0mJ5mNDMJHM7IrIEEtMtAkpZ0JwFk/+S5qlomP4TblQu0zjyMIBHMIxOHAGNbiGOjSAgIBHeIYXS1lP1qv1Ni/NWGnPPvyC9f4FNpGPTA==</latexit><latexit sha1_base64="oSiRToPvZu7QalEd8PVVj9+ebQA=">AAAB8XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQUTaG6MYlJvKIMJJO6UBDpzNpOyZkwl+4caExbv0bd/6NBSZR0ZM0OT3n3tx7jxdxprRtf1qZpeWV1bXsem5jc2t7J7+711RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0HKhULxa0eR9QN8EAwnxGsjXQn70voAtnFarWXL9hFp1o5Oa2Yvz3DN3FSUoAU9V7+o9sPSRxQoQnHSnUcO9JugqVmhNNJrhsrGmEywgPaMVTggCo3mW08QUdG6SM/lOYJjWbqz44EB0qNA89UBlgP1aI3Ff/zOrH2z92EiSjWVJD5ID/mSIdoej7qM0mJ5mNDMJHM7IrIEEtMtAkpZ0JwFk/+S5qlomP4TblQu0zjyMIBHMIxOHAGNbiGOjSAgIBHeIYXS1lP1qv1Ni/NWGnPPvyC9f4FNpGPTA==</latexit><latexit sha1_base64="oSiRToPvZu7QalEd8PVVj9+ebQA=">AAAB8XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQUTaG6MYlJvKIMJJO6UBDpzNpOyZkwl+4caExbv0bd/6NBSZR0ZM0OT3n3tx7jxdxprRtf1qZpeWV1bXsem5jc2t7J7+711RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0HKhULxa0eR9QN8EAwnxGsjXQn70voAtnFarWXL9hFp1o5Oa2Yvz3DN3FSUoAU9V7+o9sPSRxQoQnHSnUcO9JugqVmhNNJrhsrGmEywgPaMVTggCo3mW08QUdG6SM/lOYJjWbqz44EB0qNA89UBlgP1aI3Ff/zOrH2z92EiSjWVJD5ID/mSIdoej7qM0mJ5mNDMJHM7IrIEEtMtAkpZ0JwFk/+S5qlomP4TblQu0zjyMIBHMIxOHAGNbiGOjSAgIBHeIYXS1lP1qv1Ni/NWGnPPvyC9f4FNpGPTA==</latexit><latexit sha1_base64="oSiRToPvZu7QalEd8PVVj9+ebQA=">AAAB8XicbVDLTgIxFL2DL8QX6tJNIzFxRWYQUTaG6MYlJvKIMJJO6UBDpzNpOyZkwl+4caExbv0bd/6NBSZR0ZM0OT3n3tx7jxdxprRtf1qZpeWV1bXsem5jc2t7J7+711RhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN7qa+q0HKhULxa0eR9QN8EAwnxGsjXQn70voAtnFarWXL9hFp1o5Oa2Yvz3DN3FSUoAU9V7+o9sPSRxQoQnHSnUcO9JugqVmhNNJrhsrGmEywgPaMVTggCo3mW08QUdG6SM/lOYJjWbqz44EB0qNA89UBlgP1aI3Ff/zOrH2z92EiSjWVJD5ID/mSIdoej7qM0mJ5mNDMJHM7IrIEEtMtAkpZ0JwFk/+S5qlomP4TblQu0zjyMIBHMIxOHAGNbiGOjSAgIBHeIYXS1lP1qv1Ni/NWGnPPvyC9f4FNpGPTA==</latexit>

r
2

> 0.99
<latexit sha1_base64="CMAF5tXsB+uBD4HDkrvwTXCawTo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclUxRtBspunFZwT6wHUsmzbShmcyQZIQy9C/cuFDErX/jzr8x085CqwcCJ+fcy733+LHg2mD85Swtr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98XXmtx+Z0jySd2YSMy8kQ8kDTomx0r16qKJLhCu1Wr9UxpUznMH+8QJxc1KGHI1+6bM3iGgSMmmoIFp3XRwbLyXKcCrYtNhLNIsJHZMh61oqSci0l842nqJjqwxQECn7pEEz9WdHSkKtJ6FvK0NiRnrRy8T/vG5iggsv5TJODJN0PihIBDIRys5HA64YNWJiCaGK210RHRFFqLEhFW0I7uLJf0mrWnEtvz0t16/yOApwCEdwAi6cQx1uoAFNoCDhCV7g1dHOs/PmvM9Ll5y85wB+wfn4BhGTjzM=</latexit><latexit sha1_base64="CMAF5tXsB+uBD4HDkrvwTXCawTo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclUxRtBspunFZwT6wHUsmzbShmcyQZIQy9C/cuFDErX/jzr8x085CqwcCJ+fcy733+LHg2mD85Swtr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98XXmtx+Z0jySd2YSMy8kQ8kDTomx0r16qKJLhCu1Wr9UxpUznMH+8QJxc1KGHI1+6bM3iGgSMmmoIFp3XRwbLyXKcCrYtNhLNIsJHZMh61oqSci0l842nqJjqwxQECn7pEEz9WdHSkKtJ6FvK0NiRnrRy8T/vG5iggsv5TJODJN0PihIBDIRys5HA64YNWJiCaGK210RHRFFqLEhFW0I7uLJf0mrWnEtvz0t16/yOApwCEdwAi6cQx1uoAFNoCDhCV7g1dHOs/PmvM9Ll5y85wB+wfn4BhGTjzM=</latexit><latexit sha1_base64="CMAF5tXsB+uBD4HDkrvwTXCawTo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclUxRtBspunFZwT6wHUsmzbShmcyQZIQy9C/cuFDErX/jzr8x085CqwcCJ+fcy733+LHg2mD85Swtr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98XXmtx+Z0jySd2YSMy8kQ8kDTomx0r16qKJLhCu1Wr9UxpUznMH+8QJxc1KGHI1+6bM3iGgSMmmoIFp3XRwbLyXKcCrYtNhLNIsJHZMh61oqSci0l842nqJjqwxQECn7pEEz9WdHSkKtJ6FvK0NiRnrRy8T/vG5iggsv5TJODJN0PihIBDIRys5HA64YNWJiCaGK210RHRFFqLEhFW0I7uLJf0mrWnEtvz0t16/yOApwCEdwAi6cQx1uoAFNoCDhCV7g1dHOs/PmvM9Ll5y85wB+wfn4BhGTjzM=</latexit><latexit sha1_base64="CMAF5tXsB+uBD4HDkrvwTXCawTo=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclUxRtBspunFZwT6wHUsmzbShmcyQZIQy9C/cuFDErX/jzr8x085CqwcCJ+fcy733+LHg2mD85Swtr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98XXmtx+Z0jySd2YSMy8kQ8kDTomx0r16qKJLhCu1Wr9UxpUznMH+8QJxc1KGHI1+6bM3iGgSMmmoIFp3XRwbLyXKcCrYtNhLNIsJHZMh61oqSci0l842nqJjqwxQECn7pEEz9WdHSkKtJ6FvK0NiRnrRy8T/vG5iggsv5TJODJN0PihIBDIRys5HA64YNWJiCaGK210RHRFFqLEhFW0I7uLJf0mrWnEtvz0t16/yOApwCEdwAi6cQx1uoAFNoCDhCV7g1dHOs/PmvM9Ll5y85wB+wfn4BhGTjzM=</latexit>

r
2

> 0.99
<latexit sha1_base64="hbrnJ8YyJjHrqzRYWTPeXLBfRHc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUqdONFN24rGAf2I4lk2ba0ExmSDJCGfoXblwo4ta/ceffmLYDavVA4OSce7n3Hj/mTGnb/rRyK6tr6xv5zcLW9s7uXnH/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w189sPVCoWiVs9iakX4qFgASNYG+lO3lfQBbLLtVq/WLLLru3Wqq7523N8EycjJcjQ6Bc/eoOIJCEVmnCsVNexY+2lWGpGOJ0WeomiMSZjPKRdQwUOqfLS+cZTdGKUAQoiaZ7QaK7+7EhxqNQk9E1liPVILXsz8T+vm+jA9VIm4kRTQRaDgoQjHaHZ+WjAJCWaTwzBRDKzKyIjLDHRJqSCCcFZPvkvaVXKjuE3Z6X6ZRZHHo7gGE7BgXOowzU0oAkEBDzCM7xYynqyXq23RWnOynoO4Res9y9D5I9V</latexit><latexit sha1_base64="hbrnJ8YyJjHrqzRYWTPeXLBfRHc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUqdONFN24rGAf2I4lk2ba0ExmSDJCGfoXblwo4ta/ceffmLYDavVA4OSce7n3Hj/mTGnb/rRyK6tr6xv5zcLW9s7uXnH/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w189sPVCoWiVs9iakX4qFgASNYG+lO3lfQBbLLtVq/WLLLru3Wqq7523N8EycjJcjQ6Bc/eoOIJCEVmnCsVNexY+2lWGpGOJ0WeomiMSZjPKRdQwUOqfLS+cZTdGKUAQoiaZ7QaK7+7EhxqNQk9E1liPVILXsz8T+vm+jA9VIm4kRTQRaDgoQjHaHZ+WjAJCWaTwzBRDKzKyIjLDHRJqSCCcFZPvkvaVXKjuE3Z6X6ZRZHHo7gGE7BgXOowzU0oAkEBDzCM7xYynqyXq23RWnOynoO4Res9y9D5I9V</latexit><latexit sha1_base64="hbrnJ8YyJjHrqzRYWTPeXLBfRHc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUqdONFN24rGAf2I4lk2ba0ExmSDJCGfoXblwo4ta/ceffmLYDavVA4OSce7n3Hj/mTGnb/rRyK6tr6xv5zcLW9s7uXnH/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w189sPVCoWiVs9iakX4qFgASNYG+lO3lfQBbLLtVq/WLLLru3Wqq7523N8EycjJcjQ6Bc/eoOIJCEVmnCsVNexY+2lWGpGOJ0WeomiMSZjPKRdQwUOqfLS+cZTdGKUAQoiaZ7QaK7+7EhxqNQk9E1liPVILXsz8T+vm+jA9VIm4kRTQRaDgoQjHaHZ+WjAJCWaTwzBRDKzKyIjLDHRJqSCCcFZPvkvaVXKjuE3Z6X6ZRZHHo7gGE7BgXOowzU0oAkEBDzCM7xYynqyXq23RWnOynoO4Res9y9D5I9V</latexit><latexit sha1_base64="hbrnJ8YyJjHrqzRYWTPeXLBfRHc=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUqdONFN24rGAf2I4lk2ba0ExmSDJCGfoXblwo4ta/ceffmLYDavVA4OSce7n3Hj/mTGnb/rRyK6tr6xv5zcLW9s7uXnH/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w189sPVCoWiVs9iakX4qFgASNYG+lO3lfQBbLLtVq/WLLLru3Wqq7523N8EycjJcjQ6Bc/eoOIJCEVmnCsVNexY+2lWGpGOJ0WeomiMSZjPKRdQwUOqfLS+cZTdGKUAQoiaZ7QaK7+7EhxqNQk9E1liPVILXsz8T+vm+jA9VIm4kRTQRaDgoQjHaHZ+WjAJCWaTwzBRDKzKyIjLDHRJqSCCcFZPvkvaVXKjuE3Z6X6ZRZHHo7gGE7BgXOowzU0oAkEBDzCM7xYynqyXq23RWnOynoO4Res9y9D5I9V</latexit>

r
2

> 0.99
<latexit sha1_base64="3Q4aj8kO7TGt4Ci4QvW18J+JzJA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsy0Be1Gim5cVrAPbMeSSTNtaCYzJBmhDP0LNy4UcevfuPNvzLSDaPVA4OSce7n3Hi/iTGnb/rRyK6tr6xv5zcLW9s7uXnH/oK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KV+p0HKhULxa2eRtQN8EgwnxGsjXQn7yvoAtnlen1QLNllew7zd+rVmlNF34qTkRJkaA6KH/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yXzjGToxyhD5oTRPaDRXf3YkOFBqGnimMsB6rJa9VPzP68XaP3cTJqJYU0EWg/yYIx2i9Hw0ZJISzaeGYCKZ2RWRMZaYaBNSwYTgLJ/8l7QrZcfwm1qpcZnFkYcjOIZTcOAMGnANTWgBAQGP8AwvlrKerFfrbVGas7KeQ/gF6/0LKIiPQw==</latexit><latexit sha1_base64="3Q4aj8kO7TGt4Ci4QvW18J+JzJA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsy0Be1Gim5cVrAPbMeSSTNtaCYzJBmhDP0LNy4UcevfuPNvzLSDaPVA4OSce7n3Hi/iTGnb/rRyK6tr6xv5zcLW9s7uXnH/oK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KV+p0HKhULxa2eRtQN8EgwnxGsjXQn7yvoAtnlen1QLNllew7zd+rVmlNF34qTkRJkaA6KH/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yXzjGToxyhD5oTRPaDRXf3YkOFBqGnimMsB6rJa9VPzP68XaP3cTJqJYU0EWg/yYIx2i9Hw0ZJISzaeGYCKZ2RWRMZaYaBNSwYTgLJ/8l7QrZcfwm1qpcZnFkYcjOIZTcOAMGnANTWgBAQGP8AwvlrKerFfrbVGas7KeQ/gF6/0LKIiPQw==</latexit><latexit sha1_base64="3Q4aj8kO7TGt4Ci4QvW18J+JzJA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsy0Be1Gim5cVrAPbMeSSTNtaCYzJBmhDP0LNy4UcevfuPNvzLSDaPVA4OSce7n3Hi/iTGnb/rRyK6tr6xv5zcLW9s7uXnH/oK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KV+p0HKhULxa2eRtQN8EgwnxGsjXQn7yvoAtnlen1QLNllew7zd+rVmlNF34qTkRJkaA6KH/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yXzjGToxyhD5oTRPaDRXf3YkOFBqGnimMsB6rJa9VPzP68XaP3cTJqJYU0EWg/yYIx2i9Hw0ZJISzaeGYCKZ2RWRMZaYaBNSwYTgLJ/8l7QrZcfwm1qpcZnFkYcjOIZTcOAMGnANTWgBAQGP8AwvlrKerFfrbVGas7KeQ/gF6/0LKIiPQw==</latexit><latexit sha1_base64="3Q4aj8kO7TGt4Ci4QvW18J+JzJA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsy0Be1Gim5cVrAPbMeSSTNtaCYzJBmhDP0LNy4UcevfuPNvzLSDaPVA4OSce7n3Hi/iTGnb/rRyK6tr6xv5zcLW9s7uXnH/oK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KV+p0HKhULxa2eRtQN8EgwnxGsjXQn7yvoAtnlen1QLNllew7zd+rVmlNF34qTkRJkaA6KH/1hSOKACk04Vqrn2JF2Eyw1I5zOCv1Y0QiTCR7RnqECB1S5yXzjGToxyhD5oTRPaDRXf3YkOFBqGnimMsB6rJa9VPzP68XaP3cTJqJYU0EWg/yYIx2i9Hw0ZJISzaeGYCKZ2RWRMZaYaBNSwYTgLJ/8l7QrZcfwm1qpcZnFkYcjOIZTcOAMGnANTWgBAQGP8AwvlrKerFfrbVGas7KeQ/gF6/0LKIiPQw==</latexit>

r
2

> 0.99
<latexit sha1_base64="DNmVEkqFp/E6gyjji4tWUlgio38=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswURbuRohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVaq9YcsvuDPZ/+k0yxctICTLUe8WPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X4623iCjqzSR6FU9gmDZurPjhRHWo+jwFZG2Az1ojcV//M6iQnP/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmpFS7zOLIwwEcwjF4cAY1uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gURZo8z</latexit><latexit sha1_base64="DNmVEkqFp/E6gyjji4tWUlgio38=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswURbuRohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVaq9YcsvuDPZ/+k0yxctICTLUe8WPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X4623iCjqzSR6FU9gmDZurPjhRHWo+jwFZG2Az1ojcV//M6iQnP/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmpFS7zOLIwwEcwjF4cAY1uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gURZo8z</latexit><latexit sha1_base64="DNmVEkqFp/E6gyjji4tWUlgio38=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswURbuRohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVaq9YcsvuDPZ/+k0yxctICTLUe8WPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X4623iCjqzSR6FU9gmDZurPjhRHWo+jwFZG2Az1ojcV//M6iQnP/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmpFS7zOLIwwEcwjF4cAY1uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gURZo8z</latexit><latexit sha1_base64="DNmVEkqFp/E6gyjji4tWUlgio38=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswURbuRohuXFewD27Fk0kwbmkmGJCOUoX/hxoUibv0bd/6NaTuCVg8ETs65l3vvCWLOtHHdTye3tLyyupZfL2xsbm3vFHf3mlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Grqtx6o0kyKWzOOqR/hgWAhI9hY6U7dV9AFcsvVaq9YcsvuDPZ/+k0yxctICTLUe8WPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X4623iCjqzSR6FU9gmDZurPjhRHWo+jwFZG2Az1ojcV//M6iQnP/ZSJODFUkPmgMOHISDQ9H/WZosTwsSWYKGZ3RWSIFSbGhlSwIXiLJ/8lzUrZs/zmpFS7zOLIwwEcwjF4cAY1uIY6NICAgEd4hhdHO0/Oq/M2L805Wc8+/ILz/gURZo8z</latexit>

r
2 = 0.95

<latexit sha1_base64="VY8XW/fRP1PX6nFkL44LdS7yp/Q=">AAAB8XicbVDLSgMxFL1TX7U+WnXpJlgEV2WmtLQuhKIblxXsA9uxZNJMG5rJDElGKEP/wo0LRdz6N+78G9N2EK0eCJyccy/33uNFnClt259WZm19Y3Mru53b2d3bzxcODtsqjCWhLRLyUHY9rChngrY005x2I0lx4HHa8SZXc7/zQKViobjV04i6AR4J5jOCtZHu5H0ZXSC7dF4dFIp2yV7A/OuOXa3U0LfipKQIKZqDwkd/GJI4oEITjpXqOXak3QRLzQins1w/VjTCZIJHtGeowAFVbrLYeIZOjTJEfijNExot1J8dCQ6UmgaeqQywHqtVby7+5/Vi7dfdhIko1lSQ5SA/5kiHaH4+GjJJieZTQzCRzOyKyBhLTLQJKWdCcFZP/kva5ZJj+E2l2LhM48jCMZzAGThQgwZcQxNaQEDAIzzDi6WsJ+vVeluWZqy05wh+wXr/Aiauj0I=</latexit><latexit sha1_base64="VY8XW/fRP1PX6nFkL44LdS7yp/Q=">AAAB8XicbVDLSgMxFL1TX7U+WnXpJlgEV2WmtLQuhKIblxXsA9uxZNJMG5rJDElGKEP/wo0LRdz6N+78G9N2EK0eCJyccy/33uNFnClt259WZm19Y3Mru53b2d3bzxcODtsqjCWhLRLyUHY9rChngrY005x2I0lx4HHa8SZXc7/zQKViobjV04i6AR4J5jOCtZHu5H0ZXSC7dF4dFIp2yV7A/OuOXa3U0LfipKQIKZqDwkd/GJI4oEITjpXqOXak3QRLzQins1w/VjTCZIJHtGeowAFVbrLYeIZOjTJEfijNExot1J8dCQ6UmgaeqQywHqtVby7+5/Vi7dfdhIko1lSQ5SA/5kiHaH4+GjJJieZTQzCRzOyKyBhLTLQJKWdCcFZP/kva5ZJj+E2l2LhM48jCMZzAGThQgwZcQxNaQEDAIzzDi6WsJ+vVeluWZqy05wh+wXr/Aiauj0I=</latexit><latexit sha1_base64="VY8XW/fRP1PX6nFkL44LdS7yp/Q=">AAAB8XicbVDLSgMxFL1TX7U+WnXpJlgEV2WmtLQuhKIblxXsA9uxZNJMG5rJDElGKEP/wo0LRdz6N+78G9N2EK0eCJyccy/33uNFnClt259WZm19Y3Mru53b2d3bzxcODtsqjCWhLRLyUHY9rChngrY005x2I0lx4HHa8SZXc7/zQKViobjV04i6AR4J5jOCtZHu5H0ZXSC7dF4dFIp2yV7A/OuOXa3U0LfipKQIKZqDwkd/GJI4oEITjpXqOXak3QRLzQins1w/VjTCZIJHtGeowAFVbrLYeIZOjTJEfijNExot1J8dCQ6UmgaeqQywHqtVby7+5/Vi7dfdhIko1lSQ5SA/5kiHaH4+GjJJieZTQzCRzOyKyBhLTLQJKWdCcFZP/kva5ZJj+E2l2LhM48jCMZzAGThQgwZcQxNaQEDAIzzDi6WsJ+vVeluWZqy05wh+wXr/Aiauj0I=</latexit><latexit sha1_base64="VY8XW/fRP1PX6nFkL44LdS7yp/Q=">AAAB8XicbVDLSgMxFL1TX7U+WnXpJlgEV2WmtLQuhKIblxXsA9uxZNJMG5rJDElGKEP/wo0LRdz6N+78G9N2EK0eCJyccy/33uNFnClt259WZm19Y3Mru53b2d3bzxcODtsqjCWhLRLyUHY9rChngrY005x2I0lx4HHa8SZXc7/zQKViobjV04i6AR4J5jOCtZHu5H0ZXSC7dF4dFIp2yV7A/OuOXa3U0LfipKQIKZqDwkd/GJI4oEITjpXqOXak3QRLzQins1w/VjTCZIJHtGeowAFVbrLYeIZOjTJEfijNExot1J8dCQ6UmgaeqQywHqtVby7+5/Vi7dfdhIko1lSQ5SA/5kiHaH4+GjJJieZTQzCRzOyKyBhLTLQJKWdCcFZP/kva5ZJj+E2l2LhM48jCMZzAGThQgwZcQxNaQEDAIzzDi6WsJ+vVeluWZqy05wh+wXr/Aiauj0I=</latexit>

a

b

Supplemental Figure 5: Forgetting curves exhibit approximately exponential decay. (a) Forgetting curves from

Figure 2b (left) and 2d (right) plotted on logarithmic axes, with Nx = N . Dotted lines are best fits with power law

decay. (b) Forgetting curves as in (a), but plotted with just one logarithmic axis. Dotted lines are best fits with

exponential decay.

Many previous studies on memory have shown that forgetting curves are well described by curves decaying

as a power law, in which the probability of correct recall has the form ⇠ t
�a, where t is time and a > 0.

Supplemental Figure 5a shows that such a fitting function, which appears as a straight line in a log-log

plot, does a relatively poor job of fitting the forgetting curves from the two-pathway model. In contrast,

exponentially decaying functions, in which the probability of correct recall ⇠ e
�at and which appear as

straight lines on semilogarithmic plots, provide a good fit to the forgetting curves (Supplemental Figure 5b).
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Spaced repetition

a

An optimal interval for spaced repetition?

Glenberg (1976)

�train �test

Train: Test:

2 P…1Pattern:

b

Supplemental Figure 6: Short training intervals during spaced repetition lead to better testing performance. (a)

The two-pathway network is trained with random sequential patterns, with one particular pattern presented twice.

(b) For any interval �test between the second presentation and the testing phase, the testing performance for the

repeated pattern is best when the interval between the presentations during training is short. Results are simulations

from a two-pathway network with Nx = Ny = 1000 and ↵ = � = 1.

In simulations of the two-pathway model, the neuron was trained in sequence to perform P classifications.

All of the input patterns were distinct, except for a single pattern that was presented twice during training,

with an interval �train between presentations. The interval between the second presentation and the testing

phase was �test. For any �test, smaller values of �train always led to a lower error rate for the repeated

pattern during testing (Figure 6b).

In addition, we note that repetition of patterns has no significant e↵ect at all in the single-pathway model

without Hebbian weights. In this case, upon the second presentation of the repeated pattern during training,

the weight vector will either not be updated at all (if classification is already correct with su�cient margin)

or will be updated to lie on the correct side of the classification boundary plus a margin (if the classification

is initially incorrect or correct with insu�cient margin). In neither of these two cases is there a benefit to

having seen the pattern before, since one of these same things would have happened if the first presentation

had not occurred.

Thus, while the information accumulated in the Hebbian weights of the two-pathway model is an important

ingredient for describing nontrivial e↵ects due to spaced repetition, the single-neuron model appears to be

unable to account for the experimentally observed existence of optimal repetition intervals (Glenberg, 1976),

and thus leaves room for future work on this topic.
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