
APPENDIX 1 - CALCULATION OF THE GAS FLOW DISTRIBUTION IN THE
TRACHEOBRONCHIAL TREE

In this Appendix, we describe how the model calculates the gas flow rate, Qi,j , and the average axial gas
velocity, Vi,j =

4Qi,j
πD2

i,j
, in each airway (i, j) ∈ A. To establish the system of equations to calculate these

parameters during inspiration or expiration, two parameters are introduced hereto.

The first parameter is the resistance to the flow in the airway (i, j), Ri,j . It is defined as the Poiseuille
resistance to the flow in this airway,RPi,j , multiplied by a factor, Zi,j [4, 5]:

Ri,j = Zi,jRPi,j = Zi,j
128ρνLi,j

πD4
i,j

(1.1)

RPi,j is the minimal resistance to the flow of an incompressible viscous fluid through a straight cylindrical
pipe of length Li,j and diameter Di,j, with ρ the density of the gas and ν its kinematic viscosity. It
corresponds to a Poiseuille flow (i.e. a parabolic velocity profile) that is developed throughout the entire
length of the airway. However, depending on the breathing conditions and on the airway size, the velocity
profile in an airway is not a fully developed Poiseuille flow and, consequently, the dissipated energy (and
hence the resistanceRi,j) is not minimal, due to the increased velocity gradients at the wall of the airway.
Therefore, the factor Zi,j is calculated in our model as the ratio of the real energy dissipated in the airway
(i, j) to the minimal energy that could be dissipated in that airway:

Zi,j =

1
Li,j

Li,j∫
0

Vi,j√
ν z′
Vi,j

dz′

8 Vi,j
Di,j

=
1

4

√
Rei,j
αi

(1.2)

In Equation 1.2, the numerator is the average, along the airway, of the velocity gradient at the wall of the
airway in a developing flow, where the thickness of the viscous boundary layer,

√
νz′/Vi,j , is expressed

as a function of z′, the axial coordinate in the airway, orientated in the direction of the flow and with
z′ = 0 at the entrance of the airway. The denominator is the velocity gradient at the wall of the airway if a
Poiseuille flow was fully developed in the airway. Developing this ratio, Zi,j can be expressed as a function
of the Reynolds number of the flow in the airway (i, j), Rei,j = Di,jVi,j/ν. If Zi,j is evaluated as being
smaller than 1, it is set to 1. The expression of Zi,j obtained with this approach is, apart from a constant
proportionality factor, equal to 1.31, the same as the one given by the well-known equation developed
by Pedley et al. [4, 5]. Using either Equation 1.2 or Pedley’s equation in our model does not lead to any
significant difference in the results.

The second parameter is the subtree resistance, Rsub
i,j , of the airway (i, j). It gives the resistance to the

flow exhibited by the whole part of the lungs that is downstream of the airway (i, j). This resistance is
calculated in two different ways, given in Equation 1.3, depending on whether the airway considered is
intermediate (i.e. (i, j) ∈ B) or terminal (i.e. (i, j) ∈ T ):
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Rsub
i,j =


(

1
Ri+1,2j+Rsub

i+1,2j
+ 1
Ri+1,2j−1+Rsub

i+1,2j−1

)−1
, if (i, j) ∈ B

1
φ3i,j

1
2

7∑
m=1

1

2m−1
128ρν La

Da
=

1

φ3i,j

254

2

ρνLa
Da

, if (i, j) ∈ T
(1.3)

For an intermediate airway, an electrical analogy is used to calculate its subtree resistance (first line of
Equation 1.3), as illustrated in Figure 1.1. For a terminal airway, the subtree resistance is the resistance
to the flow of the two acini, in parallel, located after this particular airway (second line of Equation 1.3).
The resistance to the flow in an acinus is calculated assuming a Poiseuille flow in each of its generations,
as the Reynolds number of the flow in an airway of an acinus is usually smaller than 1. When the lung
geometry is generated by the model, the value of 1 is assigned to the parameter φi,j appearing in Equation
1.3. However, by using some of the “alteration functions” mentioned previously, the user of the model can
later reduce its value to a number strictly between 0 and 1 for some terminal airways. This allows to mimic
the effect of alterations in the acini downstream of these airways (swelling, accumulation of liquid...) on the
resistance to the flow in these acini. φi,j is set to the power of three in the denominator on the right-hand
side of Equation 1.3 (second line) so that φi,j represents a reduction factor of the linear dimensions of the
lumen of the acini downstream of the airway (i, j).

Figure 1.1. Electrical equivalence of a branching structure.

To couple the subtree resistances to the airway resistances and the flow rates, the electrical analogy is also
used and Equations 1.4 and 1.5 are introduced, ∀(i, j) ∈ B. Equation 1.5 relies on the assumption of a
homogeneous alveolar pressure, Palv. The total tracheobronchial tree resistance, Rtotal, is expressed in
Equation 1.6. Finally, Equation 1.7, expressing the total pressure drop of the flow in the lungs, can also be
written.

Qi,j = Qi+1,2j +Qi+1,2j−1 (1.4)

Qi+1,2j(Ri+1,2j +Rsub
i+1,2j) = Qi+1,2j−1(Ri+1,2j−1 +Rsub

i+1,2j−1) (1.5)
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Rtotal = R1,1 +Rsub
1,1 (1.6)

− Palv = Rtotal Q1,1 (1.7)

Equations 1.1 to 1.7 allow, for a given value of Q1,1 or Palv (possibly time-dependent), calculating the gas
flow rate and the resistance to the flow within each airway in the tracheobronchial tree. This system of
equations is solved using an iterative procedure sketched in Figure 1.2.

Figure 1.2. Representation of the iterative procedure to determine the flow rates Qi,j and the resistances
Ri,j in the tracheobronchial tree.

This procedure starts with the hypothesis that all the airway resistances are equal to those of a Poiseuille
flow (i.e. Zi,j = 1). Next, all subtree resistances are calculated with Equation 1.3, starting from the
terminal airways and then going up the tracheobronchial tree to the trachea. Subsequently, the flow rates
are calculated, using Equations 1.4 and 1.5, starting from the top of the bronchial tree and going to the
terminal airways. Then, the new values of Zi,j are calculated, using Equation 1.2, allowing to adjust the
initial estimations of the airway resistances. This cycle is repeated until the difference betweenRtotal and
its value calculated in the previous cycle is smaller than 0.1%. It should be noted that the equations and
methodology to calculate the gas flow distribution in the tracheobronchial tree are valid for an inspiration,
as depicted in Figure 1.2, as well as for an expiration.

APPENDIX 2 - EXCHANGE OF NO BETWEEN THE BRONCHIAL WALL AND THE
LUMEN OF AN AIRWAY

In this appendix, we describe how the representation of the phenomena taking place in the bronchial wall,
described in section 2.3.1 of the article, are translated into equations, allowing to obtain an analytical
expression of the NO exchange flux density between the wall of the airway (i, j) and its lumen, Jbr,i,j .
First, a radial coordinate, r, is introduced together with the inner radius of the lumen, RLi,j (see Figure 3).
Then, different assumptions are made. Firstly, as the airway wall thickness is small compared to the airway
length, only the radial diffusive transport of NO in the airway wall is considered. Secondly, we can evaluate
that the NO concentration in the liquid at the level of the liquid-lumen interface (equal to HCg if a local
equilibrium is achieved at this interface, with H the Henry’s coefficient of NO in water [1] and Cg the NO
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concentration in the lumen) is way smaller than the NO concentration encountered in the epithelium layer
(whose order of magnitude is P (δµi,j + δEi,j )

2/Dt), for common values of Cg in the lungs during a FENO
test. Therefore, we assume that the NO concentration in the liquid layer, at its interface with the lumen,
is zero. Thirdly, because of the high affinity of NO for the haemoglobin in the blood, we assume that the
blood capillaries act as an infinite sink for NO and therefore that the NO concentration at the outer end of
the tissue layer is zero. As a consequence of the second and third assumption, we can assume that the NO
concentration profile in the wall of the airway is at stationary state, as the conditions at its boundary are
time-independent (zero concentration). Using these assumptions, Equations 2.1 and 2.2, describing the
production and the radial diffusive transport of NO in the wall of the airway, can be set. In these equations,
Cµ(r), CE(r) and CM (r) are the NO concentrations at the radial position r in the liquid, epithelium and
tissue layer, respectively.

Dt
r

∂

∂r

(
r
∂Cµ
∂r

)
= 0 if RLi,j < r < RLi,j + δµi,j

Dt
r

∂

∂r

(
r
∂CE
∂r

)
+ P − ktCE = 0 if RLi,j + δµi,j < r < RLi,j + δµi,j + δEi,j

Dt
r

∂

∂r

(
r
∂CM
∂r

)
− ktCM = 0 if RLi,j + δµi,j + δEi,j < r < RLi,j + δµi,j + δEi,j + δMi,j

(2.1)

Cµ|r=RLi,j = 0 , CM |r=RLi,j+δµi,j+δEi,j+δMi,j = 0

Cµ|r=RLi,j+δµi,j = CE |r=RLi,j+δµi,j , CE |r=RLi,j+δµi,j+δEi,j = CM |r=RLi,j+δµi,j+δEi,j
∂Cµ
∂r

∣∣∣∣
r=RLi,j+δµi,j

=
∂CE
∂r

∣∣∣∣
r=RLi,j+δµi,j

,
∂CE
∂r

∣∣∣∣
r=RLi,j+δµi,j+δEi,j

=
∂CM
∂r

∣∣∣∣
r=RLi,j+δµi,j+δEi,j

(2.2)

The boundary conditions, given by Equations 2.2, include the zero concentration set in the liquid at the
interface with the lumen and in the tissue at its interface with the blood capillaries, the continuity of the
concentration and the conservation of the diffusive flux at the liquid-epithelium and epithelium-tissue
interfaces.

The resolution of the system composed of Equations 2.1 and 2.2 yields an analytical expression for
the transfer flux density of NO from the wall of the airway to the lumen, Jbr,i,j . This expression is not
presented here due to its prohibitive size. However, a simplified analytical expression can be derived. It is
obtained from the full analytical solution through a Taylor expansion of the second order with respect to the
consumption kinetic constant, kt, and to the thicknesses of the layers of the wall of the airway. This yields:

Jbr,i,j = Dt
∂Cµ
∂r

∣∣∣∣
r=RL

≈
PδEi,j

2

δEi,j + 2δMi,j

δµi,j + δEi,j + δMi,j
+

δµi,j
2 Ha2i,j

(2.3)

with Hai,j = (δEi,j + δMi,j
)
√
kt/Dt.

Frontiers 4



We have observed that the results obtained with the complete analytical solution for Jbr,i,j are not
significantly different from those obtained with the approximate solution given by Equation 2.3.

APPENDIX 3 - TRANSPORT OF NO IN AN ACINUS

To describe the transport of NO within an acinus, two assumptions are made. First, a quasi-steady state is
assumed because of the small characteristic times of NO diffusion in the airways composing the acinus,
when compared to the inspiration (or expiration) time. Second, as verified by Paiva et al. [2, 3], we assume
that only the axial diffusive transport in the lumen of the acinus has to be considered in the transport
equations (i.e. radial homogeneity in the lumen is assumed). Consequently, Equations 3.1 and 3.2, similar
to those used by Kamaraoun et al. [1], are written to describe the NO dynamics in an acinus with a
concentration Ca(t) at its proximal end (i.e. its inlet during inspiration or its outlet during expiration) and
with a gas flow rate Qa(t) (defined as positive) entering or leaving the acinus:

± Vm
∂Cg,m(z, t)

∂z
=
πD2

a

4
Dg

∂2Cg,m
∂z2

+ πDaJa,m (m = 1, ..., 7) (3.1)

Cg,1|z=0,t = Ca(t)

Cg,m|z=La,t = Cg,m+1|z=0,t (m = 1, ..., 6)

∂Cg,m
∂z

∣∣∣∣
z=La,t

= 2
∂Cg,m+1

∂z

∣∣∣∣
z=0,t

(m = 1, 2, 4, 5, 6)

−Dg
∂Cg,m
∂z

∣∣∣∣
z=La,t

± Vm Cg,m|z=La,t = −2Dg
∂Cg,m+1

∂z

∣∣∣∣
z=0,t

(m = 3)

∂Cg,7
∂z

∣∣∣∣
z=La,t

= 0

(3.2)

In these equations, z is the axial coordinate in an airway, oriented in the direction of the alveolar sacs,
with z equal to zero at the proximal end of the airway and equal to La at its distal end. Cg,m(z, t) is
the local NO concentration in the gas, at time t and at position z in an airway in generation m of the
acinus. Dg is the diffusion coefficient of NO in the lumen (its value for the diffusion of NO in air is
given in Table 2). The convection-diffusion equation (Equation 3.1) is composed of three terms. The
term on the left-hand side is the convection term. In this term, the ± sign accounts for the direction of
the gas flow during inspiration (+) or expiration (−), and Vm is the average axial velocity of the gas in
generation m of the acinus. For m = 1, 2 and 3, Vm = Qa(t)/2

m−1, while Vm is set to zero in the last
four generations, to mimic the fact that they inflate during inspiration or deflate during expiration. The
right-hand side is composed of a diffusion term and a term involving the exchange flux density defined in
Equation 13. The boundary conditions (Equations 3.2) describe the continuity of the NO concentration at
the interface between two consecutive generations, the conservation of the NO flux at the interface between
two consecutive generations and the absence of an axial diffusive flux at the distal end of the last generation
in the acinus.

The system of equations composed of 3.1 and 3.2 can be solved analytically (quite easily with Wolfram
Mathematica), in order to provide a relation (not explicitly given here due to its prohibitive size) between
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the concentration gradient at the proximal end inlet of an acinus, ∂Cg,1/ ∂z|z=0,t, the perfusion coefficient
of the acinus γ (see Equation 13), and the NO concentration and gas flow rate at this proximal end:

∂Cg,1
∂z

∣∣∣∣
z=0,t

= f± (γ, Ca(t), Qa(t)) (3.3)

The sign ± as a superscript accounts for the fact that two versions of the function f exist, whether
inspiration or expiration is considered (+ or - sign on the left-hand side member of Equation 3.1). As
mentioned in the core of the paper (see section 2.3.2), Equation 3.3 is a connecting link between the
model of the NO transport in an acinus and the model of the NO transport in the tracheobronchial tree.
Indeed, it is included in a boundary condition written at the end of each terminal airway. Note that, in the
Wolfram Mathematica file, due to the complexity of the analytical expression for f±, it is an approximate
polynomial expression that is used in these boundary conditions. For each simulation, the constants in
this polynomial approximation are identified in order to minimize the difference, in the least square sense,
between the polynomial approximation and the analytical expression of f±.

APPENDIX 4 - NUMERICAL SCHEME FOR THE UNSTEADY EQUATIONS

In this appendix, we propose a numerical scheme to solve the time-dependent system formed by Equation 15
and Equations 16a to 16c presented in the article. In the following, we write Ci,j(t) the NO concentration at
the center of the airway (i, j) at time t. The numerical scheme is presented here in the case of an expiration
and for j being even, but it can be easily extended to any other situation. The numerical scheme is based on
the finite volume method. A set of ordinary differential equations is written to express the time evolution
of Ci,j(t), ∀(i, j) ∈ A. These equations are deduced from a mass balance on each of the airways in the
tracheobronchial tree. These equations are different whether (i, j) refers to an intermediate ((i, j) ∈ B) or
to a terminal airway ((i, j) ∈ T ).

Figure 4.1. Schematic representation of two intermediate airways, (i, j) and (i, j − 1), located in a 3
generation structure of the tracheobronchial tree (left) and of two terminal airways, (i, j) and (i, j − 1),
together with their two acini (represented in blue) (right).
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For an intermediate airway, the following equation is proposed:

πD3
i,jαi

4

dCi,j
dt

= Qi+1,2jCi+1,2j +Qi+1,2j−1Ci+1,2j−1 −Qi,jCi,j

+Dg
πD2

i,j

4

C◦ − Ci,j
Li,j/2

−Dg
πD2

i,j

4

Ci,j − C•
Li,j/2

(4.1)

where C• is the NO concentration at the division of the airway (i, j) into the airways (i + 1, 2j) and
(i+ 1, 2j − 1), and C◦ is the NO concentration at the division of the airway (i− 1, j/2) into the airways
(i, j) and (i, j − 1) (see Figure 4.1).

The first three terms of the right-hand side of Equation 4.1 express the amounts of NO entering and leaving,
per unit of time, the airway (i, j) by convection. The next two terms express the amounts of NO entering
and leaving, per unit of time, the airway (i, j) through back-diffusion.

At any time, C• and C◦ are evaluated with Equations 4.2 and 4.3, expressing the conservation of the
diffusion fluxes at the bifurcations.

Dg
πD2

i,j

4

Ci,j − C•
Li,j/2

= Dg
πD2

i+1,2j−1
4

C• − Ci+1,2j−1
Li+1,2j−1/2

+Dg
πD2

i+1,2j

4

C• − Ci+1,2j

Li+1,2j/2
(4.2)

Dg
πD2

i−1,j/2
4

Ci−1,j/2 − C◦
Li−1,j/2/2

= Dg
πD2

i,j

4

C◦ − Ci,j
Li,j/2

+Dg
πD2

i,j−1
4

C◦ − Ci,j−1
Li,j−1/2

(4.3)

Equation 4.3 cannot be used for the trachea (airway (1, 1)). For this airway, the diffusion flux at the
proximal end of the airway (i.e. at the top of the trachea) is set to zero: C◦ = C1,1.

For a terminal airway, the following equation is proposed:

πD3
i,jαi

4

dCi,j
dt

= Qi,j(C∗ − Ci,j) +Dg
πD2

i,j

4

C◦ − Ci,j
Li,j/2

−Dg
πD2

i,j

4

Ci,j − C∗
Li,j/2

(4.4)

where C∗ is the NO concentration at the location of the division of the airway (i, j) into its two “daughter”
acini, and C◦ is the NO concentration at the location of the division of the airway (i − 1, j/2) into the
airways (i, j) and (i, j − 1) (see Figure 4.1). C◦ is evaluated using Equation 4.3 and C∗ is evaluated, at
any time, using Equation 4.5, expressing the conservation of the diffusion flux at the bifurcation between
airway (i, j) and the two subsequent acini (using the function f− defined in Equation 3.3).

Dg
πD2

i,j

4

Ci,j − C∗
Li,j/2

= 2Dg
πD2

a

4
f−(C∗,

Qi,j
2

) (4.5)

To assess the quality of this numerical scheme, it is used to fully simulate a FENO test and the results at the
end of the slow expiration at 50 ml/s (during 10 s) are compared to the results obtained with the analytical
resolution of the steady equations (described in Section 2.3 of the article). Conditions where φi,j = 0.1 for
50% of the terminal airways, starting from the ones closest to the trachea, are used and the comparison is
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shown in Figure 4.2. We observe a good agreement between the results of the two methods. Additionally,
we have observed that the computational time for the resolution based on the numerical scheme is much
shorter than the computational time required for the analytical steady resolution.

Figure 4.2. Average NO concentration profile at the end of a 10 s expiration at a flow rate of 50 ml/s,
where φi,j is set to 0.1 for 50% of the terminal airways (the ones closest to the trachea). The filled blue
circles show the NO concentration profile obtained using the analytical resolution whereas the empty blue
circles show the NO concentration profile obtained with the time-dependent numerical scheme.
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