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Supplementary Figure 1: Geometry of the air/sample interface. a, Geometry of the

air /sample interface of ZnTe. b, Geometry of the air/sample interface of CoSi. Red arrows

represent the direction of excitation light, and the blue arrows represent the direction of in-phase

THz wave. The yellow arrows represent the polarization from the optical rectification effect in

ZnTe and the current from the photogalvanic effect in CoSi. Note the current in b contains both

CPGE and LPGE contribution. The CPGE contribution is strictly along the direction of the

excitation light inside the sample, while the LPGE contribution is not restricted.
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Supplementary Figure 2: Parameters of CoSi related with the optical conductivity.
a, Optical conductivity of CoSi as a function of excitation energy measured at 300 K. The data is
reproduced from Ref. [4]. Only 0.1-2.0 ¢V is shown.b, Drude fit (blue) of the optical conductivity
raw data (red) at THz range. c-f, Refractive index (c), penetration depth (d), Fresnel correction
coefficient (e) and 6;, (f) of CoSi as a function of the excitation energy. g-i, Refractive index (g),

Oout (h) and Fresnel coefficient (i) of CoSi as a function of the THz radiation frequency. These

curves are derived based on the optical conductivity following Drude formula fitted in (b).
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Supplementary Figure 3: Raw data of THz time traces of optical rectification at
different excitation photon energy. a, Raw data of ZnTe. b, Raw data of CoSi. The data
are normalized by the incident power. The CoSi CPGE data shown is one half of the difference

between the in-plane THz wave of the left-handed and right-handed incident laser excitation

pulses. The laser pulse energy range of 0.200-0.450 eV is generated by difference frequency
generation (DFQG), while the range of 0.475-1.05 eV is generated by optical parametric amplifier
(OPA).
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Supplementary Figure 4: CPGE THz time traces at different sample azimuth angles

¢ at the incident photon energy of 0.35 eV.
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Supplementary Figure 5: THz emission data of CoSi measured at 0.375 eV. a, CPGE
THz peak amplitude in CoSi as a function of the angle of the quarter wave plate with incident
photon energy of 0.375 eV. b, THz wave form of the in-plane component under left-handed and

right-handed incident laser pulses at 0.375 eV. ¢, CPGE and LPGE THz wave form of the

in-plane component at 0.375 eV. The black line is at zero.
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Supplementary Figure 6: Possible CPGE quantization

from the DFT. a, CPGE current

amplitude in the frequency domain at different incident photon energy in CoSi. No obvious THz

frequency dependence is observed, indicating the hot-carrier time is much shorter than the laser

pulse width. b, CPGE calculation at room temperature with

SOC of two different broadening of

38 meV and 5 meV. ¢, CPGE calculation at room temperature with SOC of broadening of 38

meV with different chemical potential.
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Supplementary Figure 7: More DFT results. a, Band structure of CoSi with spin-orbit

coupling. The dashed line is at Ey = —37 meV. Note that the DFT gives £y = —20 meV. b,

Calculated CPGE current at T=0 K with £y = =37 meV, E; = —17 meV, F; = 33 meV and

E; = 83 meV with spin-orbit coupling. ¢, Calculated CPGE current at T=0 K with Ey = —30

meV with spin-orbit coupling and with different broadening. d, Calculated CPGE current at

T=0 K with a broadening of 40 meV with spin-orbit coupling and with different chemical

potential. Calculated CPGE current at T=0 K with 5 meV broadening with and without

spin-orbit coupling at e, Ey = —37 meV and f, £y = 33 meV.
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Supplementary Figure 8: Tight-binding model calculation of the CPGE responce in
CoSi. a, Band structure obtained with the tight-binding model for space group 198 with
parameters v1 = 1.29, v, = 0.55, and v = 0.25 eV. I/ = 0 marks the position of the chemical
potential, 110 meV below the threefold node at I'. b, Corresponding CPGE obtained using
Eq. (2) in the main text with a broadening of I'=40 meV (dashed) compared to the experimental

data (squares).
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Supplementary Figure 9: Fit of the k - p model parameters from the ab-initio energy
bands. a, I' to R point. b, I' to M point. ¢, I" to X point. The results of fitting parameter are

(v,a,b,c) = (1.79,1.07,-1.72, 3.26).
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Supplementary Figure 10: Different CPGE results from the ab initio fitting. a, Sketch
of the critical frequencies for a negative chemical potential. b, I' point contribution coming from
the first effect of quadratic corrections for © = —10 meV. The vertical lines show the critical
frequencies corresponding to each band transition contribution. ¢, Total contribution from the I"
and R points for 4 = —10 meV including the effect of quadratic corrections on the energies but
not on the matrix elements, showing the characteristic shape of CPGE. d, CPGE for different

chemical potentials, now including all the effects of quadratic corrections.
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Supplementary Note 1. Conversion of THz signal

As will be explained in the following part, the symmetry of CoSi only allows CPGE current
along the wave vector direction inside the material determined by the incident wave vector. Normal
incident laser pulses can only generate longitudinal ultrafast current, which is perpendicular to the
surface and does not emit THz radiation into the free space. Therefore, in order to make THz
pulses radiate out to the free space in the far-field, we choose the incident angle to be at 45
degrees in the reflection geometry. The schematic diagrams of the air-sample interface of both
the benchmarking crystal ZnTe and the sample CoSi for the THz emission process are shown in
Supplementary Figure |1l The incident light (red) gets refracted when entering the sample at the
angle of refraction 0;,. The ultrafast excitation light inside the sample generates an ultrafast
polarization (yellow) in ZnTe or an ultrafast current (yellow) in CoSi, both of which emit THz
radiation. Note the current drawn in CoSi contains both CPGE and LPGE, so its direction is not
strictly along the light vector direction. Only if CPGE is considered, the current direction is along
the light vector direction due to the cubic symmetry of CoSi. In the process of THz emission,
only the component of polarization or current that is perpendicular to the in-phase THz radiation
direction (blue) generates the coherent THz radiation in the far-field. The direction of the in-phase
THz radiation (0, off the interface normal) is determined by the refractive index at the THz

range.

A. THz generation from ZnTe

A ZnTe crystal generates THz emission via optical rectification. The nonlinear polarization P

under the driving electric field E is characterized by second-order susceptibility tensor x () (0; w,w),

P(0) = eox?(0;w,w) : E E*. (S1)
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ZnTe belongs to space group F43m, of which X(2) contains only one independent parameter,

0 0 0
0 0 X41
0 X41 0
0 0 X41
x? = 0 0 0 (2)
X41 0 0
0 X41 0
X41 0 0
0 0 0

We use [1 1 0] cut ZnTe as a THz emission reference. To simplify the following calculation, we

rotate x@ to align the [1 1 0] direction of crystal along the z axis in the lab frame,

3x41(sin(2¢)+1)(cos(¢) —sin(¢))

x41(3sin(2¢)—1)(sin(¢)+cos(¢)) _ x41(35in(2¢)+1)(cos(¢)—sin(¢)) 0
2v2 2V2
Xa1(sin(¢) —cos(¢))
0 0 AMT
x41(3sin(2¢)—1)(sin(¢)+cos(¢)) _ Xx41(3sin(2¢)+1)(cos(¢) —sin(¢)) 0
2v2 2V2
X(2) _ _ x41(3sin(2¢)+1)(cos(¢)—sin(¢)) 3x41 (sin(¢)+cos(¢))(1—2sin(¢) cos(¢)) 0
2v2 2v/2
X41(sin(¢)+cos(¢))
0 0 bbb
Xa1(sin(¢) —cos(¢))
X41(sin(¢)+cos(¢))
X41(sin(¢)—cos(¢)) _ Xa1(sin(¢)+cos(¢)) 0
V2 V2
(S3)

X41(3sin(2¢)—1)(sin(¢)+cos(¢))

where we have a free parameter ¢ since the crystal can rotate freely along the z-axis and ¢ is the
angle between crystal direction [1 -1 0] and the z-axis in the lab.
For all the experiments in this paper, we make ¢ = 0, align the polarization of incident light

along the x-axis, and detect THz wave component in the zz-plane, so
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3x41 _ Xx41 0
2v2 2v2
_X41 _X41 0
22 2V2
0 0 —X—j%
_X41 _X41 0
22 2V2
&= | - B 0 , (84)
0 0 —L\/%
0 0 —X—j%
0 0 —L\/%
__X41 _X41 0
V2 V2
tp cos(Bin)
E= EO 0 ) (85)
tp sm(Gm)
cos(Oout)
Pyr=P- 0 ; (S6)
sin(@out)

where t,, is the Fresnel coefficient, 0;, is the incident angle inside the sample, 0, is the refracted
angle of the THz light inside the sample (See Supplementary Figure , and P,y is the component
of P perpendicular to the detecting direction. Combing (S1)(S4)(S5)(S6), we get

48in(260;,,) sin(@our) + 5 cos 2(0in) co8(0out) + cos(Oout)

ZnT
Peff — 4\/5 nTe

t§€0X41E§ =7 coxnn Ea.  (S7)

Here, P.s; is in the time domain and has a pulsed shape with a time scale of picosecond, so its
Fourier transform P¢r(2) is in the THz range. The generated THz field strength just outside the

sample surface in the frequency domain can be written as

ZnTe _ ZOQPeff(Q)

ZnTejZnTe
Eeff (Q)_ QnZnTe(Q) Tp “l (Q)’ (88)

where Q is THz frequency, Zj is the impedance of free space, P.s¢(2) is the Fourier transform of
Py, n?"Te(Q) is the refractive index of ZnTe for frequency €2, TpZ"T6 is the Fresnel coefficient,

and 19"T¢ is the coherent length of the THz wave in ZnTe.
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B. THz generation from CoSi

CoSi belongs to the P213 space group, and its second-order conductivity tensor has the same
form as (S2) except that the parameter is a complex number o + 7. In the experiment, samples
with (111) surface are measured. After a rotation transformation of the conductivity tensor, the

total current j can be written as

j=oc?  EE* (S9)
with
25 cos(39) \/ga sin(3¢) —%
2 sin(3¢) —\/ga cos(3¢) —in
—% in 0
%a sin(3¢) —\/ga cos(3¢) n
2 _ /2 ]2 _ o S10
o 50 cos(3¢) 50sin(3¢) 7 ) (S10)
—in —% 0
—% —in 0
m —% 0
20
0 0 7

where the operators o and 7 describe LPGE and CPGE contributions, respectively, and ¢ is the
angle between the sample axis [2 -1 -1] and x axis in the lab frame. For most of our experiments,
we use only one QWP to change the polarization of the incident light and fix $=90 degrees. The
electric field after the QWP is

tp cos(0n) (cos?(0) + isin®())
E=E (1 —i)tssin(0) cos(0) (S11)
tpsin(fin) (cos(8) + isin®(6))
With [S9] and the geometry shown in Supplementary Figure [I} one can calculate the current com-

ponent coupled to the free space THz radiation in the far field,

57%1(0) =inE2 sin(26) sin (6 + fous) (Re(tst) + Im(tot%) cos(26))
2

— ﬂ cos 2 (2sin (265, ) cos — 3 cos (20in)) sin
8\/§( (49) + 3) ‘tp‘ (2 (201n) (Hout) + (1 3 (20111)) (eout))

2
o

2V/3

sin(26) (sin(?@) Its| 2 sin (Bout) + V2 cos (0in) cos (Bout ) ((cos(20) + i)tyts + (cos(20) — z')tst;))
(S12)
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The parameters tst;‘,, 0;n and O,,+ used in this equation can be determined by the linear optical
conductivity of CoSi, which is shown in the main text Supplementary Figure 3c. In Supplementary
Figure |2/ we show ¢st;, (Supplementary Figure ) and 6;,Supplementary Figure ) as a funcition
of excitation energy and 6,,; Supplementary Figure ) as a function of radiation frequency (See
details in the Supplementary Note .

Considering Re(tst;;) > Im(tst;‘,) and Oy < 1, can be further simplified to

J&F£(0) =nEg sin(26) sin (6in + Gout) Re(tst;)
2

ok :
= 728 cos(46) +3) Iy s (20) o5 B (s13)

2
o

V6

To get pure CPGE, we measure the current difference between =45 degrees and =135 degrees,

sin(46) cos (6in) Re(tst,).

. 1/, 37 . T ] ,
JOREE = 5 <J§ff(4) - J?ff(4)) = nRe (tstp) sin (i + Oout) EE = yC%nE?. (S14)

Note the above equation is true for any crystal orientation, i.e., any ¢ and surface index.
We then calculate the generated current out of the incident plane, with the same approximation
Re(tsty,) > Im(tsty) and O < 1,

2
oEj

Bys0) =172 (\/5 [tp]? (cos(40) + 3) cos (Bin) + 25t sin(46) sin(6i) + V2 [t]? (cos(46) — 1)) .

(S15)
Note this result does not have any term with 7, meaning CPGE does not produce out-of-
plane photocurrent, which is consistent with the longitudinal response. In the main text, we
write: Eg.(0) = Asin(20) + Basin(40) + Cy cos(460) + Dy and E,(0) = Bjsin(46) + C cos(46) +
Dq. Here E,, is related with jff]'?f and FEy is related with jé”f £ and one can see that coefficients
A,B1,By,C1,Co,D1,Dy are determined by the CPGE conductivity n and LPGE conductivity o.
Similar to ZnTe, the generated THz field of CoSi in the near field is

_ Zojess()

CoSi C0Si7CoS1i
E€ff (Q) - QnCoSi(Q) Tp ! (Q)v (816)

where jeorr(€2) is the Fourier transform of jcsy, n®°5(Q) is the refractive index of CoSi, TpCOSi

is the Fresnel coefficient, and [©°%% is the penetration depth of the incident light in CoSi. Note
no5i(Q), Tpc 5% and 1€°5% are determined by the optical conductivity of CoSi and their dependence
on radiation frequency or excitation energy are shown in Supplementary Figure [2| (See details in

the Supplementary Note |1 EJ).
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C. Derivation of CoSi response by the benchmarking ZnTe

The emitted THz wave is collected by two off-axis parabolic mirrors and focused on a ZnTe
detector. A probe beam with 35 fs pulses is also focused on the ZnTe detector. The electric-optical

sampling signal in frequency domain is

_ wn? L Erps(). (517)

Since ZnTe and CoSi are measured in the same setup, they should have the same collection efficiency
for a specific THz frequency, thus

(AI(Q) )CoSi B Eg}}s"‘(ﬂ)

I = (S18)
AI(Q ZnTe :
( I( ))ZnTe Eeff (Q)
Combining the equations above,
@ (AII(Q))CoSi nCosi(Q) TpZnTe [%nTe 7ZnTeQ (519)
= . y - (eg x4
n (AII(Q) )ZnTe nZnTe(Q) TpC’oSl lCoSz ,yCoSz 1

D. Derivation of effective emission depth

Incident ultrafast light pulses consist of a distribution of frequency around the center photon
energy. Generating current in CoSi (and polarization in the case of ZnTe) in the THz frequency
involves with difference frequency generation (DFG) within the pulse frequency.

When two electric fields (E, and Ejp) with frequency w, = w + 2/2 and w, = w — /2 are
incident on the sample surface, the electric fields inside the sample at a depth of d is E, =
Eetkad/ cos (Oim)=i(wtQ/2)t gn Fy = Fygethed/ cos (0in)—ilw=2/2)t  The generated current with THz

frequency §2 at the depth of d is
Ja(t) = o() Egg Eype! e ~Hi)8/ cosOim)eick, (820)
The THz wave generated by the current in depth d on the detector is
Eal(t) = T(Q)0(Q) Eao Eyge! ka3 <03 (0in) g=ikad/ cos (Gour) =it (S21)

where I'(Q2) is the conversion efficiency from THz current in the sample to THz wave on the detector

at frequency 2. After integrating over propagation direction of output THz wave, one gets

—iQt

L(Q)0(Q) EqoEpgetFa—kp)e
i(kg — kf)d S50 jkod

oS Oout

Eq(t) = (522)
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So the effective emission depth is

1

lo = |- — (523)
i(ka — kf)d250in — ikod
In the case of ZnTe, one can assume k, and k; to be purely real so
12nTe(Q) = < (S24)
cos(fou nTe ’
(ng(w) S22t 4+ nZnTe(02))Q

where ng(w) is the group index of ZnTe at the frequency w.
In the case of CoSi, k, and k; have the imaginary part Im(n®°%(w))w/c and is much larger

than (ng + ko)Q2/c, so

Cc

lCoSi(Q) _

9 Tm(nCoSi (w)) Céfs(feif)) w

(S25)

The excitation energy dependence of 1°5(Q) is shown in Supplementary Figure . Note in the

figure we ignore its dependence on 6,,; by the approxiamtion ,,; < 1. See details in Supplementary

Note [TEl

E. Parameters based on optical conductivity in CoSi

During the above conversion process, many parameters relied on the optical conductivity in
both THz and excitation energy range are needed. Our linear conductivity measurement in CoSi
is summarized and discussed detailly in Ref. [4]. In this paper, we reproduce the data measured
at room temperature at both the excitation energy range (Supplementary Figure ) and the
THz radiation range (Supplementary Figure ) For excitation energy range, we calculate the
refractive index Supplementary Figure ), penetration depth (Supplementary Figure ), Fresnel
correction coefficient (Supplementary Figure [2¢) and refracted angle 6;, (Supplementary Figure
2f) as a function of excitation energy. As for the THz range, the lowest energy we get from the
linear conductivity measurement is 1.6 THz, while the THz wave we detect in the THz emission
experiment is 0.2-2 THz. To get the linear response below 1.6 THz, we fit the measured data from
1.6-6.0 THz by Drude formula. The zero-frequency extrapolation agrees with the DC transport
conductivity. The best fit is shown in Supplementary Figure [2a with the broadening I' = h/7=14

meV and transport conductivity oo = 6.1 x 103 Q~tem™!.

We then derive the refractive index
(Supplementary Figure ), the angle of in-phase radiation direction 6,,; Supplementary Figure

) and the Fresnel coefficient (Supplementary Figure ) in the THz range.
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F. THz time traces of optical rectification in ZnTe and CPGE in CoSi at different excitation

photon energy

Here we show the raw data of THz waveform in the time domain of optical rectification in ZnTe
and CPGE contribution of CoSi at 0.200 -1.050 eV in Supplementary Figure [3] All the data are
normalized by the incident power. ZnTe is excited by horizontally polarized (xz-plane) incident
laser pulses, and the in-plane component THz wave is collected. The CoSi CPGE data shown is one
half of the difference between the in-plane THz wave of the left-handed and right-handed incident
laser excitation pulses. The laser pulse energy range of 0.200-0.450 eV is generated by difference
frequency generation (DFG), while the range of 0.475-1.05 eV is generated by optical parametric
amplifier (OPA). In the DFG range, a germanium focusing lens and a MgFy achromatic quarter-
wave plate are used, and in the OPA regime, a BaFs focusing lens and a quartz-MgFs achromatic
quarter-wave plate are used. (See more details in Methods). A broadening of the waveform and a
decreasing of the peak signal are observed at the low-energy edge of both DFG and OPA, which
is caused by a larger laser pulse width from the total dispersion of the quarter-wave plate, the
focusing lens and the linear polarizer. In general, the ZnTe shows an energy-independent signal
as expected, which serves as a good benchmarking material. For the CoSi CPGE signal, the raw

signal increases dramatically from 1.050 eV and peaks at around 0.400 eV.

Supplementary Note 2. Additional symmetry-related measurement
A. CPGE signal at different sample azimuth angles at 0.35 eV

Besides the measurement performed at 0.50 eV shown in the main text Figure 2g, CPGE signals
at different sample azimuth angles are also measured at 0.35 eV, which is close to the CPGE peak.
The measured THz time traces in different azimuth angles are shown in Supplementary Figure

All of the curves overlap well, which is consistent with the symmetry analysis.

B. THz peak signal at 0.375 eV as a function of quarter-wave plate angle

The measured F,, as a function of the quarter-wave plate angle is shown in Supplementary
Figurdbh. The in-plane THz wave form under left-handed and right-handed laser pulses are shown
in Supplementary Figure Eb. The two curves are almost identical to each other with the opposite

sign. The extracted CPGE and LPGE components are shown in Supplementary Figure [5c. From
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these two plots, one can see that CPGE much larger than LPGE at 0.375 eV. The black curve in
Supplementary Figure |5 is the fit by E,.(0) = Asin(20) + Bssin(46) + C5 cos(46) + D,. Note that
Ey(0) = Bysin(46) + Cy cos(40) + D1. At 0.5 eV, fitting E,, and Ey leads to As: By: Co: Dy =
155.25: 78.09: 7.42: 20.84 and A;: By: C1: D1 = 0.51: —5.86: 77.33: 117.62. At 0.375 eV, fitting
E,. gives rise to As: Bo: Cy: Dy = 380.73: 38.32: 2.98: 8.37.

Supplementary Note 3. Comparison with Quantized CPGE

The CPGE current is also called the injection current, of which the generation rate is propor-

tional to incident power. The predicted quantized CPGE current satisfies

95 _ 2

where 5., = ify/3 = z% in the quantization regime. If we assume the hot carrier lifetime in the

sample to be 7, then the Drude model for the current in the frequency domain is

iQ5(Q) = BuaF (ES(t)) — ‘7(TQ) (S27)
which yields
) = = PR (0) = i (), (529

where F(EZ(t)) is the Fourier transform of E3(t), and where we have defined n = 19%11 77 As

shown in Supplementary Figure [6p, we did not observe an obvious THz frequency dependency of
1, which is consistent with the fact that 7 is much shorter than the laser pulse width, justifying
the approximation n & S, 7.

Since the measured peak of B, is 1.1C, in units of the quantization constant Sy = ’Th—e;, and the

measured 37 is around 550A/V?, we have

h wed h

wed eV
“Mmey T (530
AeV
- 21"‘/—2%, (S31)

Therefore, we determine the broadening factor I' to be 38 meV, which corresponds to a relaxation

time of 7 = % = 17fs. As shown in Supplementary Figure |§|b, when the chemical potential

is at -37 meV, calculations with broadening of 5 meV and 38 meV could reproduce the profile
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(width) of experimental data, but apparently, the calculation of 5 meV broadening would give rise
to a peak which is 7-8 times too high considering the extended relaxation time. Therefore, as
stated in the main text, the broadening of 38 meV is chosen to constrain the width and the peak
of the measured CPGE spectrum. In general, the hot-electron lifetime, and hence I', is energy-
dependent. However, as shown in Supplementary Figure 3a in the main text, the assumption of
an energy-independent broadening of 38 meV results in a calculated CPGE that matches well the
experimental data between 0.25 eV and 0.7 eV. Calculations of different chemical potential with
a 38 meV broadening are shown in Supplementary Figure @C The curve with Ef = —37 meV
matches the photon-energy dependence well, and therefore we interpret this value as the Fermi

level of our CoSi sample.

Supplementary Note 4. Possible CPGE quantization from the DFT

Supplementary Figure[7h shows the band structure of CoSi with spin-orbit coupling (SOC). The
threefold nodes split into a four-fold spin 3/2 node and a Weyl node with ~20 meV separation,
much smaller than the 114 meV splitting in RhSi, which indicates that SOC is relatively small in
CoSi. Consequently, we use 20 meV as an estimate for the energy scale of SOC in this compound.
Supplementary Figure shows the CPGE current calculation at 0 K with different chemical
potential with a broadening of 5 meV without SOC. It shows a wide quantization plateau from
the I' point when the Fermi level is above the threefold node, other than the narrow quantization
region at Fy = —37 meV as shown in the main text.

We further study the effect of changing the hot electron lifetime 7 on the CPGE spec-
trum.Supplementary Figure shows the CPGE current calculation at 0 K with the chemical
potential of —37 meV but with different broadening factors h/7. The quantized plateau at ~
100 meV disappears when the broadening reaches 10 meV. Moreover, Supplementary Figure
shows that with the broadening of 40 meV, the dip around 0.2 eV is not quantized even when the
chemical potential is above the multifold nodes at I'. Therefore, longer hot-electron lifetime or
electron doping is essential for the observation of quantized CPGE in CoSi. Another possibility
discussed in the main text is the hole doping to Ef = —67 meV, which turns on the transitions
for the multifold nodes at the R point. The resulting wide quantization plateau around 0.4 eV is
quite robust even up to room temperature. Its detection would not require a low-frequency and
low-temperature measurement.

Since large SOC would remove the CPGE quantization, we also compared the results



20

with/without SOC. Supplementary Figure [e-f shows the calculation of CPGE current at two
different chemical potentials with and without SOC. One can see that the difference is quite small,
especially in the experimental measurement regime of 0.2 eV - 1.1 eV, which proves CoSi is an
ideal platform for the realization of quantized CPGE. The small differences between calculations
performed with and without SOC support the validity of the spinless k - p model used in the
main text, and the four-band tight-binding model in Supplementary Note [5| used to reproduce the

dip-peak structure of the ab-initio CPGE spectrum.

Supplementary Note 5. CPGE from a tight-binding model for CoSi

In this note we calculate the CPGE using a tight-binding model that captures all symmetries
of space group 198. This model was previously used to study RhSi in the same space group [1H3],
and CoSi [4]. Neglecting spin-orbit coupling (see Supplementary Note. [4]), the tight-binding model
is defined by three material-dependent parameters, v, vp, and vy, which we take as v; = 1.29,
vp = 0.55, and vy = 0.25 eV for CoSi [4]. To this model we add a constant energy shift of
0.65 eV, which amounts to choosing the chemical potential to be 110 meV below the node at T
This chemical potential is chosen to reach the best agreement with the experimental data. The
resulting bands are shown in Supplementary Figure [8h. Compared to DFT these bands capture
well the linearly dispersing multifold bands and the separation of the multifold nodes in energy
and momentum space. However, this model overestimates the bandwidth of the multifold bands,
and the quadratic corrections to the flat band at I' compared to DFT.

The calculation of the CPGE follows Ref. [2] and uses Eq. (2) in the main text. To incorporate

the effect of disorder, we add a phenomenological broadening of the Dirac delta function é(x) —

1_r
w2412

and Supplementary Note The result with I' = 40 meV (7 =~ 16 fs) and T = 0 is shown in

where I' = /7. To compare with experiment, we plot /3,,7 as discussed in the Methods

Supplementary Figure [8b. The curve shows the peak-dip feature discussed in the main text and

in Supplementary Note [6]

Supplementary Note 6. Spinless k- p model with quadratic corrections

As argued in the main text, one can gain more insight into the main features of the experiment
using an effective k - p model neglecting the effect of SOC, where the band structure of CoSi has a
threefold crossing at I' and a double Weyl crossing at R. The double Weyl crossing at R has linear
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dispersion for all energies of interest, so the relevant model is that of Ref. [2], which is explicitly

Ho— 070 (832)
0 vpo - k
The spinless threefold model at T' has also been presented in Ref. [2] but only to linear order in
momentum. For this work, we need to extend it up to quadratic order, which we do next.

CoSi has space group 198, and for effective models near I we only need the irreducible represen-
tations (irreps) of the point group, which is 7. However, it will be useful to first derive the model
for the point group of higher symmetry O, and then find the terms that break the symmetry down
to T. This will clarify the relative importance of the different quadratic corrections.

The point group O can be generated by Cj5 rotations around (111), Cy rotations around (100)
and C} rotations around (110), and it has 5 irreps transforming as A; ~ 22 + 3% + 22, Ay ~ zyz,
E~ (22 — 92,222 — 22—y /V3), Ty ~ (x,y, 2) and Tp ~ (yz, zx, zy). Point group T is obtained
by breaking C%, so it is generated by the C3 and Co operations only, and has three irreps, A, F,
T. The subscript in A; 2 and T} 2 distinguishes the transformation under CY in O, and it is absent
in T where these pairs of irreps become the same.

The three basis states for the threefold crossing at I' in O form a 77 irrep. Operators acting in
the subspace of this three basis states can be chosen as the Gell-Mann matrices A, witha =1,---,8

(and i = 0 the identity), which are given by

010 0 —i 0 100 001
M=1100 X=|i 00 A=10-10 M=1000 (S33)
000 000 0 0 0 100
00 —i 000 00 0 10 0

1
M=100 0 X=1001 AM=100 —i Xd=—=1|01 0
5 6 7 (3 8 \/g
i 0 0 010 04 0 00 —2

(S34)

They transform as bilinears of the basis states so they must form irreps Ty ®T1 = A1+ E+ T + 1.

Taking the standard representation of the rotation operators as

001 -1 .0 0 -100
Csany=|100 |, Cor=1 0 =10 |, Cyaip=1] 0 01 [, (S35)
010 0 0 1 010
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it can be checked that the following combinations of Gell-Matrices transform as the irreps of point

group O:
Ti = (= A2, A5, — A7), (S36)
Ty = (A1, A, Ae), (S37)
E= (-1 + %X, L3 — 1hs), (538)

while Ag trivially transforms as A;. Time reversal symmetry is implemented as complex conjuga-
tion, so TN T = —T) is odd while T'T57T =T, and 7T ~'ET = E are even. The matrices in T}
are also the spin-1 matrices S used in the main text. The effective Hamiltonian can now be built
making scalar combinations of the Gell-Mann matrices with momentum irreps, which up to second

order are
Ka =k + k. + k2,
K= (km, kyv kz)7
KTQ = (kykza kxkza kxky)v

which allows four terms in the Hamiltonian preserving time-reversal symmetry

2
ak? + gc(kQ —3k2) vk, + bhyks —ivky + bk
2
Ho=| —ivky, +bkyk, ak®+ g(lﬁ —3k2) vk, + bkyk, : (S43)
2
ivky + bhigks —ivk, +bkok,  ak® 4 (k% — 342)

where k = /k2 + k2 + k2. If we now consider the physical point group T, a single extra term is
allowed because there is a new momentum irrep K, = (—(2k2 — k2 — kg) /3, k2 — k;), which leads
to
.y k2—kZ 0 0
HT = HO + ﬁ 0 ]{23 — ]{73 0 . (844)
0 0 k2 — k:f,
To obtain the values of this coefficients, we expand the energies of the three bands to lowest

order in momentum. The exact energy of any three band Hamiltonian written in terms of the

Gell-Mann matrices H = A\ghg + hoAq is given by

hg 1 h3 3 2mn
En=ho+2¢/— = —\/ — 4
o+ 3 Cos [3 arccos <h2 h2> + 3 } (545)
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where v = 1,...,8, hy = hoha, h3 = dagyhahgh,, and d.g, are the SU(3) symmetric structure

constants. Expanding the energies up to second order in k we find

By = —vk+ak? - <b + 2;) f1(k)k? + %h(k)kz, (S46)
Ba= ai 42 (04 5 ) 0O = 5 R00R, (547)
Fs3 = vk 4 ak? — <b + 2;) f1(k)k* + %fQ(k)kQ, (S48)

where k =\ /k2 + k2 + k2, fi(k) = (k2K + k2k2 + k2k2) /k* and fa(k) = (k3 + K, + k1) /K% We
observe that there are no terms proportional to d in this expansion to second order, which means
d cannot be obtained by fitting the bands alone. However, this does not mean that we can set d
to zero, as the matrix elements of the Hamiltonian still depend on d. In this model, to fit d from
ab-initio input would require an ab-initio calculation of the low energy Berry curvature or some
other matrix element that is sensitive to d, as it was done in [5]. For our purposes, we leave d as
a free parameter, and check that it has a negligible influence on the CPGE. In the main text, for
simplicity we present the model with d = 0. Inclusion of this term would have only been important
to describe effects that are forbidden under O but finite under 7', like the linear photo-galvanic
effect (LPGE) or second harmonic generation (SHG).

From ab-initio computations, we obtain the value of v, a, b and ¢ by fitting the energy bands
near the I' point. The results to order k% are shown in Figs. @

We can now proceed to compute the CPGE using Eq. 2 of the main text. For the R point,
since we assume a linear double Weyl model with no tilt due to time-reversal, the CPGE has been
computed before [2], and it is given by a sharp step function 6(w — wg). The position of the step
wp can be estimated, to a very good approximation, by the energy difference in the R-X direction
where there is no splitting to any order. When u crosses the node, we obtain wg = 286 meV, and
for 4 = —10 meV we obtain wy = 267 meV.

For the I' point calculation, quadratic corrections have two effects: first, they modify the energies
inside the ¢ function and Fermi functions, modifying the allowed transitions and thus the JDOS.
Second, they modify the matrix elements in the integrand, spoiling the perfect quantization of the
linear model. In Supplementary Figure we calculate the CPGE for the I' point considering
only the first effect. Because the matrix elements are that of the linear model, the transition
1 — 3 is forbidden by angular momentum conservation. For the other two transitions 1 — 2 and
2 — 3, the effect of quadratic corrections is to modify the energies where they become active or

inactive. These critical frequencies are determined by the dispersion in specific directions where the
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energy differences between bands are minimal or maximal, for a given modulus of k. For our ab-
initio parameters and for sufficiently small negative chemical potential, the directions where energy
differences are minimal or maximal are always I' — X and I" — R, respectively (see Supplementary
Figure ) Since bands 1 and 2 are partially filled, there is a frequency window (w;t,wf?) from
where the transition 1 — 2 activates to where it becomes maximal, and another frequency window
(ws', wlt) where its contribution decreases to zero. On the contrary, band 3 is always empty, so
the transition 2 — 3 activates in the frequency window (w§( , w?) and does not disappear at larger

frequencies. These critical frequencies can be found analytically to first order in the chemical

potential and read

4c — 3a
Wit =—p <1 + 5 u) , (549)
6c —3u
= S50
2 4(:—3(1”+ 4c —3a’ (850)
—6¢ —3u
= S51
3 4C—3CLM+ 4c—3a’ (S51)
2b + 3a
Wit =—p <1 - = u) : (S52)
3b 3u
R
= S53
“2 79 1 34" 20+ 3a’ (853)
—3b 3u
R
- . 4
“3 =0 3a" TV 2+ 34 (854)

In our CoSi effective model with the fitted ab-initio parameters, we find that g = —40 meV is
well within the applicability of these equations. The transition 1 — 2 starts to die out before the
2 — 3 picks up, which leaves a dip in the CPGE. Note that we have not included wf and wf
in the main text because they take too large values due to the flatness of the intermediate band.
To compute the total CPGE we also need the contribution from the R point, which produces a
sharp jump. When this sharp jump accidentally occurs in the middle of the dip contributed by I,
we generically get a dip-peak structure as observed ab-initio (see Supplementary Figure ) For
different model parameters, the critical frequencies might be determined by the dispersion in other
directions different than I' — X and I' — R, and can only be calculated numerically.

Including now the corrections to the integrand (see Supplementary Figure ), we observe
that they only lead to a smooth change that grows with frequency, without changing the curves
qualitatively. Transitions from band 1 to 3 are now allowed, but we found them negligible for our
parameter set and were not included in any plot. The origin of the dip can therefore be attributed
to the change in JDOS induced by quadratic corrections. The dip remains approximately quantized

as it originates from transitions 1 — 2 with a closed manifold. In contrast, the peak is generically
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non-universal since it is composed from contributions of both the I' and R. If the frequency
window where the I' contribution vanishes overlaps with the window where the R point transitions
contribute, the peak becomes universal.

Finally, we have also studied the effect of the parameter d, which was set to d = 0 in Supple-
mentary Figure [[0d. We have recomputed all the curves in this figure with d = 1 and checked
that for w < 0.4 eV, the curves deviate from those at d = 0 by 3% at most, and this difference
reduces monotonically for lower energies. As anticipated, the effect of this parameter is negligible

in CPGE.
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