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A Accuracy of ratio estimators

A.1 Almost sure convergence of ratio-of-means estimators with independent

and uniformly-bounded terms

m R m
Here we prove that 4 o . 25,4 5, Where Am = Z a; and B,, = + Z b; give the ratio-of-means
m  M—00 Zfl i=1
estimator described in the main text. It suffices to prove A, ——— Ac and By, —> Be # 0,
m—0o0

from which the result follows using the continuous mapping theorem |1}, 2]. The proof for A,,
follows, which applies analogously to B,,. Our a; are independent but not identically distributed,
since they depend on p;; that varies per locus, so the standard law of large numbers does not apply
to A,,. We show almost sure convergence using Kolmogorov’s criterion for the Strong Law of Large
Numbers [3], which is satisfied for bounded Var(a;). Since |a;] < C' < oo for all i and some C' (see
main text), then E[a?] < C?, so Var(a;) < C?. Therefore, Ay =225 limy, o0 B [flm] = Ac, as

m—0o0
desired.

A.2 Order of error of expectations

The error of the ratio of expectations from the expectation of the ratio is given by

An] BA.  Cov(52Bn)
em =B Bn| EBn Eme} B mQBc;Z;CO < )

which follows from Cov(X,Y) = E[XY] — E[X]E[Y] and expanding the covariance [4]. Previous
work on ratio estimators [4, 5| assumes IID a; and b;, which does not hold for SNP loci. Assuming
independent loci (Cov(a;, bj) = 0 for ¢ # j) and large m so B,, ~ Bc is practically independent of

any given a; and b;, then

~

€Em ~
m3202

ZCOV (ai, b;) ] .

Since a;, b; are bounded, | Cov(a;, b;)| < C? for the same C' of the previous section, so

02

lenl < pre

for some large enough m and C. Hence €,, = O (%) as is for standard ratio estimators [5].

B The Weir-Goudet Fgt estimator for subpopulations

Here we show that the relative Fgp estimator presented in [6] (denoted by fwr in that work) for
biallelic loci equals the HudsonK Fgt estimator in the main text. This estimator—the special case

for biallelic loci only—is implemented in the function snpgdsFst with method option set to W&HO02
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in the R package SNPRelate by the authors of [6]; despite this method name, this estimator does
not equal the Weir-Hill estimator in |7], but rather the estimator described below (verified both
numerically and by looking at the source code). Note that Weir-Cockerham (W&C84) is the only
other Fgr estimator implemented in that package as of this writing (other Fgr estimators proposed
in [6] are not implemented). The earliest presentation of this exact estimator that we are aware of
is [8], which came out the same year that we first described HudsonK [9].

The Weir-Goudet relative Fgr estimator for subpopulations is given by

FWGsubpops _ MW - MB
ST 1— MB

" 2, X 1
*2 Z2njil(;p?j“>_2nj—1’ (S1)

J

,  where

MW

m n n
MB = = Z — ;k %ﬁzﬂ:m]’umkm

and p;j, is the sample allele frequency at locus ¢ for subpopulation j and allele u. As in the existing
Fst methods section, here n is the number of subpopulations and n; is the number of individuals
in subpopulation j.

In order to establish the connection between this and other Fgr estimators, we first generalize
some of our earlier notation to be for more than two alleles. We can calculate the allele frequency
variance term per allele u, or

.2 1 " . T2
Oju = Z (Piju - piu) )

n—14%
Jj=1

where ﬁ;"; = % Z?:l Diju is the sample allele frequency estimate for each allele u weighing subpopula-
tions equally. Expanding the square and rearranging, we find that the sum of square subpopulation

sample allele frequencies is given by
AT\ 2
sz]u - ’I’L - 1)0 +n (pzu) .

Going back to the WG estimator for subpopulations in Eq. (S1)), its parts can be restated as

oL z(z) ( Z)

]—1

m

_ %Z <Zn_163u+ (pw)2> - ,,122”;2”] — ( pru) :

J
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Similarly,

MB_ 1 m 1 n - n N
_Ezzmzpuu Z Piku

j=1 k=1,k+j

722 pru npm ngu)

n

=§122n<n1_1> (=3
i=1 u

J=1

SIS s () = - 16 = (L))
=1

Now, taking the special case of biallelic loci (ﬁz; = ﬁiT for the first allele u, and ﬁg; =1- ﬁiT
for the second allele; note that 5’7;2u = 5’7;2 for both alleles; also note repeated use of the identity

p? + (1 —p)? =1—2p(1 — p)), the expressions simplify to

~ 1 & n—1., m2) le= 1 9 A \2
MY = =3 (27— 2D (-0 ) -2 (1 =55 — (1 =pyy)%)

m n :12nj71
_ 2 « n—1, T T 1 ¢ Pij (1 — pij)
*1+%i:1 o 0P TP (1—Pi)—nj:1%j_17
—~ 1 & 2 2
MP=—% (p) +(1-p]) -6
i=1
2 - 1.
:1_m;p?( —67

Thus, the numerator and denominator of Eq. (S1f), respectively, are also equal to

m

— — 2 1 = pij (1= pij)
MW B =2 52 _ L AN <4
mZU’ n 4 2n; —1 7

=1 7j=1

ArB 2 = ~T AT 1A2

Thus, the above numerator and denominator are, respectively, twice the values of the HudsonK
estimator in the main text, a common factor of two that cancels out. Therefore, in this special
case where every locus is biallelic, the WG Fgr estimator for subpopulations equals the HudsonK

estimator.
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C Derivation of existing method-of-moment estimators

C.1 Fgt estimator for independent subpopulations

Assuming the coancestry model in Eq. @ in the main text for independent subpopulations (93;,€ =0
for j # k), the first and second moments of the TAFs are:

Elmy|T] = py , (S2)
E [73|T] = (o])" + 07 (1 - pF) 6], (S3)
E [rym|T) = (07)" i j#k. (S4)

Fg1 = % Z ; appears by averaging Eq. %I) over j:

1 n
=S| = () + o] (1= p]) o (S5)
j=1 ]

Since Eq. has the same value for every j, and Eq. as well for every j # k, we average these
n

to reduce estimation variance. The results are in terms of p} = % > mi

E[p;|T] =E %Z%’T =/, (S6)
E [(@T)Z‘T} — — ZZmﬂr,k T pz ) —|—p;-r (1 —pZ-T) %FST- (S7)
| 71=1 k=1

Fgr also appears in Eq. because j = k terms are introduced in the double sum. Subtracting
Eq. and Eq. in turn from Eq. results in:

Z%T =pl (1-pl) (1 - Fsr),

B[ (1= )[) =5 (1-57) (1- 2 Fa).

To reduce variance further, we average across loci, giving

1 R 1 —T
E EZ PiT—EZW?j T|=p(l-p) (1-Fsr),

—T 1
Tl =p- " (1 1R,
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— T m — T
where p(1 —p) = % S pl (1 — p;f) Eliminating p(1 — p)  and solving for Fgr in this system of
i=1

equations results in the following Fsr estimator:

[ 18- 2 T\ 2
; n ;7%‘ - (#/)
Findep _ = J= 98
o o [ ~1 Yy 11~ 2 7 )
‘21 pf (1=pf)+ 5 Ezlﬁz'j_pi
1= Jj=

n
This estimator is simplified noting that % > 771‘23‘ appears in the IAF sample variance,

j=1
2 1 " T 2 . n 1 n 2 T 2
0; —n_lz(mj*pi) T h_1 ﬁzwz’j*(%‘) J
7=1 7=1
so substituting it into Eq. (S8|) recovers Eq. in the main text as desired:
m
e
findep i=1
fsr” = AT ~T 1.2
lei (1-5]) + 50;
1=

C.2 Standard kinship estimator

Here we assume the kinship model in Eq. in the main text. Since the first moment is the same

for all individuals j, we average these genotypes to reduce variance,
n
E ijmij T| = QpZT,
j=1
which results in the following estimator of p!:
1 n
AT
p; = 5 Z U)j%m’.
j=1
Each @]Tk, appears once per (7, k) pair in Eq. , recast here in terms of the sample covariance:

E [(wi; = 2p]) (zae = 20])|T] = 4p] (1= p]) &}y

Variance in the kinship estimate is reduced by averaging across loci, yielding:

m

1
E|— Z (asij — 2pZT) (mzk — 2plT)

m “
=1

T

1 m
=dpjp—> i (1-p]). (S9)
=1

Plugging p! into Eq. and solving for (p]Tk recovers Eq. in the main text as desired:

m

> (zij — 207 ) (i — 2p])
ATstd _ i=1
7k - mo .
1 le? (1-5])
1=

S6



D Proofs that Fst and kinship estimator limits are constants with

respect to the ancestral population T

In our work we calculate the limits of several estimators, which are given in terms of an arbitrary
ancestral population T' (not necessarily the MRCA, unless otherwise noted). The apparent paradox
that the limit of an estimator would vary depending on the choice of T is resolved since these limits
are in fact constant with respect to 7. All proofs depend on the following IBD identities for change

of ancestral population [10]:
(=5 =0-17) (0~ 1),
(1=ejk) = (L=k) (1= 15).

where A, B are two possible ancestral populations for the individuals j, k, and A is ancestral to B.

(S10)

D.1 Proof that the limit of Fim®® does not depend on T

Here we study the limit of Fsir%dep in Eq. in the main text. Let S be a reference population
ancestral to the individuals in question and 71" be another population ancestral to S. Denote the key
parameters relative to S by FSST, 6° and relative to T by FSTT, 67. The equations that relate both
quantities satisfy our IBD shift identity (which follows by averaging Eq. over individuals for
Fst or pairs of individuals for §7):

(1= Fgr) = (1= Fgr) (1= f5)
(1=07) = (1-0%) (1= f5).

Solving for the values relative to S gives

- f o T
1—f5 1-f5

The desired equality of the limit for both .S and T follows:

n (FSTT—fE 0" 5§ )

n (Fgp - 0°) _ 1-f 1-f3
n—1+4+Fg,—n@S 1 Fc—fs 07-f5

-7 nl—fg
_ n (Fgp —0")
(=) (1= ) + (B — fE) —n (07 - £§)
n (Fgp —0")
n—1+ F& —nfT"

D.2 Proof that the limit of cﬁjr,ftd does not depend on T’

Here we study the limit of the standard kinship estimator @;‘Q’ftd in Eq. in the main text. Let

S be a reference population ancestral to the individuals in question and 71" be another population
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ancestral to S. The equations that relate the terms relative to S and those relative to T" follow from

Eq. (S10)) just as in the previous subsection:

o5 %k 7§ 29 = ¢ — £
k;_ ) '_77
J 1_fS J 1_fS
¢£:¢Z—f§ sbs:@T_fsT.
1—fi 1—fE

The desired result follows:

Wi =0 — R +9° ol — ¢ —sok+<ﬁ
1_@5’ - 1_

E Mean coancestry bounds

n
Here we prove that, for any weights such that w; >0, >~ w; =1,
j=1

0<60" < Fsr <1,

and for uniform weights fFST < 6T. Furthermore, 7 = Fyr iff Hka = Fgr for all (j,k), and
o7 = %FST for the independent subpopulations model.
The Cauchy-Schwarz inequality for covariances implies Hka < ,/0}-}9&. Therefore,

2

Zijwkﬁjk < Z:wj\/ﬁ7 < Zwﬂfj = Fsr,

j=1k=1 j=1

2 is a convex function. Since

where the second inequality follows from Jensen’s inequality, since x
9}; < 1, then Fgr < 1 as well. Equality in the second bound requires 0T = Fgr for all j, and
equality in the first bound requires Hj = HT = Hkk, so that 87 = Fgr requires 6% ik = = Fgr for all
(4, k). Since all wy, Hﬁ > 0, then

0< Zw?% <",
where the second inequality follows from dropping j # k terms from the double sum of 7. The case

wj = % gives %FST < T, with equality for the independent subpopulations model by construction.

F Moments of estimator building blocks

Here we calculate first and some second moments for “building block” quantities that recur in our

estimators, particularly terms involving z;; and ﬁZT, and which enable us to calculate the limits of
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our estimators. Below are examples for genotypes, which follow from Eq. in the main text;

calculations for TAFs follow analogously from Eq. @ in the main text (not shown).

R _1 n 1 n n
E[p]|T] =E 3 ijﬂﬂij Tl =35 ij Elz;|T] = ijPiT =p;,
|7 =1 i j=1 J=1

2
Elw;jzi|T] = Cov(wij, xix|T) + Elz|T) Elzy|T] = 4 (PiT (1—p]) ¢j + () ) ;
n

k=1

[

_1 n
L k=1

n
=23 wy (o (L=pT) i+ 1)) =2 (o] (1= pT) &) + (])°),
k=1

1 n n

1 n
Var (ﬁZT‘T) = Var 5 Z wixi|T | =~ Z Z wijwy Cov(zj, zix|T) = pl (1 - p;f) @7,
j=1 Jj=1k=1

W

T =pT (1-p7) &7 + (07)°,

1) ~E[)|7] =pl (1 —2l) (- ¢").

E [(ﬁiT)Q‘T} = Var (p'|T) + E [p!

E[pi (1-2/)|T] =E[p

G Derivation of new kinship estimator

To begin the method-of-moments derivation, we compute the raw first and second moments from
the kinship model of Eq. in the main text.
Elay|T] = 2p]
2
=4(p})" +4p] (1—p]) @]
For obtain a symmetric estimator, we also compute the raw moments of 2 — z;; (which counts the
alternative allele):
E[2 - 2;T| =2(1-p]),
2
E[(2—2ij)2 —aa)|T] =4 (1= p])" +4p] (1=0]) ¢}

If we solved for pl-T using the first moment equations, we would recover the standard kinship estimator

of Egs. and , so we shall avoid this strategy.
To proceed, we average the two second moment equations above. Note that

% (ijzie + (2 — 24j) (2 — @) = (1 — 245) (L — i) + 1,
1

5(( f)2+(1—p¢T)2) :%—pf(l—pf)-



Therefore, the symmetric estimator (which gives the same calculation if the reference allele is

switched) is

E[(1—2y)(1 —zp) + T =2+ 4pf (1-p7) (¢ - 1) =
B[(1— i) (1 — z) — 1T) = 4p] (1 —pF) (ol —1).

A genome-wide estimate is obtained by averaging the previous statistics across loci, resulting in

1 m
JIES ST
i=1
E[A;|T] = (‘Pﬁ - 1) UTT,;, where
4 m
vm = o> vt (1= pi)
=1

The new kinship estimator follows from obtaining a consistent estimator of the limit of v as m
goes to infinity, and applying it to solve for w]Tk in the above equation for the expectation of Aj,

as detailed in the main text.

H Mathematical equivalence between the proposed kinship estima-

tor as described here and our original 2016 proposal

The new kinship estimator presented in the main text is algebraically equivalent to the version
presented in our 2016 manuscript [9]. As notation differs, here we establish in detail the correspon-
dence.

We begin by restating the preprint estimator in notation as close as possible in the original
preprint, but with two variables renamed as they clash with our present notation. In the preprint,
there are two steps to the final kinship estimator, analogous to the two steps in our updated
presentation. The first step consisted of obtaining preadjusted kinship estimates that had a uniform
bias, and in the second step the estimates are unbiased using the minimum preadjusted kinship
estimate. The preadjusted estimator (referred to as g&?,;new in the preprint, but which we will
denote by Cji here since it clashes with the notation of our final kinship estimator in Eq. in

the main text) was given by

s

Il
—

(zij — (@i — 1) — 1
+1

T =T
a.s. (pjk —¥

m—so00 1— ng ’

Cir =+ (S11)

m
4§ﬁn—ﬁ)
1=

T

Thus, bias was determined by the unknown @’, which plays the same role as the unknown vl in

our present work. The final estimator (denoted in the preprint by @?,;new, but which matches our
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final kinship estimate @?,;new in Eq. in the main text, so we use our new notation here) was
given by

~Tnew __ -~ _ =T _T as. T

P =Cip(l=97)+¢" ——— ¢ji. (S12)

Lastly, it was proposed to estimate the unknown @’ from the minimum Cjk, since under the

hypothesis that the true minimum kinship is zero, then

R T
mlicn Cjk - CYmin ~ CYmin = (813)
J

- 7
Lastly, the preprint recommends a more stable estimate than Cimin above. Thus, the general ap-
proach was in place that resulted in new kinship estimates given an estimator émin of Clin-

Now we tie the preprint estimator to our present estimator. First note that Eq. (S11)) is the

same as

Asr
Cin="Tp *1

where Ajj, is exactly as in Eq. in the main text, and B = 431" pI'(1 — pl) is a constant
shared by all individual pairs j and k. We will show that this B cancels out in the end, so that
its form does not matter. Thus, in the present notation we eliminated B, resulting not only in a
simpler presentation but also eliminating the only term in the preprint notation that depended on
» (in the new formulation there is no need to estimate any allele frequencies).

The key is to notice that, since B is the same for all individual pairs, any approach to estimate
the limit of the minimum Aj; corresponds directly to an approach for estimating the limit of the

minimum Cj, and vice versa, using the relation:

A Amin
C'min =
B

Solving for the mean kinship in Eq. (S13]) results in an estimate given by

+ 1.

éT _ émin o Amin +B

~

1- Cmin Amin

Lastly, plugging this ¢ into Eq. (S12) results in a final estimator of

G = Cin(1 = ¢7) + ¢
A; Amin Amin
—<J’“+1> | Anin £ BY | Awin + B
B min Amin
_ 1 A
Amin’

which equals the present new estimator in Eq. in the main text, as desired.
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