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A multi-sensor system provides spatiotemporal oxygen regulation of 

gene expression in a Rhizobium-legume symbiosis 

 

Supplementary Text 1: Modelling oxygen regulation in Rlv3841 
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1. Overview 

We developed a simplified mathematical model of our multi-sensor oxygen (O2) regulation 

cascade to further investigate its function and structure. We begin by defining the 

contribution of each component and input to our system and derive an Ordinary Differential 

Equation (ODE) model of its dynamics. This model is nondimensionalised to simplify its 

analysis, and we discuss nominal parameter values with reference to past studies of similar 

regulatory systems. To derive a tractable model the full complexity of the biochemical 

systems involved must be greatly simplified, and many secondary, external factors that could 

influence its behaviour are not included. Therefore, we have aimed to provide a description 

of our system which captures its key qualitative behaviours, but do not quantitatively fit it to 

our experimental results (for which many necessary features, particularly in planta, may not 

be measurable).  

 

2. Model Structure  

2.1. hFixL/FnrN Oxygen Sensitivity 

O2 can bind to the Per-Arnt-Sim domain of hFixL (𝐿) and the cysteine-rich motif of FnrN (𝑁), 

in both cases deactivating the protein (reviewed in [1], see [2] and [3] for details respectively). 

We model the O2 binding state of each protein using Hill-type saturating functions: the 

active (i.e. not O2-bound) concentration of hFixL (𝐿𝑎) and FnrN (𝑁𝑎) can therefore be 

described as [4,5]: 

𝑁𝑎(𝑁, 𝑋) = 𝑁 ⋅
𝐾𝑋,𝑁

𝑛𝑁

𝐾𝑋,𝑁
𝑛𝑁 + 𝑋𝑛𝑁

 

𝐿𝑎(𝐿, 𝑋) = 𝐿 ⋅
𝐾𝑋,𝐿

𝑛𝐿

𝐾𝑋,𝐿
𝑛𝐿 + 𝑋𝑛𝐿

 

where 𝑋 is O2 concentration, 𝐾𝑋,𝑁 and 𝐾𝐿,𝑁  are the half-saturating O2 concentrations for each 

transcription factor, and 𝑛𝑁 and 𝑛𝐿 are the Hill coefficients (apparent cooperativity) of O2 

binding in each case. 

 

2.2. Regulation of fixK/hfixL Expression  

In our model the expression of fixK and hfixL is controlled by an upstream autoregulatory 

network; the two-component system (TCS) involving FxkR and hFixL [6,7]. To simplify analysis 

we proceed by modelling each interaction in this architecture using saturating first-order 

Hill-type functions (thereby assuming each interaction is non-cooperative), and assume that 

interactions between O2/hFixL and hFixL/FxkR occur on a faster timescale than expression of 

hFixL (i.e. the timescale of transcription & translation). With these assumptions we can 

express the rate of change of hFixL concentration (𝐿) as: 
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𝑑𝐿

𝑑𝑡
= 𝛽0

𝑅𝑎

𝑅𝑎 + 𝑘1
− 𝛿𝐿 + 𝜆1  

where 𝛽0 is the combined rate of transcription/translation, 𝑅𝑎 is the quantity of total FxkR (𝑅, 

assumed to be expressed at constant concentration) that is active following interaction with 

hFixL in the TCS, 𝑘1 is the half-saturating constant of the activating promoter PfixK, 𝛿 is the 

rate at which hFixL is degraded/diluted out of the system, and 𝜆 is an expression leakage 

term.  

We express 𝑅𝑎 in turn as a function of active hFixL as: 

𝑅𝑎 = 𝑅
𝐿𝑎(𝐿, 𝑋)

𝐿𝑎(𝐿, 𝑋) + 𝑘2
 

which again has a half saturating constant 𝑘2, and 𝐿𝑎(𝐿, 𝑋) is the amount of active (O2-

dependent) hFixL as defined above. 

Combining the above expressions for 
𝑑𝐿

𝑑𝑡
, 𝐿𝑎 and 𝑅𝑎 allows us to eliminate 𝑅𝑎 and 𝐿𝑎 to give: 

𝑑𝐿

𝑑𝑡
= 𝛽0

𝑅𝐿

(𝑅 + 𝑘1)𝐿 + 𝑘1𝑘2 + 𝑘1𝑘2
𝑋𝑛𝐿

𝐾𝑋,𝐿
𝑛𝐿

− 𝛿𝐿 + 𝜆1  

By combining parameters (including 𝑅, as we have assumed fxkR expression is constant), this 

expression can then be simplified to: 

𝑑𝐿

𝑑𝑡
= 𝛽1

𝐿
𝐾1

1 +
𝐿

𝐾1
+ (

𝑋
𝐾𝑋,𝐿

)
𝑛𝐿

− 𝛿𝐿 + 𝜆1  

where 𝛽1 =
𝛽0𝑅

𝑅+𝑘1
, 𝐾1 =

𝑘1𝑘2

𝑅+𝑘1
   

Since fixK (𝐹) is co-expressed with hfixL, and we assume that downstream processes are not 

consuming fixK, its expression can be expressed using the same equation:  

𝑑𝐹

𝑑𝑡
= 𝛽1

𝐹
𝐾1

1 +
𝐹
𝐾1

+ (
𝑋

𝐾𝑋,𝐿
)

𝑛𝐿
− 𝛿𝐹 + 𝜆1  

 

2.3. Regulation of fixNOQP Expression  

The promoter upstream of fixNOQP includes an anaerobox, to which active FnrN and FixK 

can bind to activate transcription [8,9]. Since both transcription factors bind the same motif 

[10], we model the promoter’s response as a competitive binding process with cooperativity 

of order (𝑛), though we assign different maximal expression rates (𝛽𝑖’s) and binding 

constants (𝐾𝑖’s) to the two regulators. 
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Γ(𝐹, 𝑁𝑎 , 𝑋) = 𝛽2

(
𝑁𝑎
𝐾2

)
𝑛

 

1 + (
𝑁𝑎
𝐾2

)
𝑛

+ (
𝐹
𝐾3

)
𝑛 + 𝛽3

(
𝐹
𝐾3

)
𝑛

1 + (
𝑁𝑎
𝐾2

)
𝑛

+ (
𝐹
𝐾3

)
𝑛 

2.4. Regulation of fnrN Expression 

The promoter upstream of fnrN contains a similar distal anaerobox to that regulating 

fixNOQP [8]. It also contains a proximal anaerobox; past studies have shown FnrN can bind 

this sequence and (by blocking transcription initiation) repress its own expression [5,11]. We 

therefore model fnrN expression as the product of the contribution of the distal anaerobox 

(section 2.3) and a repression function contributed by the proximal binding with 

cooperativity as before: 

Γ(𝐹, 𝑁, 𝑋) ⋅
1

1 + (
𝑁𝑎
𝐾4

)
𝑛

+ (
𝐹
𝐾5

)
𝑛 

Here 𝐾4, 𝐾5 are the half saturation binding constants for FnrN and FixK respectively to the 

proximal anaerobox. 

 

2.5. ODE Model 

Combining the above we can describe our system with three linked ODEs of the form: 

𝑑𝐹

𝑑𝑡
= 𝛽1

𝐹
𝐾1

1 +
𝐹
𝐾1

+ (
𝑋

𝐾𝑋,𝐿
)

𝑛𝐿
− 𝛿𝐹 + 𝜆1 

𝑑𝑁

𝑑𝑡
= Γ(𝐹, 𝑁, 𝑋) ⋅

1

1 + (
𝑁𝑎
𝐾4

)
𝑛

+ (
𝐹
𝐾5

)
𝑛 − 𝛿𝑁 + 𝜆2 

𝑑𝑌

𝑑𝑡
= Γ(𝐹, 𝑁, 𝑋) − 𝛿𝑌 + 𝜆3 

where we have introduced individual transcriptional leakage parameters 𝜆1,2,3 for each 

species, and assume each species is degraded and diluted at an equal rate 𝛿. 𝑁𝑎 and Γ are 

given by: 

𝑁𝑎(𝑁, 𝑋) = 𝑁 ⋅
𝐾𝑋,𝑁

𝑛𝑁

𝐾𝑋,𝑁
𝑛𝑁 + 𝑋𝑛𝑁

 

Γ(𝐹, 𝑁, 𝑋) =
𝛽2 (

𝑁𝑎(𝑁, 𝑋)
𝐾2

)
𝑛

+ 𝛽3 (
𝐹
𝐾3

)
𝑛

1 + (
𝑁𝑎(𝑁, 𝑋)

𝐾2
)

𝑛

+ (
𝐹
𝐾3

)
𝑛  
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2.6. ODE Model Nondimensionalisation 

To simplify the ODE model derived in section 2.5 we can nondimensionalise several state 

variables and parameters. This is done in Table S1, where we eliminate 𝛿 by re-defining the 

time parameter (now 𝜏) as a multiple of the degradation timescale. We similarly normalise 

𝐾1,3,5 and 𝐾2,4 by expression rates 𝛽1 and 𝛽2 respectively, which introduces a new parameter 

�̅� that reflects the relative activator effect of FnrN and FixK. In this process we do not 

nondimensionalise 𝐾𝑋,𝐿  and 𝐾𝑋,𝑁, so that their units remain the same as 𝑋 (O2 concentration). 

Table S1 – Parameter nondimensionalisation 

Dimensionless Parameter Dimensioned Substitution 

𝝉 𝑡𝛿 

�̅� 
𝐹𝛿

𝛽1
 

�̅� 
𝑁𝛿

𝛽2
 

�̅� 
𝑇𝛿

𝛽2
 

�̅� 
𝛽3

𝛽2
 

𝑲𝟏,𝟑,𝟓
̅̅ ̅̅ ̅̅ ̅ 

𝐾1,3,5𝛿

𝛽1
 

𝑲𝟐,𝟒
̅̅ ̅̅ ̅̅  

𝐾2,4𝛿

𝛽2
 

𝝀𝟏
̅̅ ̅ 

𝜆1

𝛽1
 

𝝀𝟐,𝟑
̅̅ ̅̅ ̅ 

𝜆2,3

𝛽2
 

 

Completing this nondimensionalisation gives the following simplified system of ODEs: 

𝑑�̅�

𝑑𝜏
=

�̅�
𝐾1
̅̅ ̅ 

1 +
�̅�
𝐾1
̅̅ ̅ + (

𝑋
𝐾𝑋,𝐿

)
𝑛𝐿

− �̅� + 𝜆1
̅̅̅ 

𝑑�̅�

𝑑𝜏
= Γ(�̅�, �̅�, 𝑋) ⋅

1

1 + (
𝑁𝑎
̅̅̅̅

𝐾4
̅̅ ̅)

𝑛

+ (
�̅�
𝐾5
̅̅ ̅)

𝑛 − �̅� + 𝜆2
̅̅ ̅ 

𝑑�̅�

𝑑𝜏
= Γ(�̅�, �̅�, 𝑋) − �̅� + 𝜆3

̅̅ ̅ 
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where: 

𝑁𝑎(�̅�, 𝑋) = �̅� ⋅
𝐾𝑋,𝑁

𝑛𝑁

𝐾𝑋,𝑁
𝑛𝑁 + 𝑋𝑛𝑁

 

Γ(�̅�, �̅�, 𝑋) =

(
𝑁𝑎(�̅�, 𝑋)

𝐾2
̅̅ ̅ )

𝑛

+ �̅� (
�̅�
𝐾3
̅̅ ̅)

𝑛

1 + (
𝑁𝑎(�̅�, 𝑋)

𝐾2
̅̅ ̅ )

𝑛

+ (
�̅�
𝐾3
̅̅ ̅)

𝑛 

With this nondimensionalisation our system’s response is largely determined by the five 

parameters, �̅�1,2,3,4,5 and �̅�, with the leak terms 𝜆𝑖 playing a smaller role. 𝐾𝑋,𝐿, 𝐾𝑋,𝑁, and 𝑛 

determine the location and sensitivity of the oxygen response. 

 

3. Parameter Values 

To qualitatively compare our simplified model to the experimental results we must first 

estimate values for its parameters. Table S2 contains the parameter values used in this study. 

Many can be estimated from published literature results, or by considering qualitative 

observations of our system: 

�̅� – For simplicity we will set �̅� = 1, which implies that the activatory effect of FnrN and FixK 

is equivalent (i.e. 𝛽2 = 𝛽3). A corollary of this assumption is that for our model in 

nondimensionalised form, �̅� ≤ 1 then the equilibrium value of each state variable (�̅�, �̅�, �̅�) 

will lie in the range [𝜆𝑖, 1 + 𝜆𝑖]. 

𝐾1
̅̅ ̅, 𝐾2

̅̅ ̅, 𝐾3
̅̅ ̅ – These three binding constants are set via qualitative comparison between our 

model and experimental results.  𝐾1
̅̅ ̅ defines (with 𝐾𝑋,𝐿) the turn-on point of the 

autoregulatory loop including FxkR and hFixL. We choose a value (𝐾1
̅̅ ̅ = 0.01) to satisfy 𝐾1

̅̅ ̅ ≪

1 so that this subsystem is fully activated with �̅� ≈ 1 (for small 𝜆1
̅̅̅) when 𝑋 → 0. We define the 

relative magnitudes of 𝐾2,3
̅̅ ̅̅ ̅ as 𝐾3

̅̅ ̅ = 10 × 𝐾2
̅̅ ̅ following experimental observation that FnrN 

more strongly activates expression than FixK. To set their absolute magnitudes we desire 

𝐾3
̅̅ ̅ > 1 such that �̅� (recalling the maximum value �̅� ≈ 1) does not saturate the transcription 

function Γ, and 𝐾2
̅̅ ̅ ≲

1

𝐾3̅̅̅̅ 𝑛
+1

 so that 𝑁𝑎 can saturate this function (i.e. displace bound FixK) 

when �̅� ≈ 1. Consequently, we set 𝐾2
̅̅ ̅ = 0.15 and 𝐾3

̅̅ ̅ = 1.5 which satisfies these relations.  

𝐾4,5
̅̅ ̅̅ ̅ – Past studies of a similar FnrN system[5] observed that when only one promoter 

location was bound, the binding constant for the proximal (repressing) anaerobox was 

approximately five times that of the distal (activating) anaerobox (which would imply  

𝐾4
̅̅ ̅ ≈ 5 ⋅ 𝐾2

̅̅ ̅). However, cooperativity is also observed between binding at these two locations, 

which reduces the apparently 𝐾4
̅̅ ̅ when the distal anaerobox is bound approximately twofold. 

Consequently, we assume an intermediate value of 𝐾4,5
̅̅ ̅̅ ̅ ≈ 2 ⋅ 𝐾2,3

̅̅ ̅̅ ̅.  
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𝐾𝑋,𝐿 – Our experiments with free-living Rlv3841 demonstrated that hFixL mediated activation 

occurs (at least partially) when O2 concentration drops to 1%. This is in line with past studies 

[12,13]. We select a value of 𝐾𝑋,𝐿 = 0.3 such that hFixL mediated activation occurs in our 

model by this point.  

𝐾𝑋,𝐿 – Likewise, our free-living Rlv3841 experiments demonstrate that FnrN mediated 

activation does not occur significantly at 1% O2 concentration, but it does occur at the much 

lower O2 levels present in planta, and hence we set a smaller value of 𝐾𝑋,𝑁 = 0.005.  

𝜆1,2,3
̅̅ ̅̅ ̅̅ ̅ – Each transcriptional leakiness term is set to the same value  𝜆1,2,3

̅̅ ̅̅ ̅̅ ̅ = 0.005, which 

corresponds to ≈ 0.5% of the maximal nondimensionalised value of each state variable (i.e. 

�̅�, �̅�, �̅� ≈ 1) and implies that the expression of each gene is small in the absence of its 

activating transcription factors. 

𝑛 – Previous studies have demonstrated that FnrN binds as a dimer to its target anaerobox 

and has a sharp sigmoidal binding profile for both the proximal and distal anaeroboxes [5]. 

Hence we model this binding process (which is assumed to also hold for FixK, which binds 

the same motif) as cooperative with 𝑛 = 2. 

𝑛𝐿 – hFixL exhibits a sharp response to increasing O2 concentration, which can be explained 

by hysteretic oxygen binding to the sensor’s haem binding domain [4]. This response can be 

approximated by a Hill function with a greater than unity exponent (i.e. 𝑛𝐿 > 1) [4], and 

consequently we set 𝑛𝐿 = 2 for O2 binding to hFixL. 

𝑛𝑁 – We assign 𝑛𝑁 = 1, which assumes non-cooperative binding between monomeric FnrN 

and O2 [14,15].  

Table S2 – Nondimensionalised parameter values and definitions used in simulations. 

Parameter Value Unit Description 

𝑲𝟏
̅̅ ̅̅  0.01 none Equilibrium constant for autoactivation of hFixL. 

𝑲𝟐
̅̅ ̅̅  0.15 

none Equilibrium constant for FnrN binding to distal 

anaerobox. 

𝑲𝟑
̅̅ ̅̅  1.5 none Equilibrium constant for FixK binding to distal anaerobox. 

𝑲𝟒
̅̅ ̅̅  2 ⋅ 𝐾2

̅̅ ̅ 
none Equilibrium constant for FnrN binding to proximal 

anaerobox. 

𝑲𝟓
̅̅ ̅̅  2 ⋅ 𝐾3

̅̅ ̅ 
none Equilibrium constant for FixK binding to proximal 

anaerobox. 

𝜷 ̅ 1 none Relative activation effect of FixK and FnrN. 

𝝀𝟏,𝟐,𝟑
̅̅ ̅̅ ̅̅ ̅ 0.005 none Transcriptional leak rate. 

𝑲𝑿,𝑳 0.3 % O2 Equilibrium constant for O2 binding to hFixL. 

𝑲𝑿,𝑵 0.005 % O2 Equilibrium constant for O2 binding to FnrN. 

𝒏 2 
none Hill coefficient for FnrN/FixK binding to promoter 

sequences. 

𝒏𝑳 2 none Hill coefficient for O2 to hFixL. 

𝒏𝑵 1 none Hill coefficient for O2 to FnrN. 
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