
S5 Appendix - Deriving the ELBO
This section describes the details of ELBOxbow and ELBOxbow,ŷ derivation and 
calculation.

z ∼ q(z|x)

log p(xbow) = Ez log p(xbow)

= Ez[log p(xbow, z)]− Ez[log p(z|xbow)]

= Ez[log
p(xbow, z)

q(z|x)
]− Ez[log

p(z|xbow)

q(z|x)
]

= EBLOxbow
−DKL(p(z|xbow)||q(z|x))

= EBLOxbow
+DKL(q(z|x)||p(z|xbow))

ELBOxbow

= Ez[log p(xbow, z)]− Ez[log q(z|x)]

= Ez[log p(xbow|z)] + Ez[log p(z)]− Ez[log q(z|x)]

= Ez[log p(xbow|z)]−DKL(q(z|x)||p(z))

zs ∼ q(z|x, ŷ)

log p(xbow, ŷ) = Ezs log p(xbow, ŷ)

= Ezs [log p(xbow, ŷ, zs)]− Ezs [log p(zs|xbow, ŷ)]

= Ezs [log
p(xbow, ŷ, zs)

q(zs|x, ŷ)
]− Ezs [log

p(zs|xbow, ŷ)

q(zs|x, ŷ)
]

= EBLOxbow,ŷ
−DKL(p(zs|xbow, ŷ)||q(zs|x, ŷ))

ELBOxbow,ŷ

= Ezs [log p(xbow, ŷ, zs)]− Ezs [log q(zs|x, ŷ)]

= Ezs [log p(xbow|ŷ, zs)] + Ezs [log p(ŷ, zs)]− Ezs [log q(zs)|x, ŷ)]

= Ezs [log p(xbow|ŷ, zs)] + Ezs [log p(ŷ|zs)] + Ezs [p(zs)]− Ezs [log q(zs)|x, ŷ)]

= Ezs [log p(xbow|ŷ, zs)] + Ezs [log p(ŷ|zs)]−DKL(q(zs|x, ŷ)||p(zs))

Where p(z) = p(zs) = N (0, I) is a zero mean diagonal multivariate Gaussian prior,
hence the DKL(q(z|x)||p(z)) and DKL(q(zs|x, ŷ)||p(zs)) will be

p(z) = p(zs) = N (0, I)

DKL(q(z|x)||p(z)) = 0.5(σ2 + µ2 − log(σ2)− 1)

DKL(q(zs|x, ŷ)||p(zs)) = 0.5(σ2
s + µ2

s − log(σ2
s)− 1)
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