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ABSTRACT Diffusion is a fundamental mechanism for protein distribution in cell membranes. These membranes often
exhibit complex shapes, which range from shallow domes to elongated tubular or pearl-like structures. Shape complexity
of the membrane influences the diffusive spreading of proteins and molecules. Despite the importance membrane geometry
plays in these diffusive processes, it is challenging to establish the dependence between diffusion and membrane
morphology. We solve the diffusion equation numerically on various static curved shapes representative for experimentally
observed membrane shapes. Our results show that membrane necks become diffusion barriers. We determine the diffusive
half-time, i.e., the time that is required to reduce the amount of protein in the budded region by one half, and find a quadratic
relation between the diffusive half-time and the averaged mean curvature of the membrane shape, which we rationalize by a
scaling law. Our findings thus help estimate the characteristic diffusive timescale based on the simple measure of membrane
mean curvature.
SIGNIFICANCE Diffusion is an integral process for distributing proteins throughout biological membranes. These
membranes typically have complex shapes and structures, often featuring elongated shapes such as tubes or necklace-
like pearls. The diffusion process on these shapes is significantly different from the well-studied two-dimensional diffusion
on a planar substrate. We use numerical simulations to study the characteristic diffusion time on different static membrane
shapes, and we observe a slowing down of the diffusion dynamics on strongly curved shapes. Our results provide a simple
relationship to estimate the characteristic diffusion timescale based on the membrane shape.
INTRODUCTION

Diffusion is a fundamental transport mechanism that plays a
key role in many biological processes (1,2). For example,
diffusion is the main mechanism for transport and mixing
of components in primitive cells (3); it facilitates the forma-
tion of protein oligomers and lipid-protein assemblies asso-
ciated with the metabolism and signaling in cells (4–6). It
also allows the formation of protein gradients needed to
establish cell polarity and trigger morphogenesis (7). Exper-
iments have revealed that diffusion is a mechanism respon-
sible for the fast spreading of macromolecules on the
membrane surface (8). These observations are consistent
with the fluid nature of biological membranes, which allows
the displacement of anchored molecules and transmembrane
proteins (9).
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The transport of proteins and other molecules often oc-
curs in membranes with complex shapes, which can be the
result of biological process that require membrane deforma-
tion, such as endo- and exocytosis (10) or communication
pathways for material transport between the Golgi apparatus
and the endoplasmic reticulum, which require the formation
of tube networks (11). The membrane shape is one of the
factors that determine the distribution of diverse membrane
inclusions such as transmembrane proteins. Theoretical
models of biological membranes, in which the membrane
was treated as a continuous surface, have proposed a
coupling between the membrane curvature and the protein
density (12). This coupling is the result of the interactions
between the proteins and the membrane and is related to
the intrinsic shape of the protein. The protein structure
can induce a change in the spontaneous curvature of the
membrane and modify its bending energy (13,14). Experi-
ments have shown that transmembrane proteins with
intrinsic curvature (such as potassium channels, KvAP,
which resemble a cone) are enriched in highly curved
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Diffusion on Complex Membrane Shapes
nanotubes, whereas the water channel AQP0 (which resem-
bles a cylinder) had the same density in a planar and in a
tubular structure (15). Membrane curvature is also an impor-
tant factor determining the distribution of transmembrane
receptors at the highly curved leading edge of lamellipodia
(16). Further, theoretical studies predicted a membrane-cur-
vature-mediated attractive interaction between conical in-
clusions (17), leading to a higher density of proteins in a
curved membrane.

Many effects can influence the diffusion dynamics on bio-
logical membranes, e.g., cytoskeletal barriers (18), molecu-
lar crowding (19), membrane fluctuations (20), and the
considerable deformation of the plasma membrane revealed
by electron microscopy (21). Theoretical estimates of the
diffusion coefficient of molecules on a curved surface,
mimicking the microvilli observed in plasma membranes,
revealed a slower diffusion as compared with an ideal planar
surface (22). The shape of the diffusing molecule can affect
the magnitude of the diffusion coefficient, for which the
Saffman-Delbr€uck theory (23,24) relates the diffusion coef-
ficient with the viscosity of the surrounding media, the
membrane thickness, and the size of the protein. This theory
reveals a weak, logarithmic dependence with the protein
size. Subsequent experimental studies suggested a stronger
dependence between the molecule size and its diffusion co-
efficient (25) and also suggested a dependence between the
diffusion coefficient of certain transmembrane proteins and
surface tension (26). Moreover, a curvature-dependent
diffusion coefficient can be obtained assuming that the
membrane curvature induces changes of the membrane
thickness (27). However, these results cannot be generalized
to strongly curved membrane shapes.

It has been shown that the macroscopic shape of the mem-
brane itself affects how proteins or molecules move. Exper-
iments have revealed that the radius and length of tubes
influence the time required to distribute proteins (28). The
same observation was made by a theoretical approach in
which the diffusion equation is solved on tubular shapes,
which shows agreement with the equilibration time found
in experiments (29). However, biological membranes may
exhibit a variety of shapes that differ significantly from a cy-
lindrical tube; e.g., membranes form pits in early stages of
endocytosis, and nearly spherical vesicles joined with the
surrounding membrane by a narrow neck at later stages
(30,31). Membranes can also form concatenated buds joined
by narrow bridges or necks (32–34). Numerical simulations
of diffusion on pearled structures have shown that the
pearled geometry, together with diffusion barriers created
by certain proteins, is responsible for the sequestration of
cargo in the buds (32). These results suggest that the mem-
brane geometry has an important effect on the lateral diffu-
sion of molecules and proteins (35–37).

The diffusion process on a curved two-dimensional sur-
face depends on the local curvature and is thus more com-
plex than diffusion on a flat surface. For small membrane
deformations, theoretical studies have shown that an effec-
tive diffusion coefficient can be derived in terms of the sur-
face curvature (38). A generalized theoretical treatment of
the diffusion on an arbitrary surface gives a solution of the
diffusion equation as an expansion around the solution on
a flat surface. The coefficients are highly complex functions
of the curvature, only simplified in cases in which the sur-
faces have constant Gaussian curvature (39), which in gen-
eral is not the case for biological systems.

The wide range of shapes of biological membranes makes
it challenging to obtain a generalized analytical solution for
the diffusion equation on a generic surface. To understand
how proteins diffuse on complex membrane shapes such
as domes, tubes, and pearling structures, we develop a math-
ematical model for their diffusive dynamics on these static
shapes. To decouple the effect of membrane morphology
on diffusion-mediated protein distribution from the effects
derived from protein-membrane curvature interactions
(13,14,17,40), we make the following assumptions: the
membrane shape is static, the proteins neither bind to nor
unbind from the membrane, the proteins neither modify
the membrane bending energy nor its shape (20), and we
neglect the lipid-composition-mediated interaction between
proteins (41). Together, this allows us to treat the protein
species as a continuous field in space that diffuses on the
fixed membrane shapes. The model is solved numerically,
with the numerical simulations allowing us to describe the
characteristic time it takes to diffuse away from a curved re-
gion and discuss the implications of the Gaussian and the
mean curvature in terms of the half-time, i.e., the time
required for the protein density to reduce by one half in
the budded region.
METHODS

Parameterization of the membrane

The membrane shapes that we consider here are axially symmetric. All

shapes are parametrized by the arc length S measured along the curved sur-

face and the tangent angle f as shown in Fig. 1. In this geometry, the vari-

ables R(S), Z(S), and the membrane area A(S) satisfy the following

differential equations:

R0 ¼ cosf; (1)

Z0 ¼ sinf; (2)
and

A0 ¼ 2pR; (3)

where ( )0 hd=dS. The mean curvatureH of the membrane in the arc-length

parameterization is given by (42)

H ¼ 1

2

�
f0 þ sinf

R

�
: (4)
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FIGURE 1 The membrane surface parameterization in axisymmetric co-

ordinates, where S is the arc length measured along the membrane, R(S) is

the radial coordinate, f(S) is the angle that the curved membrane forms with

respect to the horizontal R-axis, and Z(S) is the height of the membrane. The

angle q is the rotation around the symmetry axis.
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Membrane geometry

The membrane shapes that we consider here are shown in Fig. 2: an

U-shape (Fig. 2 a), a dome shape (Fig. 2 b), pearled structures with different

numbers n ˛ [2, 3, 4] of pearls (Fig. 2 c), and cylindrical tubes capped by a

half sphere (Fig. 2 d). Each shape is composed of two regions: the inner

budded region and the outer region. In the outer region, the principal curva-

ture f0 is given by

f0 ¼ � sinf

R
(5)

for all shapes to achieve a vanishing mean curvature. We define the prin-

cipal curvature f0 in Eq. 4 for the different shapes as follows.
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Dome and U shape

f0
dome;U ¼ 1

Rc

if S%Rcfmax; (6)

with fmax ¼ p/3 for the dome shape (Fig. 2 b) and fmax ¼ 5p/6 for the

U-shape (Fig. 2 a). In the case of a dome shape, we consider the region

with non-zero mean curvature as the budded region. For the case of an

U-shape, we denote the membrane portion above the minimal neck radius

as the budded region.

Pearl (n ¼ 2)

f0
pearl ¼

8>>>>>>><
>>>>>>>:

1

Rc

if S%S1

� 1

Rneck

if S1 <S%S2

1

Rc

if S2 <S%S3

9>>>>>>>=
>>>>>>>;
; (7)

where S1 ¼ Rcfmax, S2 ¼ S1 þ (2fmax � p)Rneck, S3 ¼ S2 þ (2fmax � p)Rc,

and fmax ¼ 9p/10 (Fig. 2 c). The radius of curvature of the neck region,

Rneck, is set to Rneck ¼ Rc/4. More pearls can be added to the shape by

defining additional neck and bud regions.

Tube

f0
tube ¼

8>><
>>:

1

Rt

if S%
pRt

2

0 if
pRt

2
<S%Ltube þ pRt

2

9>>=
>>;
: (8)

The length Ltube is adjusted such that the dimensionless area of the

budded region is equal to 1.
FIGURE 2 (a) (I) A membrane with an U-shape.

The color bar represents the initial protein density

s
�
(S,t¼ 0). (II) The budded region has a radius of cur-

vature Rc, and the point at which the radial distance

is minimal, SU, defines the budded area Abud. For the

U-shape, fmax ¼ 5p/6. (b) (I) A dome shape and the

initial protein density is shown. (II) The dome region

has a radius of curvature Rc and fmax ¼ p/3. The

dome area is given by the area of a spherical cap,

Abud ¼ 2pR2
c (1� cos(fmax)). (c) A pearled structure

with two buds and the initial protein density is

shown. (II) Each bud on the pearl has a radius of cur-

vature Rc and fmax ¼ 9p/10. The neck region has a

radius of curvature Rneck. The area of the pearled

structure is Abud ¼ A(Spearl), at which the radial dis-

tance is minimal. (d) (I) A tube with the initial pro-

tein density is shown. (II) The tube has a radius Rt

and a height Ltube measured from the bottom of the

spherical cap to the tube rim. Stube ¼ pRc/2 þ Ltube,

and the tube area is Abud¼ A(Stube). Initially, the total

protein density mtot is the same for all shapes, and it

is located at the top of the budding structures. The

shapes are axially symmetric and represent shapes

commonly observed in biological membranes. To

see this figure in color, go online.



Diffusion on Complex Membrane Shapes
Diffusion equation

We assume that the density of a generic protein or molecule is described by

a continuous field ~s (42,43) in line with the continuous models of mem-

branes (44,45), implying that the protein size is significantly smaller than

the length scale associated with the membrane surface. The protein density

~s depends on the arc length S and the time t, ~sh~s (S, t). The field ~s (S, t)

follows a diffusive dynamics on the different shapes shown in Fig. 2. The

diffusion equation in the absence of sources and under axial symmetry is

given by (42)

v~s

vt
�D

R
ðR~s0Þ0 ¼ v~s

vt
� D~s00 � D

S
~s0 þ D~s0

�
1

S
� cosf

R

�
¼ 0;

(9)

where D is the diffusion coefficient (19) and assumed to be constant. On a

flat membrane, with f ¼ 0 and R ¼ S, Eq. 9 is written as vs
�
=vt� Ds

�00 �
D=ð SÞs�0 ¼ 0. On a curved surface, the diffusion equation (Eq. 9) contains

an additional term D~s0ðð1 =SÞ � ðcosf =RÞÞ, which depends both on the

local curvature and the gradient of the protein density. Diffusion on a curved

surface is, as such, different from the diffusion on a flat surface. The com-

bined effect of curvature and protein distribution can in general not be

captured in a single effective diffusion constant.

We write the diffusion equation (Eq. 9) in dimensionless form using the

square root of the area of the budded region of the membrane,
ffiffiffiffiffiffiffiffiffi
Abud

p
, as a

characteristic length. Then the timescale is given by t ¼ Abud/D, and the

dimensionless variables are t ¼ t=t, s ¼ S=
ffiffiffiffiffiffiffiffiffi
Abud

p
, r ¼ R=

ffiffiffiffiffiffiffiffiffi
Abud

p
, z ¼

Z=
ffiffiffiffiffiffiffiffiffi
Abud

p
, a ¼ A=Abud, and s ¼ Abud ~s. By introducing these scaling rela-

tions into Eq. 9, we obtain

vs

vt
� 1

r
ðrs0Þ0 ¼ 0; (10)
FIGURE 3 Density profiles as a function of the membrane area a at different ti

and (d)–(f) pearling structures with different number of pearls. In all simulations,

c and a0 are such that s(a(s ¼ 0), t ¼ 0) ¼ 0.5 and mtot ¼ 0.24. sðs; t¼ 0Þ repre
structure. As time proceeds, the initial protein density spreads over the membran

and the pearling shapes (d–f), the protein density has a staircase-like profile along

having a smoother transition. The overall effect of the membrane necks on the

budded structure. The corresponding shape is shown in the inset of each panel.
where, for simplicity, we keep ( )0 hd=ds. As an initial protein density, we

consider sðs; t ¼ 0Þ ¼ c(1 � tanh[5(a(s) � a0)]) for all membrane shapes,

where there is a one-to-one correspondence between the arc length s and the

area a(s), given by Eq. 3. The constants c and a0 are chosen such that

s(a(s ¼ 0)) ¼ 0.5 and mtot ¼ 0.24, with mtot ¼
RN
0

sda the total amount

of protein. The chosen functional dependence of sðs; t¼ 0Þ aims to

resemble a protein distribution that is localized in a particular membrane

domain, as one would expect, e.g., on lipid rafts. The proteins are distrib-

uted nearly homogeneously at the top of the budding region, with a smooth

transition to the protein-free part of the membrane, as illustrated in Fig. 2.

As time proceeds, this initial density will diffuse over the entire membrane

surface. The boundary condition imposed on the diffusion equation is such

that there is no flux of protein at the boundaries of the spatial domain, i.e.,

s0(s ¼ 0) ¼ 0 and s0(s / N) ¼ 0. In this case, the total amount of protein

mtot is conserved over time because the proteins cannot escape from or flow

through the membrane boundaries. Equation 10 is integrated numerically in

time with a time step dt ¼ 5 � 10�3 to obtain the spatio-temporal density

profile on the membrane, using an implicit time discretization and a

centered difference scheme to solve the spatial derivative of the protein

density.
RESULTS

In Fig. 3, the protein density s is shown as a function of the
membrane area a at different points in time, t ¼ [1, 50, 100,
500]dt. These density profiles exhibit notable qualitative
differences. The U-shape and the pearling structures exhibit
a staircase-like protein profile in the budded region (a < 1),
where the protein density approaches a nearly homogeneous
distribution within the individual pearls. In contrast, neither
the dome nor the tubular shape shows a step-like protein
mes, t ¼ [1, 50, 100, 500]dt, for (a) anU-shape, (b) a dome shape, (c) a tube,

the initial density is given by sðs;t ¼ 0Þ ¼ c(1� tanh(5(a(s)� a0))), where

sents a nearly uniform protein distribution located at the top of the budding

e area, where the profiles are qualitatively different. In the case of the U- (a)

each of the pearls, indicating that the narrow necks prevent the profile from

diffusion on buds and pearls is to slow down the exit of proteins from the

To see this figure in color, go online.
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distribution at any point in time. Comparing dome or tubular
shapes andU or pearl-like shapes at the latest time point, we
find for the latter that the protein density in the budded re-
gion is much higher, indicating that the presence of narrow
necks slows the diffusion of the proteins.

To characterize the effect of the membrane shape on the
diffusive dynamics by a single parameter, we define the
amount of protein in the budded region mbud ¼ R 1

0
sda

and determine how mbud evolves in time. In Fig. 4 a, we
show the time evolution of mbud on the pearling structure
with n ¼ 2, the U-shape, the tube, and the dome shape.
Our simulations show that, in accordance with the qualita-
tive discussion of the density profiles in Fig. 3, the amount
of protein in the budded region decreases faster in shapes
that do not have narrow necks, such as the dome shape
and the tube, whereas mbud decreases more slowly on the
U-shape and the pearling structure. Additionally, Fig. 4 b
shows mbud(t) for the different pearl-like structures with
n ¼ 2, 3, 4, for which we see that mbud decreases more
slowly with a larger number of pearls.

The results in Fig. 4 highlight that the membrane shape
influences both the temporal and spatial evolution of the
protein distribution. To characterize the diffusion process
by a single quantity, we define ~t as the half-time, i.e., the
time it takes for the total amount of proteins in the budded
region to be reduced by 50%. On a flat membrane, the
half-time is denoted as ~tflat. The ratio ~t=~tflat > 1 on all
budded membranes, indicating that diffusion on a flat sur-
face is faster compared with diffusion on a curved surface.

We aim at relating ~t to the characteristics of the mem-
brane shape, for which we consider the Gaussian curvature
K averaged over the budded area ~K ¼ R 1

0
Kda; the Gaussian

curvature of the membrane neck, Kmin, i.e., where the mem-
brane radius is minimal; and the mean curvature averaged
over the budded area, ~H ¼ R 1

0
Hda. In addition to the

U-shape, the pearled structures (with different numbers of
buds), and the dome, we consider four tubes with different
radii Rt ˛ [0.1, 0.14, 0.16, 0.19], where the tube height is
set through the fixed dimensionless tube area a ¼ 1.

In Fig. 5 a, we plot ~t=~tflat as a function of ~K and observe
that ~t is not clearly correlated to the averaged Gaussian cur-
vature ~K. ~K is similar for the tubes and theU-shape, but their
~t is different. All the pearled structures, on the other hand,
428 Biophysical Journal 120, 424–431, February 2, 2021
have a similar ~K, but ~t is also clearly different and up to
five times larger with respect to ~t in the tubes and in the
U-shape. ~K for the dome is clearly different from the ~K of
the tubes and the pearls. Additionally, the diffusion time
on U-shapes is similar to the diffusion time on tubes.
Fig. 5 b shows ~t=~tflat as a function of the minimal value of
the Gaussian curvature, Kmin, which corresponds to the
point along the arc length s at which the neck is smallest.
The pearling shapes with a larger number of vesicles have
a more negative Kmin. In contrast, the shapes in which the
neck regions are absent, as in the domes and the tubes,
have a close to zero Kmin. Fig. 5 b indicates that ~t increases
as the membranes have more constricted regions, which
slow down diffusion.

In Fig. 6, ~t=~tflat is shown as a function of the averaged
mean curvature ~H in logarithmic axis, where we find that
~t=~tflat � ~H

2
. To understand the quadratic relation between

the averaged mean curvature and ~t, we turn to the diffusion
equation (Eq. 10) for a cylinder, which is given by
vs=vt ¼ s00 as r ¼ Rc with the cylinder radius Rc. We can
then rewrite s00 by using the membrane area as a variable
to get s00 ¼ (2pRc)

2 d2s=d2a, where we have used Eq. 3
to relate the membrane area to the arc length. As a conse-
quence, the diffusion equation can be expressed as
vs=vt ¼ 2pRcð Þ2 d2s=ð d2aÞ. From these equations and us-
ing the fact that the mean curvature of a cylinder is h 1/
Rc, we obtain the scaling law t � H2, recovering the scaling
relation found in the numerical simulations. Hence, a tube
with larger curvature increases the exit time of proteins to-
ward the flat surface (29). In Fig. 6, we can also notice that
the diffusion on tubular shapes is slightly faster, i.e., lower~t,
compared with pearling structures.

An analytic expression for ~t=~tflat cannot, in general, be
derived.However,we can compare the effective diffusion con-
stant on simpler shapes, specifically on an infinite cylinder and
a sphere, with our numerical results, which capture the same
essential features of the diffusion process. Holyst et al. found
the following expressions for the effective diffusion constant
Deff of a single particle diffusing on an infinite cylinder and

a sphere, respectively: Dcyl
eff ¼ D=2þ R2=ð 2tÞ 1� e�Dt=R2

� �
and Dsph

eff ¼ ðR2 =2tÞð1�e�2Dt=R2Þ (46), where R is the radius

of the cylinder or the sphere. The effective diffusion constant
FIGURE 4 The total protein density on the

budded region mbud ¼
R 1

0
sðs; tÞda as a function of

time for different membrane geometries. (a) mbud

ðtÞ on the dome, tube, U, and pearl-like (n ¼ 2)

shapes is shown. Initially, all the proteins are local-

ized at the upper part of the budding structure. (b)

The effect of the number of pearls in the pearl-like

structure on mbud ðtÞ is shown. The proteins exit

the pearled region more slowly if the number of

pearls, n, increases. The line style of the border sur-

rounding each shape is the same as the correspond-

ingmbud ðtÞ shown in the legend. To see this figure in
color, go online.



FIGURE 5 (a) The ratio~t=~tflat as a function of the
averaged Gaussian curvature ~K ¼ R 1

0
Kda. There is

not a clear dependence between ~t and ~K across all

the shapes considered. The tubes and the U-shape

have a similar ~K, which is larger than the ~K of the

pearled structures. The time ~t, however, is clearly

different, especially in the pearled structures, which

also have a similar ~K. (b) The ratio ~t=~tflat as a func-

tion of the minimal value of the Gaussian curvature

along the arc length, Kmin, is shown for all the shapes

considered. Kmin corresponds to the point where the

neck joining the budded structure with the surround-

ing flat membrane is minimal, in the case of the

pearls and the U-shape. In the tubes, Kmin corresponds to the tube rim, and in the dome, Kmin is the point beyond which the mean curvature vanishes.

The values for the tube radii (Rt˛ [0.1, 0.14, 0.16, 10.19]) are shown at the markers in (a) and (b), where the tube height is set through the fixed dimensionless

tube area a ¼ 1. To see this figure in color, go online.
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is defined asDeff¼<x2(t)>/4t, with<x2(t)> themean-square
displacement of the particle. In both cases, the diffusion con-
stant is time dependent and decreases over time. Furthermore,
the diffusionprocess is sloweddown, i.e.,Deff<D, for both the
cylinder and the sphere, and the effective diffusion constant on
a sphere is always smaller than the effective diffusion constant
on a cylinder, if both shapes exhibit the same radius. From the
relations for the effective diffusion coefficients on a sphere and
a cylinder described above, we also notice that when t is large,
FIGURE 6 The ratio ~t=~tflat as a function of the averaged mean curvature
~H for each of the shapes considered, in logarithmic scale. The gray dashed

line represents a fit ~t � Hm, where m ¼ 2.03 is the average of the slopes of

the logarithmic relation between ~H and ~t, indicating that the exit time

approximately follows a quadratic relation with respect to ~H. However,

some of the pearled structures do not follow the quadratic fit. This differ-

ence can be rationalized qualitatively, associating the tubes with a cylinder

of infinite height and the shapes with spherical buds with a sphere. In these

simpler geometries, the diffusion equation can be solved analytically, and

an effective diffusion coefficient Deff can be defined. On a cylinder with

the same radius of a sphere, Deff is larger as time proceeds, indicating

that in cylindrical geometries, the diffusion is faster. Here, we observe

that in general, ~t is smaller in the tubes, indicating a faster diffusion with

respect to the pearls and the U-shape. However, there are other effects

that play an important role on the diffusion from these structures, such as

the obstacles produced by the neck regions in the U-shape and the pearled

structures. To see this figure in color, go online.
Dsph
eff / 0, indicating that diffusion ceases. This is a conse-

quence of the finite surface of the sphere available for the
diffusion of molecules (47). In the case of an infinite cylinder,
this area is not bounded, and the effective diffusion coefficient

has a finite value equal to Dcyl
eff ¼ D=2 at large t.

These analytical results indicate that the effective diffu-
sion on a cylinder is faster than in a sphere as time proceeds
and help us understand why ~t is smaller in the tubes than in
the dome and the pearled structures, as shown in Fig. 6.
However, in the pearled structures, the diffusion is not
limited to a single sphere because the proteins are free to
diffuse outside each bud, though the process is slowed
significantly. Finally,~t is a timescale at which all the effects
mentioned above play an important role on the diffusion of
proteins from the different shapes because a significant part
of the initial protein density has exited the deformed regions
and gone through the obstacles imposed by the membrane
geometry.
CONCLUSIONS

In this work, we study the influence of characteristic shapes
found in biological membranes—U-shaped buds, pearls,
domes, and tubes—on the diffusion of a protein density
field. The shapes considered have a strong influence on
the density profiles obtained as time proceeds and also influ-
ence the characteristic time after which the proteins exit the
budded region; the presence of narrow necks (pearls,
U-shaped buds) prevents a fast decay of the total density
on the budded structure as compared with the shapes for
which such necks are absent (tubes, domes). To characterize
the effect of the shape on diffusion more precisely, we have
determined the averaged Gaussian and mean curvature for
each shape. The time associated with proteins leaving the
budded structures,~t, does correlate with the mean curvature,
but not with the Gaussian curvature; whereas ~t follows a
quadratic relation with respect to ~H, it does not show a clear
dependence with respect to ~K. However, a larger~t is associ-
ated with a more negative Gaussian curvature Kmin in the
Biophysical Journal 120, 424–431, February 2, 2021 429
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neck region. This indicates that constricted regions indeed
delay the exit of proteins from curved membranes and
also likely have implications during dynamic membrane
budding by membrane inclusions (17) or protein coats
(48,49), in which the neck region formed around a growing
budded structure limits the diffusion of proteins. The static
profiles considered here allowed us to isolate the effect of
membrane shape on protein diffusion, but considering
budding dynamics requires additional biophysical effects
that modify the membrane energy and lead to a more com-
plex protein flux. Some of these biophysical effects are pro-
tein-induced spontaneous curvature (33,42), protein
crowding (50,51), mixing entropy (52), protein-protein in-
teractions (53,54), membrane tension (55), membrane fluc-
tuations (20), and protein recruitment (56,57).

The relations between ~t, ~H, and Kmin can help estimate
relevant timescales related to the diffusive motion of pro-
teins on complex membrane shapes. Our results suggest
that the exit of proteins is strongly affected in elongated
shapes such as the tubes and the pearled structures. These
structures are observed in different biological contexts and
in some cases can be reproduced by different experimental
techniques. In addition, photobleaching provides a powerful
technique to investigate the mobility of proteins inside cells
(58) and in the membrane surface (59). This technique al-
lowed to experimentally corroborate the recovery time pre-
dicted theoretically in tubular geometries (29) and motivates
the use of theoretical models to predict diffusive behavior of
proteins and molecules in more generic shapes.
SUPPORTING MATERIAL
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1 Complementary results and simulations

1.1 Conservation of the total protein density

We consider a diffusive process where the boundary conditions are such that there is no flux of proteins at the boundaries
of the spatial domain. This means that there are not proteins entering or leaving the membrane. Under these conditions,
the total amount of proteins mtot =

∫
σda, must be constant in time. In our simulations, we have set as mtot = 0.24 at

t̄ = 0. In Fig. 1 we show mtot as function of time, where, as predicted, mtot is constant over time on the bud. Exactly
the same plot is obtained on all the other shapes considered, and for the sake of brevity we do not show all of them.

Figure 1: The total amount of proteins mtot on the bud as a function of time. Consistent with the zero flux boundary condition
imposed to solve the diffusion equation on the different shapes, mtot is conserved over time.

1.2 Sensitivity to different initial density profiles

As mentioned in the main section, we have chosen a initial density profile of the form σ(a(s), t̄ = 0) = c(1−tanh(5(a(s)−
a0))), where c is adjusted in such a way that the value of σ(a = 0, t̄ = 0) = 0.5 and a0 is adjusted to give a total
amount of proteins mtot = 0.24. However, different values of σmax ≡ σ(a = 0, t̄ = 0) yield different values of a0, so we
can consider various initial density profiles that gives the same mtot. In Fig. 2 we show different initial density profiles,
σ(a(s), t̄ = 0) ∼ 1 − tanh(5(a(s) − a0)) and the density profiles obtained with each of these initial conditions at later
time steps on the Ω-shape (Figs. 2b and 2c), the dome (Figs. 2e and 2f), the pearled structure with n = 3 buds (Figs.
2h and 2i) and the tube (Figs. 2k and 2l) showing that as time proceeds the effect of having different initial condition
vanishes, as the density profiles tend to become equal regardless of the chosen initial profile. In the case of the pearled
structure, a longer time is needed for the profiles to become equal.

Different initial conditions lead to different density profiles during the first time steps of the simulations, as shown in
Fig. 2, but the initial conditions have no effect on the amount of proteins in the budded region mbud as time evolves,
as shown in Fig. 3, indicating that the diffusion of proteins away from the budded region does not depend on the initial
condition.
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(a) t̄ = 0 (b) t̄ = 10dt (c) t̄ = 50dt

(d) t̄ = 0 (e) t̄ = 10dt (f) t̄ = 50dt

(g) t̄ = 0 (h) t̄ = 10dt (i) t̄ = 200dt

(j) t̄ = 0 (k) t̄ = 10dt (l) t̄ = 50dt

Figure 2: Three different initial protein profiles, σ(a, t̄ = 0) profiles with σmax = 0.5, 0.75, 1.0, that yield the same total amount
of proteins mtot = 0.24, for different shapes: ((a) − (c))Ω-shape, ((d)-(f)) dome, ((g)-(i)) pearl with n = 3 buds and ((j)-(l)) a
tube. At later times (t̄ = 50dt) the density profiles in the Ω-shape, the dome and the tube tend to become equal, regardless of the
chosen initial condition, but in the case of the pearl structure, a longer time (t̄ = 200dt) is needed for the profiles to become equal.
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(a) Ω-shape. (b) Dome.

(c) Pearl, n = 3. (d) Tube

Figure 3: The total amount of proteins in the budded region mbud as a function of time, for the initial conditions shown in Fig.
2a and for different shapes: (a) Ω-shape, (b) dome, (c) pearl with n = 3 and (d) a tube. These initial conditions have no effect on
the time evolution of the protein density on the budded region, as the different curves are overlapping.

3


	Diffusion on Membrane Domes, Tubes, and Pearling Structures
	Introduction
	Methods
	Parameterization of the membrane
	Membrane geometry
	Dome and Ω shape
	Pearl (n = 2)
	Tube

	Diffusion equation

	Results
	Conclusions
	Supporting Material
	Acknowledgments
	References


