
amTTH2K2Mi�`v AM7Q`K�iBQM

amTTH2K2Mi�`v LQi2 R, a"�v2ba KQ/2H

G2i mb +QMbB/2` �M BM/BpB/m�H@H2p2H /�i�@#�b2/ KmHiBTH2 `2;`2bbBQM KQ/2H BM � :q�a /�i� b2i,

v = sβ + 2 URV

r?2`2 v Bb i?2 p2+iQ` Q7 T?2MQivT2b �/Dmbi2/ 7Q` �HH }t2/ 2z2+ib- s Bb i?2 +QHmKM@+2Mi2`2/ ;2MQivT2 K�i`Bt- β Bb

i?2 p2+iQ` Q7 aLS 2z2+ib- �M/ 2 Bb i?2 p2+iQ` Q7 `2bB/m�Hb rBi? V ar (2) = Aσ2
e 7Q` � b�KTH2 Q7 mM`2H�i2/ BM/BpB/m�HbX

�bbmKBM; >�`/v@q2BM#2`; 2[mBHB#`BmK U>q1V- i?2 p�`B�M+2 Q7 i?2 ;2MQivT2b Q7 aLS j Bb hj = 2pjqj - r?2`2

pj Bb i?2 KBMQ` �HH2H2 7`2[m2M+v UJ�6V �M/ qj = 1− pj X G2i . #2 � /B�;QM�H K�i`Bt rBi? Dj = s′
jsj = hjnj -

r?2`2 nj Bb T2`@aLS b�KTH2 bBx2X JmHiBTHvBM; #Qi? bB/2b Q7 URV #v .−1s′ ;Bp2b

.−Rs′v = .−Rs′sβ + .−Rs′2 UkV

LQi2 i?�i .−Rs′v = #- i?2 p2+iQ` Q7 H2�bi b[m�`2 2biBK�i2b Q7 aLS K�`;BM�H 2z2+ib 7`QK :q�a- �M/ .−Rs′s =

.− R
k ". R

k r?2`2 " = .− R
k s′s.− R

k Bb i?2 HBMF�;2 /Bb2[mBHB#`BmK UG.V +Q``2H�iBQM K�i`Bt �KQM; �HH aLSb (R)X

G2i ε = .−Rs′2X h?2M- UkV +�M #2 r`Bii2M �b

# = .− R
k ". R

k β + ε UjV

P`- BM � b+�H�` 7Q`K-

bj =
m∑

k=1

√
hknk

hjnj
Bjkβk + εj U9V

rBi? m #2BM; i?2 iQi�H MmK#2` Q7 aLSbX G2i σ2
Xj

- σ2
Xk

�M/ σXj ,Xk /2MQi2 i?2 ;2MQivT2 p�`B�M+2 Q7 aLS j �M/

k �M/ i?2B` +Qp�`B�M+2X h?2M- U9V +�M #2 bBKTHB}2/ iQ

bj =
m∑

k=1

√
nk

nj
βXj ,Xkβk + εj U8V

r?2`2 βXj ,Xk = σXj ,Xk/σ
2
Xj

Bb i?2 `2;`2bbBQM Q7 aLS k QM i?�i Q7 aLS jX AM Qi?2` rQ`/b- r2 KQ/2H i?2 K�`;BM�H

2z2+i Q7 2�+? aLS �b � HBM2�` +QK#BM�iBQM Q7 Qi?2` aLS 2z2+ib rBi? i?2 r2B;?ib #2BM; � 7mM+iBQM Q7 `2;`2bbBQM

+Q2{+B2Mi Q7 aLS ;2MQivT2b �M/ T2`@aLS b�KTH2 bBx2bX AM +QMi`�bi iQ i?2 B/2MiBiv bi`m+im`2 Q7 `2bB/m�H p�`B�M+2

BM URV- i?2 `2bB/m�Hb BM UjV �`2 MQi BM/2T2M/2Mi BM i?2 T`2b2M+2 Q7 G.- #2+�mb2

V ar (ε) = V ar
(
.−Rs′2

)

= .−Rs′s.−Rσ2
e

= .− R
k ".− R

k σ2
e UeV

R



G2i q = .− R
k ". R

k �M/ _ = .− R
k ".− R

k X 6BM�HHv- 7`QK UjV r2 ?�p2

# = qβ + ε UdV

rBi? V ar (ε) = _σ2
e X h?Bb Bb � ;2M2`B+ 7Q`K Q7 bmKK�`v@/�i�@#�b2/ "�v2bB�M `2;`2bbBQMb Ua"_V- r?B+? Bb bBKBH�`

iQ i?2 _aa KQ/2H Q7 w?m �M/ ai2T?2Mb (k)X

�b BM "�v2ba (j)- r2 �bbmK2 i?2 2z2+i bBx2 Bb `2H�i2/ iQ J�6 i?`Qm;? T�`�K2i2` a,

βj






∼ N
(
0, hS

j σ
2
β

)
,

= 0,

π

1− π

U3V

r?2`2 S- σ2
β �M/ π �`2 +QMbB/2`2/ �b mMFMQrMX h?2 T`BQ` 7Q` S Bb � bi�M/�`/ MQ`K�H /Bbi`B#miBQM

S ∼ N(0, 1)

h?2 T`BQ` 7Q` π Bb � mMB7Q`K #2ir22M x2`Q �M/ QM2- M�K2Hv

π ∼ Beta(1, 1)

h?2 T`BQ` 7Q` σ2
β Bb � b+�H2/ BMp2`b2 +?B@b[m�`2 /Bbi`B#miBQM

σ2
β ∼ νβτ

2
βχ

−2
νβ

r?2`2 νβ = 4 �M/

τ2β =
νβ − 2

νβ

VPh2
0

π0
∑

j h
S0+1
j

r?2`2 VP Bb i?2 T?2MQivTB+ p�`B�M+2 2biBK�i2/ 7`QK i?2 bmKK�`v bi�iBbiB+b U�b b?QrM #2HQrV �M/ h2
0- π0 �M/

S0 �`2 i?2 T`BQ` FMQrH2/;2 Q7 aLS@#�b2/ ?2`Bi�#BHBiv- π �M/ S- `2b2T+iBp2HvX aBKBH�`Hv- r2 ;Bp2 � b+�H2/ BMp2`b2

+?B@b[m�`2 T`BQ` 7Q` σ2
e BM UeV

σ2
e ∼ νeτ

2
eχ

−2
νe

r?2`2 νe = 4 �M/

τ2e =
νe − 2

νe
VP

(
1− h2

0

)

q2 2biBK�i2 i?2 T?2MQivTB+ p�`B�M+2 Q7 i?2 i`�Bi 7QHHQrBM; u�M; 2i �H (R)Ƕb �TT`Q�+?- r?B+? Bb #�b2/ QM i?2

bi�/�`/ 2``Q` Q7 i?2 K�`;BM�H aLS 2z2+i 2biBK�i2 7`QK :q�aX "2+�mb2

SE2
j =

σ2
j

s′
jsj

=
v′v − s′

jsjb2j
s′

jsj

k



r?2`2 σ2
j Bb i?2 `2bB/m�H p�`B�M+2 7Q` i?2 :q�a KQ/2H }iiBM; aLS jX _2�``�M;BM; ;Bp2b

VP,j =
v′v
nj

= Djj

(
SE2

j +
b2j
nj

)
UNV

h?2 T?2MQivTB+ p�`B�M+2 VP Bb i?2M +�H+mH�i2/ �b i?2 K2/B�M Q7 VP,j �+`Qbb �HH aLSb (R)X aBM+2 Djj = 2pjqjnj

#mi i?2 �HH2H2 7`2[m2M+B2b 7`QK i?2 Tm#HB+Hv �p�BH�#H2 bmKK�`v /�i� �`2 Q7i2M MQi 2t�+i- r2 bm#biBimi2 VP,j #v

VP BM UNV iQ `22biBK�i2 pj ;Bp2M i?2 BMTmi p�Hm2b Q7 SEj - bj �M/ nj X

q2 +�HH KQ/2H UdV rBi? i?2 �#Qp2 T`BQ` �b ǳa"�v2baǴX aT2+B7vBM; � /Bz2`2Mi T`BQ` /Bbi`B#miBQM iQ βj ;Bp2b

a"_ 7Q`K Q7 Qi?2` "�v2bB�M �HT?�#2i KQ/2HbX 6Q` 2t�KTH2- � KBtim`2 T`BQ` Q7 MQ`K�Hb rBi? /Bz2`2Mi p�`B�M+2b

7Q` βj mM/2` a"_ 7`�K2rQ`F #2+QK2b a"�v2b_ (9)X

�b b?QrM �#Qp2- r?2M i?2 G. +Q``2H�iBQMb �`2 +QKTmi2/ mbBM; �HH aLSb BM i?2 :q�a b�KTH2- a"�v2ba

KQ/2H Bb � HBM2�` i`�Mb7Q`K�iBQM Q7 i?2 "�v2ba KQ/2H rBi?Qmi HQbb Q7 BM7Q`K�iBQM- BM r?B+? +�b2 i?2 irQ KQ/2Hb

�`2 2[mBp�H2Mi BM i2`Kb Q7 TQbi2`BQ` BM72`2M+2 Ua2+iBQM VX >Qr2p2`- Bi Bb BKT`�+iB+�H iQ biQ`2 T�B`rBb2 G.

+Q``2H�iBQMb Q7 �HH ;2MQK2@rB/2 aLSb BM i?2 +QKTmi2` K2KQ`v �M/ MQi �Hr�vb 72�bB#H2 iQ �++2bb BM/BpB/m�H@H2p2H

;2MQivT2b Q7 i?2 :q�a b�KTH2X h?mb- r2 T`QTQb2 iQ mb2 � bT�`b2 G. K�i`Bt i?�i Bb +QKTmi2/ 7`QK � `272`2M+2

b�KTH2- B;MQ`BM; i?2 bK�HH G. +Q``2H�iBQM 2biBK�i2b /m2 iQ b�KTHBM; p�`B�iBQMX AM i?Bb +�b2- a"�v2ba #2+QK2b

�M �TT`QtBK�iBQM iQ "�v2baX �bbmKBM; i?2 G. `272`2M+2 b�KTH2 Bb � `�M/QK /`�r 7`QK i?2 b�K2 TQTmH�iBQM

Q7 i?2 :q�a b�KTH2- i?2 /Bb+`2T�M+v #2ir22M a"�v2ba �M/ "�v2ba �`Bb2b 7`QK i?2 b�KTHBM; p�`B�M+2 Q7 G.

+Q``2H�iBQMb mb2/ BM a"�v2baX A;MQ`BM; i?2 b�KTHBM; p�`B�M+2 Q7 G. 2biBK�i2b K�v +�mb2 � 7�BHm`2 iQ +QMp2`;2

BM i?2 J�`FQp +?�BM JQMi2 *�`HQ UJ*J*V b�KTHBM; T`Q+2bb Q` � #B�b BM T�`�K2i2` 2biBK�iBQM Ua2+iBQM VX AM

i?Bb bim/v- r2 KQ/2H �M�HviB+�HHv i?2 b�KTHBM; p�`B�M+2 Q7 G. 2biBK�i2b �b T�`i Q7 i?2 `2bB/m�H p�`B�M+2 �M/

�HHQr i?2 2biBK�i2 Q7 `2bB/m�H p�`B�M+2 iQ p�`v �+`Qbb aLSb Ua2+iBQM VX q2 b?Qr i?2 J*J* b�KTHBM; b+?2K2

7Q` i?2 KQ/2H T�`�K2i2`b BM a2+iBQM �M/ �M 2{+B2Mi mT/�iBM; bi`�;2iv BM J*J* BM a2+iBQM X

1[mBp�H2M+2 #2ir22M a"�v2ba �M/ "�v2ba

>2`2- r2 b?Qr i?�i r?2M i?2 G. +Q``2H�iBQMb �`2 +QKTmi2/ mbBM; �HH aLSb BM i?2 :q�a b�KTH2- a"�v2ba �M/

"�v2ba KQ/2Hb �`2 2[mBp�H2Mi BM i2`Kb Q7 TQbi2`BQ` BM72`2M+2X qBi?Qmi HQbb Q7 ;2M2`�HBiv r2 �bbmK2 π = 0- i?2

TQbi2`BQ` /Bbi`B#miBQM Q7 β BM a"�v2ba Bb

f (β| #, else) ∝ f (#|β, else) f (β)

∝ 2tT
{
− 1

2σ2
e

(# − qβ)′ _−1 (# − qβ)

}
2tT

{
−β′:−1β

2σ2
β

}

= 2tT
{
− 1

2σ2
e

[
#′_−1# − 2β′q′_−1# + β′

(
q′_−1q +

σ2
e

σ2
β

:−1

)
β

]}

∝ 2tT
{
− 1

2σ2
e

[
β′

(
q′_−1q +

σ2
e

σ2
β

:−1

)
β + 2β′q′_−1#

]}

j



LQi2 i?�i

q′_−Rq = . R
k ".− R

k . R
k "−R. R

k .− R
k ". R

k

= . R
k ". R

k

= . R
k .− R

k s′s.− R
k . R

k

= s′s

�M/

q′_−R# = . R
k ".− R

k . R
k "−R. R

k #

= .#

= s′v

h?mb- i?2 TQbi2`BQ` /Bbi`B#miBQM #2+QK2b

f (β| #, else) ∝ 2tT
{
− 1

2σ2
e

[
β′

(
s′s +

σ2
e

σ2
β

:−1

)
β + 2β′s′v

]}

h?Bb Bb 2[mBp�H2Mi iQ i?2 TQbi2`BQ` /Bbi`B#miBQM ;Bp2M i?2 BM/Bp/Bm�H ;2MQivT2 �M/ T?2MQivT2 /�i�X Ai +�M #2

b?QrM i?�i i?2 �#Qp2 Bb i?2 F2`M2H Q7 � KmHiBp�`B�i2 MQ`K�H /Bbi`B#miBQM- BX2X

β| #, else ∼ MVN
(
*−R`,*−Rσk

2
)

r?2`2 * = q′_−Rq + σk
2

σk
β

:−R = s′s + σk
2

σk
β

:−R �M/ ` =q′_−R# = s′vX Ai Bb `2+Q;MBx2/ i?�i * �M/ ` �`2 i?2

H27i@ �M/ `B;?i@?�M/ bB/2b Q7 i?2 KBt2/@KQ/2H 2[m�iBQMb

[
q′_−1q + :−1λ

]
︸ ︷︷ ︸

β = q′_−1#︸ ︷︷ ︸ URyV

* `

rBi? λ = σ2
e/σ

2
β X Ai +�M #2 7m`i?2` b?QrM i?�i BM i?2 :B##b b�KTHBM;- i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM Q7 βj

Bb

βj

∣∣#,β−j , else ∼ N

(
rj
Cj

,
σ2
e

Cj

)
URRV

r?2`2

rj = Djbj −
∑

k #=j

D
1
2
j BjkD

1
2
k βk URkV

= s′
jv −

∑

k #=j

s′
jskβk

Cj = Dj +
σ2
e

hS
j σ

2
β

= s′
jsj +

σ2
e

hS
j σ

2
β
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*QMb2[m2M+2 Q7 B;MQ`BM; G. b�KTHBM; p�`B�iBQM

h?2 +QMb2[m2M+2 Q7 mbBM; � bT�`b2 G. K�i`Bt Bb i?�i Bi +�M TQi2MiB�HHv #B�b i?2 K2�M Q7 i?2 7mHH +QM/BiBQM�H

/Bbi`B#miBQM 7Q` βj X G2i k /2MQi2 � aLS BM MQMx2`Q G. rBi? i?2 i�`;2i aLS �M/ l /2MQi2 � aLS i?�i /Q2b MQi

?�p2 bB;MB}+�Mi G. rBi? i?2 i�`;2i aLSX h?2 rj BM URkV +�M #2 r`Bii2M �b

rj = Djbj −
∑

k

D
1
2
j BjkD

1
2
k βk −

∑

l

D
1
2
j BjlD

1
2
l βl

= Djbj −
∑

k

D
1
2
j BjkD

1
2
k βk − tj

= r∗j − tj URjV

h?2 7mHH +QM/BiBQM�H Q7 βj BM URRV #2+QK2b

βj | tj ∼ N

(
r∗j − tj
Cj

,
σ2
e

Cj

)

q?2M `2/m+2/ G. K�i`Bt Bb mb2/- Bjl Bb b2i iQ #2 x2`Q- r2 i?2`27Q`2 +QKTH2i2Hv B;MQ`2 tj �M/ /Q MQi �/Dmbi i?2

K2�M Q7 i?2 7mHH +QM/BiBQM�H #v i?2 2z2+ib Q7 aLSb BM p2`v HQr G.X >Qr2p2`- �Hi?Qm;? BM/BpB/m�H G. Bb i`BpB�H-

i?2 bmK Q7 i?2K +�M #2 bm#bi�MiB�H �7i2` KmHiBTHB2/ #v n #2+�mb2 V ar
(∑

l s′
jsl

)
= DjV ar (

∑
l Bjl) ∝ nm

mM/2` i?2 MmHHX h?Bb K�v #`2�F i?2 T`QT2`iv Q7 J*J* �M/ 7�BH i?2 :B##b b�KTHBM;X

JQ/2HHBM; G. b�KTHBM; p�`B�M+2

h?2 mb2 Q7 � bT�`b2 G. K�i`Bt 7`QK � `272`2M+2 b�KTH2 rBHH `2bmHi BM irQ bQm`+2b Q7 b�KTHBM; p�`B�iBQMX h?2

}`bi Bb i?2 /Bz2`2M+2 BM b�KTHBM; p�`B�M+2 #2ir22M i?2 `272`2M+2 �M/ :q�a b�KTH2b 7Q` i?2 G. +Q``2H�iBQMb

BM+Hm/2/ BM i?2 bT�`b2 G. K�i`BtX h?2 b2+QM/ Bb i?2 b�KTHBM; p�`B�M+2 Q7 G. +Q``2H�iBQMb i?�i �`2 b2i iQ #2

x2`QX �b b?QrM �#Qp2- B;MQ`BM; i?2b2 b�KTHBM; p�`B�iBQMb rBHH `2bmHi BM � #B�b Q7 i?2 K2�M BM i?2 7mHH +QM/BiBQM�H

/Bbi`B#miBQM Q7 βj �M/ i?2`2#v #B�b2b BM i?2 2biBK�iBQM Q7 Qi?2` KQ/2H T�`�K2i2`bX >2`2- r2 �++QmMi 7Q` #Qi?

b�KTHBM; p�`B�iBQMb BM i?2 KQ/2H- �b /2b+`B#2/ #2HQrX

amTTQb2 i?2 Q#b2`p2/ G. +Q``2H�iBQM #2ir22M aLS j �M/ k 2[m�H iQ i?2 i`m2 TQTmH�iBQM G. UρjkV THmb �

/2pB�iBQM UiBH/2 `272`b iQ i?2 G. `272`2M+2 b�KTH2V,

Bjk = ρjk + δjk

B̃jk = ρjk + δ̃jk

h?2M- i?2 G. +Q``2H�iBQM BM i?2 :q�a b�KTH2 Bb

Bjk =






B̃jk +
(
δjk − δ̃jk

)

δjk

B7 ρjk $= 0

B7 ρjk = 0

UR9V

8



G2i ∆jk /2MQi2 i?2 mMQ#b2`p2/ [m�MiBiv BM UR9V- BX2X

∆jk =






δjk − δ̃jk

δjk

B7 ρjk "= 0

B7 ρjk = 0

AM UdV- r2 +�M r`Bi2

q = q+ + q− UR8V

r?2`2 q+ = .− R
k "̃. R

k Bb i?2 Q#b2`p2/ /�i�- �M/ q− = .− R
k ∆. R

k Bb MQi Q#b2`p2/X am#biBimBM; UR8V BM UdV ;Bp2

# = q+β + η UReV

r?2`2 η = q−β + ε �`2 i?2 M2r `2bB/m�Hb i?�i +QMi�BM /Bz2`2M+2 BM b�KTHBM; /2pB�iBQM Q7 G. #2ir22M i?2

:q�a �M/ `272`2M+2 b�KTH2b r?2M i?2 TQTmH�iBQM G. Bb MQi x2`Q- �M/ b�KTHBM; /2pB�iBQM Q7 G. BM i?2 :q�a

b�KTH2 r?2M i?2 TQTmH�iBQM G. Bb x2`QX

*QM/BiBQM�H QM ∆- i?2 `2bB/m�H p�`B�M+2 Bb

V ar (η |∆ ) = q−′:q−σ2
β + _σ2

e URdV

rBi? _ = .− R
k "̃.− R

k X >Qr2p2`- i?Bb +�MMQi #2 +QKTmi2/ #2+�mb2 ∆ Bb MQi Q#b2`p2/X

*QMbB/2`BM; #Qi? β �M/ ∆ �b `�M/QK- i?2 /B�;QM�H p�Hm2 Q7 V ar (η) BM Re Bb

V ar (ηj) = E [V ar (ηj |∆j)] + V ar [E (ηj |∆j)]

= E
[(

q−
j

)′ :q−
j σ

2
βπ +D−1

j σ2
e

]
+ 0

= E

[
m∑

k=1

D−1
j ∆2

jkDkGkσ
2
βπ

]
+D−1

j σ2
e

= D−1
j σ2

βπE [DkGk]E

[
∑

k

∆2
jk

]
+D−1

j σ2
e

= D−1
j σ2

βπ

∑
k (2pkqk)

S+1 nj

m
E

[
∑

k

∆2
jk

]
+D−1

j σ2
e

= D−1
j

(
π
∑

k

(2pkqk)
S+1 σ2

β

)
nj

m
E

[
∑

k

∆2
jk

]
+D−1

j σ2
e

= D−1
j σ2

g
nj

m
E

[
∑

k

∆2
jk

]
+D−1

j σ2
e

= D−1
j

(
nj

m

∑

k

E
[
∆2

jk

]
σ2
g + σ2

e

)

= D−1
j

(
nj

m

∑

k

V ar (∆jk)σ
2
g + σ2

e

)
UR3V

e



q?2M ρjk != 0-

V ar (∆jk) = V ar (δjk) + V ar
(
δ̃jk
)
− 2Cov

(
δjk, δ̃jk

)

=

(
1− ρ2jk

)2

nj
+

(
1− ρ2jk

)2

ñj
− 2Cov

(
δjk, δ̃jk

)
URNV

A7 i?2`2 Bb MQ b�KTH2 Qp2`H�T #2ir22M i?2 G. `272`2M+2 �M/ :q�a b�KTH2b- i?2M Cov
(
δjk, δ̃jk

)
= 0X A7 r2

+QKTmi2 G. 7`QK i?2 :q�a b�KTH2 Bib2H7- i?2M V ar (∆jk) = 0X

q?2M ρjk = 0-

V ar (∆jk) = V ar (δjk) =
1

nj

A7 r2 2biBK�i2 ρjk #v B̃jk �M/ �bbmK2 i?2`2 Bb MQ b�KTH2 Qp2`H�T #2ir22M i?2 G. `272`2M+2 �M/ :q�a

b�KTH2b- bm#biBimiBM; i?2b2 `2bmHib BM UR3V ;Bp2b

V ar (ηj) = D−1
j

[(
nj

m
s2j +

m0
j

m

)
σ2
g + σ2

e

]
UkyV

r?2`2 m0
j Bb i?2 MmK#2` Q7 aLSb MQi BM TQTmH�iBQM G. rBi? aLS j- σ2

g Bb i?2 i`�Bi ;2M2iB+ p�`B�M+2- �M/

s2j =

mj∑

k=1





(
1− ρ2jk

)2

nj
+

(
1− ρ2jk

)2

ñj
− 2Cov

(
δjk, δ̃jk

)




Bb i?2 iQi�H b�KTHBM; p�`B�M+2 7Q` MQM@x2`Q G.X AM T`�+iB+2- r2 �TT`QtBK�i2 ρjk #v B̃jkX AM i?2 �#b2M+2 Q7

b�KTH2 Qp2`H�T #2ir22M i?2 G. `272`2M+2 �M/ :q�a b�KTH2b- Cov
(
δjk, δ̃jk

)
= 0X AM i?2 +�b2 Q7 +QKTH2i2

b�KTH2 Qp2`H�T- s2j = 0X

aBKBH�`Hv- +QMbB/2`BM; #Qi? β �M/ ∆ �b `�M/QK- i?2 Qz@/B�;QM�H p�Hm2 Q7 V ar (η) BM Re Bb

Cov (ηj , ηk) = E [Cov (ηj , ηk|∆j ,∆k)] + Cov [E (ηj |∆j) , E (ηk|∆k)]

= E
[(

q−
j

)′ :q−
k σ

2
β +D

− 1
2

j B̃jkD
− 1

2
k σ2

e

]
+ 0

= E

[
∑

l

D
− 1

2
j D

− 1
2

k ∆jl∆klDlGlσ
2
βπ

]
+D

− 1
2

j B̃jkD
− 1

2
k σ2

e

= 0 +D
− 1

2
j B̃jkD

− 1
2

k σ2
e

= Rjkσ
2
e

h?mb- i?2 b�KTHBM; p�`B�M+2 Q7 G. +Q``2H�iBQMb QMHv �z2+i i?2 /B�;QM�H #mi MQi Qz@/B�;QM�H p�Hm2b Q7 i?2 `2bB/m�H

p�`B�M+2X

�++Q`/BM; iQ i?2 /2`Bp�iBQM �#Qp2- r2 ?�p2 i?2 7QHHQrBM; Q#b2`p�iBQMb,

RX h?2 G. b�KTHBM; p�`B�M+2 QMHv �z2+ib i?2 p�`B�M+2 #mi MQi +Qp�`B�M+2 Q7 i?2 KQ/2H `2bB/m�HbX h?mb-

�++QmMiBM; 7Q` i?2 G. b�KTHBM; p�`B�M+2 BM i?2 :B##b b�KTHBM; Q7 βj Bb bi`�B;?i7Q`r�`/ Ub22 #2HQrVX

d



kX h?2 G. b�KTHBM; p�`B�iBQM ?�b irQ +QKTQM2Mib- QM2 /m2 iQ i?2 mb2 Q7 � /Bz2`2Mi `272`2M+2 b�KTH2 7Q` G.

BM7Q`K�iBQM �M/ i?2 Qi?2` /m2 iQ i?2 mb2 Q7 � bT�`b2 G. K�i`Bt- #Qi? Q7 r?B+? �`2 T`QTQ`iBQM�H iQ i?2

;2M2iB+ p�`B�M+2X A7 G. �`2 2biBK�i2/ 7`QK i?2 :q�a b�KTH2- V ar (ηj) = D−1
j

(
m0

j

m σ2
g + σ2

e

)
X 6m`i?2`- B7

i?2 ;2MQK2@rB/2 7mHH G. K�i`Bt Bb mb2/- V ar (ηj) = D−1
j σ2

e - i?2 b�K2 �b i?�i BM UeVX

jX A7 aLS j Bb BM/2T2M/2Mi Q7 �HH Qi?2` aLSb- m0
j = m−1 �M/ s2j = 0X h?2`27Q`2- V ar (ηj) = D−1

j

(
m−1
m σ2

g + σ2
e

)
=

D−1
j

(
σ2
y − σ2

j

)
= D−1

j

(
y

′
y −Djσ2

β

)
/nj - r?B+? Bb i?2 `2bB/m�H p�`B�M+2 mM/2` � bBM;H2@aLS :q�a KQ/2HX

9X lM/2` bQK2 +QM/BiBQMb- 2X;X- bK�HH n ȳj #mi H�`;2 nj - s2j +�M #2 ;`2�i2` i?�M RX h?mb- BM i?2 T`2b2M+2 Q7

G. b�KTHBM; p�`B�M+2- i?2 iQi�H `2bB/m�H p�`B�M+2 UBM i?2 b[m�`2 #`�+F2ib Q7 UkyVV +�M #2 ;`2�i2` i?�M i?2

T?2MQivTB+ p�`B�M+2 Q7 i?2 i`�BiX

J*J* b�KTHBM; b+?2K2

h?2 DQBMi /Bbi`B#miBQM Q7 i?2 /�i� �M/ T�`�K2i2`b BM KQ/2H UdV Bb

f
(
#,β,π, S,σ2

β ,σ
2
e

)
∝

∣∣_σ2
e

∣∣− 1
2 2tT

{
− 1

2σ2
e

(# − qβ)′ _−1 (# − qβ)′
}

×
m∏

j=1

[
(
hS
j σ

2
β

)− 1
2 2tT

{
−

β2
j

2hS
j σ

2
β

}
π + φ (1− π)

]

× 2tT
{
−S2

2

}

×
(
σ2
β

)− 2+νβ
2 2tT

{
−
νβτ2β
2σ2

β

}

×
(
σ2
e

)− 2+νe
2 2tT

{
−νeτ2e

2σ2
e

}

hQ Q#i�BM � DQBMi TQbi2`BQ` b�KTH2 7Q` T�`�K2i2` BM72`2M+2- r2 Bi2`�iBp2Hv b�KTH2 2�+? T�`�K2i2` 7`QK Bib 7mHH

+QM/BiBQM�H /Bbi`B#miBQMX 1t+2Ti S- i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM ?�b � +HQb2/ 7Q`K 7Q` �HH i?2 T�`�K2i2`b- �b

b?QrM #2HQrX

hQ /2�H rBi? i?2 KBtim`2 T`BQ` 7Q` βj - r2 BMi`Q/m+2 �M BM/B+�iQ` p�`B�#H2 δj

δj ∼ Bernoulli(π)

bm+? i?�i

βj






∼ N(0, hS
j σ

2
β), δj = 1

= 0, δj = 0

q2 }`bi b�KTH2 δj mM+QM/BiBQM�H QM βj �M/ i?2M b�KTH2 βj +QM/BiBQM�H QM δj - r?B+? ?�b #22M b?QrM iQ ?�p2

bHB;?iHv #2ii2` KBtBM;X h?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM 7Q` δj Bb

δj |#, else ∼ Bernoulli(π̂)

3



r?2`2

π̂ =
f (# |δj = 1, else )π

f (# |δj = 1, else )π + f (# |δj = 0, else ) (1− π)

=

[
1 +

f (# |δj = 0, else )

f (# |δj = 1, else )

1− π

π

]−1

UkRV

Ai Bb Q#pBQmb i?�i

f (# |δj = 0, else ) =
(
2π |_|σ2

e

)− 1
2 2tT

{
− 1

2σ2
e

#′
adj_−1#adj

}
UkkV

r?2`2 #adj = # −
∑

k #=j qkβk Bb i?2 �/Dmbi2/ # 7Q` �HH i?2 Qi?2` aLS 2z2+ib 2t+2Ti aLS jX 6Q`imM�i2Hv- r2 /Q

MQi M22/ iQ +QKTmi2 i?Bb [m�MiBiv #2+�mb2 Bi rBHH #2 +�M+2HH2/ BM i?2 HBF2HB?QQ/ `�iBQ BM UkRV- �b b?QrM #2HQrX

6Q` f (# |δj = 1, else )- iQ #2 mM+QM/BiBQM�H QM βj - r2 +QKTmi2

f (# |δj = 1, else ) =

∫
f (# |δj = 1,βj , else ) f (βj) dβj

=
(
2π |_|σ2

e

)− 1
2 2tT

{
− 1

2σ2
e

#′
adj_−1#adj

}(
σ2∗
ej

hS
j σ

2
βC

∗
j

) 1
2

2tT
{ (

r∗j
)2

2C∗
j σ

2∗
ej

}
UkjV

h?Bb 2[m�iBQM Bb /2`Bp2/ #�b2/ QM BMi2;`�iBM; βj Qmi Q7 i?2 DQBMi /Bbi`B#miBQM Q7 # �M/ βj - r?B+? Bb +HQb2Hv `2H�i2/

iQ i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM Q7 βj - �b b?QrM M2tiX �HbQ b22 #2HQr 7Q` i?2 /2}MBiBQM Q7 σ2∗
ej - C∗

j �M/ r∗j X

am#biBimiBM; UkkV �M/ UkjV BMiQ UkRV ;Bp2b i?2 7mHH +QM/BiBQM�H T`Q#�#BHBiv 7Q` δj = 1X

G2i σ2∗
ej =

(
nj

m s2j +
m0

j

m

)
σ2
g + σ2

e - r?B+? 2tTHB+BiHv KQ/2Hb i?2 b�KTHBM; p�`B�iBQM Q7 G. �b /2b+`B#2/ �#Qp2X

h?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM Q7 βj URRV Bb

βj

∣∣#,β−j , else ∼ N

(
r∗j
C∗

j

,
σ2∗
ej

C∗
j

)
Uk9V

rBi? r∗j �b BM URjV UB;MQ`2b tj i?2 +mKmH�iBp2 2z2+ib Q7 aLSb BM +?�M+2 G.V �M/ C∗
j = Dj +

σ2∗
ej

hS
j σ2

β
X Ai +�M #2

b22M i?�i BMbi2�/ Q7 �/DmbiBM; 7Q` i?2 ǳH27iQp2`Ǵ 2z2+i 7`QK i?2 K2�M- r2 b?`BMF i?2 K2�M iQr�`/b x2`Q r?BH2

BM+`2�b2 i?2 p�`B�M+2 UmM+2`i�BMivV Q7 i?2 TQbi2`BQ` /Bbi`B#miBQM- #2+�mb2 σ2∗
ej /C

∗
j = 1/

(
Dj/σ2∗

ej + 1/hS
j σ

2
β

)
X

:Bp2M i?2 b�KTH2/ p�Hm2b Q7 δ �M/ β- i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM 7Q` π- σ2
β �M/ S Bb i?2 b�K2 �b BM

"�v2ba- rBi? i?2 b�KTHBM; T`Q+2/m`2 2H�#Q`�i2/ BM i?2 amTTH2K2Mi�`v LQi2 Q7 w2M; 2i �H (j)X

h?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM 7Q` i?2 `2bB/m�H p�`B�M+2 σ2
e Bb

σ2
e |#, else ∼ νeτ

2
eχ

−2
νe

Uk8V

r?2`2 νe = n̄ + νe0 �M/ τ2e =
(
2′2 + νe0τ

2
e0

)
/νe rBi? νe0 �M/ τ2e0 #2BM; i?2 T`BQ` p�Hm2bX h?2 `2bB/m�H bmK Q7

b[m�`2b U2′2V +�M #2 +QKTmi2/ �b

N



2′2 = (v − sβ)′ (v − sβ)

= v′v − 2β′s′v + β′s′sβ

= v′v − 2β′` + β′ (` − `adj)

= v′v − β′` − β′`adj UkeV

r?2`2 ` = .# �M/ `adj = ` − s′sβ Bb i?2 �/Dmbi2/ `B;?i@?�M/@bB/2 7`QK i?2 `B;?i@?�M/@bB/2 mT/�iBM; bi`�i2;v

Ub22 #2HQrVX h?2 iQi�H bmK Q7 b[m�`2b v′v Bb +QKTmi2/ 7`QK UNV �M/ i?2 K2/B�M Bb mb2/ �b i?2 2biBK�i2 Q7 v′v

BM UkeVX

h?2 `B;?i@?�M/@bB/2 mT/�iBM; bi`�i2;v �M/ T�`�HH2H +QKTmiBM;

h?2 J*J* BKTH2K2Mi�iBQM `2[mB`2b � +QKTmi�iBQM Q7 rj BM URkV 7Q` m × t iBK2b r?2`2 m Bb i?2 MmK#2` Q7

aLSb �M/ t Bb i?2 MmK#2` Q7 J*J* Bi2`�iBQMbX h?Bb Bb r?2`2 i?2 KQbi K�DQ`Biv +QKTmiBM; iBK2 Bb bT2MiX Ai

+�M #2 b22M 7`QK URkV i?�i i?2 bmKK�`v@/�i� H2p2H KQ/2H Bb �H`2�/v Km+? KQ`2 2{+B2Mi i?�M i?2 BM/BpB/m�H@

/�i� H2p2H KQ/2H- #2+�mb2 i?2 p2+iQ`@#v@p2+iQ` T`Q/m+ib s′
jv �M/ s′

jsk �`2 `2TH�+2/ #v b+�H�` T`Q/m+ib Djbj

�M/ D
1
2
j BjkD

1
2
k X >Qr2p2`- i?2 �/DmbiK2Mi Q7 Djbj Ui?2 `B;?i@?�M/@bB/2 ` Q7 i?2 KBt2/@KQ/2H 2[m�iBQMb URyVV

7Q` �HH i?2 Qi?2` aLS 2z2+ib Bb biBHH iQQ +QKTmi�iBQM�HHv BMi2Mb2 ;Bp2M Qp2` � KBHHBQM Q7 aLSbX hQ BKT`Qp2

+QKTmi�iBQM�H 2{+B2M+v- r2 �/QTi2/ i?2 bQ@+�HH2/ `B;?i@?�M/@bB/2 mT/�iBM; �H;Q`Bi?K 7Q` ;2MQKB+ T`2/B+iBQM

BM i?2 +QMi2ti Q7 �MBK�H #`22/BM; (8)X q2 b2i Qmi iQ +QKTmi2 � p2+iQ` Q7 �/Dmbi2/ `B;?i@?�M/@bB/2

`adj = ` − *β

- r?2`2 ` = .# �M/ * = . R
k ". R

k UMQi2 i?�i ?2`2 * Bb /2}M2/ /Bz2`2Mi 7`QK i?�i BM URyVVX 6Q` 2�+? aLS- r2

+QKTmi2

rj = radj,j + Cjjβj

�M/ mb2 rj BM i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM Q7 βj Uk9VX �7i2` � M2r p�Hm2 Q7 βj Bb b�KTH2/- r2 mT/�i2 i?2

�/Dmbi2/ `B;?i@?�M/@bB/2

`newadj = `oldadj + *j

(
βold
j − βnew

j

)

h?2 #2M2}i Q7 i?Bb mT/�iBM; bi`�i2;v +QK2b 7`QK i?`22 bB/2bX 6B`bi- i?2 +QKTmi�iBQM Q7 rj 7Q` 2�+? aLS #2+QK2b

i`BpB�H U`2/m+BM; 7`QK p2+iQ` iQ b+�H�` QT2`�iBQMVX a2+QM/- i?2 p2+iQ` Q7 `adj M22/b iQ #2 mT/�i2/ QMHv r?2M

2Bi?2` βold
j Q` βnew

j Bb MQi x2`Q- i?mb i?2 bT�`b2 ;2M2iB+ �`+?Bi2+im`2 rBHH H2�/ iQ � bm#bi�MiB�H ;�BM BM bT22/X

h?B`/- /m2 iQ i?2 mb2 Q7 � bT�`b2 G. K�i`Bt- i?2 p2+iQ` Q7 *j ?�b � H�`;2 T`QTQ`iBQM Q7 x2`Q �M/ i?2`27Q`2 QMHv

� bK�HH 7`�+iBQM Q7 `adj �++Q`/BM; iQ MQMx2`Q *j 2H2K2Mib M22/b iQ #2 mT/�i2/X AM bmKK�`v- i?2 `B;?i@?�M/@bB/2

mT/�iBM; bi`�i2;v bm#bi�MiB�HHv BKT`Qp2b +QKTmi�iBQM�H 2{+B2M+v #v i�FBM; i?2 �/p�Mi�;2b Q7 i?2 bT�`b2 ;2M2iB+

�`+?Bi2+im`2 �M/ i?2 bT�`b2 G. +Q``2H�iBQM K�i`BtX q2 7m`i?2` BKT`Qp2 i?2 2{+B2M+v #v BKTH2K2MiBM; � T�`�HH2H

Ry



+QKTmiBM; 7Q` b�KTHBM; βj Q7 aLSb HQ+�i2/ QM /Bz2`2Mi +?`QKQbQK2b- �M/ i?2M +QK#BM2 `2bmHib �+`Qbb i?`2�/b

iQ 2biBK�i2 i?2 ;HQ#�H T�`�K2i2`b bm+? �b π- σ2
β - S �M/ 2i+X h?Bb H2/ iQ �#Qmi 9 iBK2b 7�bi2` r?2M 9 +Q`2b r2`2

mb2/ rBi? PT2MJS HB#`�`v BM Qm` `2�H i`�Bi �M�HvbBbX

�H;Q`Bi?K Tb2m/Q+Q/2

Pm` a"�v2ba �H;Q`Bi?K Bb BKTH2K2Mi2/ BM :*h" #�b2/ QM i?2 7QHHQrBM; Tb2m/Q+Q/2,

�H;Q`Bi?K R a"�v2ba �H;Q`Bi?K
R, AMBiB�HBb2 T�`�K2i2`b �M/ `2�/ bmKK�`v bi�iBbiB+b
k, _2+QMbi`m+i s′s �M/ s′v 7`QK bmKK�`v bi�iBbiB+b �M/ G. `272`2M+2 T�M2H U. 4 /B�;QM�H 2H2K2Mib Q7 s′sV
j, *�H+mH�i2 `∗ = s′v − s′sβ
9, 7Q` i 4 R iQ MmK#2` Q7 Bi2`�iBQMb /Q
8, 7Q` j 4 R iQ MmK#2` Q7 aLSb /Q
e, *�H+mH�i2 σ2∗

ej =
(

nj

m s2j +
m0

j

m

)
σ2
g + σ2

e

d, *�H+mH�i2 i?2 `B;?i ?�M/ bB/2 rj = r∗j −Djβj

3, *�H+mH�i2 i?2 H27i ?�M/ bB/2 Cj = Dj +
σ2∗
ej

(2pjqj)Sσ2
β

N, *�H+mH�i2 i?2 TQbi2`BQ` T`Q#�#BHBiv 7Q` δj = 1 rBi? S`(δj = 1|#,θ) = 1
2tT[HQ;(L0)−HQ;(L1)]

- r?2`2
HQ;(L0)− HQ;(L1) = HQ;(1− π)− 0.5(HQ;(C−1

j )− HQ;((2pjqj)Sσ2
β) + C−1

j r2j )− HQ;π
Ry, a�KTH2 δj #�b2/ QM i?2 TQbi2`BQ` T`Q#�#BHBiv
RR, B7 δ = 1 i?2M
Rk, a�KTH2 βj 7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM N( rj

Cj
,
σ2∗
ej

Cj
)

Rj, lT/�i2 `∗ = `∗ + s′sj(β
(i−1)
j − βjV- r?2`2 s′sj Bb i?2 jth +QHmKM Q7 s′s �M/ β(i−1)

j Bb i?2
b�KTH2/ p�Hm2 7`QK i?2 H�bi Bi2`�iBQM

R9, 2Hb2
R8, B7 β(i−1)

j 4 y i?2M
Re, lT/�i2 `∗ = `∗ + s′sjβ

(i−1)
j

Rd, 2M/ B7
R3, 2M/ B7
RN, 2M/ 7Q`

ky, a�KTH2 σ2
β 7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM νβτ2βχ

−2
νβ

rBi? νβ = mnz+νβ0 �M/ τβ =

∑ β2
j

(2pjqj)
S +νβ0τβ0 )

νβ

kR, a�KTH2 S 7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM mbBM; >J* �H;Q`Bi?K
kk, a�KTH2 π 7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM Beta(mNZ + a0,m−mNZ + b0)

kj, a�KTH2 σ2
e 7`QK i?2 7mHH +QM/BiBQM�H /Bbi`B#miBQM νeτ2eχ

−2
νe

- r?2`2 νe = n̄+ νe0 �M/ τ2e =
(2′2+νe0τ

2
e0
)

νe
rBi?

2′2 = v′v − β′s′v − β′`∗
k9, *�H+mH�i2 i?2 iQi�H ;2M2iB+ p�`B�M+2 σ2

g = β′s′v−β′`∗
n̄
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amTTH2K2Mi�`v 6B;X d# b?Qrb i?�i i?2 2biBK�i2b rBi? /Bz2`2Mi b�KTH2 bBx2b �`2 ?B;?Hv +QM+Q`/�Mi r?2M i?2

aLSb ?�p2 � ;QQ/ i�;;BM; �#BHBiv UBM i?2 bBKmH�iBQM- r2 b�KTH2/ +�mb�H p�`B�Mib 7`QK i?2 RXR KBHHBQM +QKKQM

aLSb �M/ H27i Qmi i?2 +�mb�H p�`B�MibVX h?Bb bm;;2bib i?�i i?2 �//BiBQM�H p�`B�iBQM �M/ K2�M /Bz2`2M+2 Q#b2`p2/

BM i?2 `2�H /�i� �M�HvbBb UamTTH2K2Mi�`v 6B;X e+V �`2 HBF2Hv iQ #2 /m2 iQ i?2 BMbm{+B2Mi i�;;BM; Q7 >�TJ�Tj

+QKKQM aLSb iQ i?2 mMQ#b2`p2/ +�mb�H p�`B�MibX

6BM�HHv- r2 `�M a"�v2ba@bi`�i rBi? 7mM+iBQM �MMQi�iBQMb mbBM; i?2 /QrM@b�KTH2/ /�i�b2i- �M/ 7QmM/ � ;QQ/

+QMbBbi2M+v 7Q` /Bz2`2Mi b�KTH2 bBx2b U+Q``2H�iBQM r = 0.99 7Q` h2
SNP 2M`B+?K2Mi- r = 0.93 7Q` TQHv;2MB+Biv

2M`B+?K2Mi- r = 0.87 7Q` h2
NZE 2M`B+?K2Mi �M/ r = 0.73 7Q` i?2 2biBK�i2/ Sc amTTH2K2Mi�`v 6B;m`2 jRVX :Bp2M

� ?B;?2` /2;`22 Q7 mM+2`i�BMiv U� H�`;2` bi�M/�`/ 2``Q`V- i?2 S T�`�K2i2` 2biBK�i2b rBi? i?2 irQ /Bz2`2Mi b�KTH2

bBx2b r2`2 `2�bQM�#Hv +QMbBbi2Mi- �Hi?Qm;? i?2 +Q``2H�iBQM 7Q` i?2 S T�`�K2i2` r�b HQr2` i?�M i?�i 7Q` h2
SNP �M/

TQHv;2MB+Biv �b 2tTH�BM2/ �#Qp2X *QKT�`2/ iQ i?2 T2` i`�Bi 2biBK�i2 UamTTH2K2Mi�`v 6B;X e+V- i?2 TQHv;2MB+Biv

2M`B+?K2Mi 2biBK�i2b BM i?2 bi`�iB}2/ KQ/2H r2`2 Km+? H2bb b2MbBiBp2 iQ b�KTH2 bBx2 #2+�mb2 i?2 2ti`� MmK#2`

Q7 bK�HH 2z2+ib /2i2+i2/ #v � H�`;2` b�KTH2 bBx2 BM � 7mM+iBQM�H +�i2;Q`v Bb HBF2Hv T`QTQ`iBQM�H iQ i?�i BM i?2

r?QH2 ;2MQK2 �M/ i?2`27Q`2 +�M+2HH2/ Qmi BM i?2 `�iBQX

Rk



amTTH2K2Mi�`v LQi2 j, aBKmH�iBQM Q7 :q�a bmKK�`v bi�iBbiB+b

h?2 Q#D2+iBp2 Bb iQ bBKmH�i2 i?2 :q�a bmKK�`v bi�iBbiB+b #̂ �M/ i?2B` bi�M�/�`/ 2``Q`b rBi? �M �`#Bi`�`v

b�KTH2 bBx2 n ;Bp2M � `272`2M+2 b�KTH2X *QMbB/2` KQ/2H

v = sβ + 2

G2i . #2 � /B�;QM�H K�i`Bt rBi? Dj = 2pjqjnj X h?2 ;2MQivT2 K�i`Bt s Bb +2Mi2`2/ #mi MQi bi�M/�`/Bb2/X

.−Rs′v = .−Rs′sβ + .−Rs′2

G2i " #2 i?2 G. +Q``2H�iBQM K�i`BtX

#̂ = .− R
k ". R

k β + .−Rs′2

= # + ε

�bbmKBM; MQ`K�HBiv-

#̂ ∼ N
(

.− R
k ". R

k β,.− R
k ".− R

k σk
ε

)

h?2 G. K�i`Bt " Bb 2biBK�i2/ 7`QK i?2 `272`2M+2 b�KTH2 Q7 � `2H�iBp2Hv bK�HH b�KTH2 bBx2X AM Q`/2` iQ

`2KQp2 +?�M+2 G. �M/ 7�+BHBi�i2 +QKTmi�iBQM- r2 7QHHQr i?2 K2i?Q/ BM PǶ*QMMQ` �M/ S`B+2 (d) iQ +QMp2`i i?2

7mHH K�i`Bt BMiQ � TQbBiBp2 b2KB/2}MBi2 #HQ+F /B�;QM�H K�i`BtX h?2 }`bi bi2T Bb iQ +QMp2`i i?2 7mHH K�i`Bt BMiQ �

#HQ+F /B�;QM�H K�i`Bt rBi? 8y #HQ+Fb- 2�+? +QMi�BMBM; � G. rBM/Qr bBx2 Q7 kJ# Ui?2 iQi�H +?`QKQbQK2 H2M;i?

Bb RyyJ# BM i?2 bBKmH�iBQMVX h?2 M2ti bi2T Bb iQ T2`7Q`K �M 2B;2M /2+QKTQbBiBQM QM 2�+? #HQ+F,

"i = oiΣio′
i

hQ `2KQp2 MQBb2 �M/ 2Mbm`2 � TQbBiBp2 /2}MBi2 G. K�i`Bt- r2 `2KQp2/ i?2 MQM@TQbBiBp2 2B;2Mp�Hm2b BM Σi �M/

i?2 +Q``2bTQM/BM; 2B;2Mp2+iQ`b BM oiX h?2 H�bi bi2T Bb iQ `2@MQ`K�HBx2 2�+? #HQ+F iQ ?�p2 i?2 /B�;QM�H p�Hm2b

2[m�H iQ QM2,

"∗
i = C− 1

2
i "iC− 1

2
i

r?2`2 Ci Bb i?2 /B�;QM�H K�i`Bt +Q``2bTQM/BM; iQ i?2 /B�;M�H Q7 "iX

h?mb-

# = .− R
k "∗. R

k β

aBM+2

"∗
i = C− 1

2
i oiΣ

1
2
i Σ

1
2
i o′

iC
− 1

2
i

Rj



H2i u ∼ N(0, 1)- i?2M

V ar
(

.− 1
2

i C− 1
2

i oiΣ
1
2
i miσε

)
= .− 1

2
i "∗

i .− 1
2

i σ2
ε

h?mb-

εi = .− 1
2

i C− 1
2

i oiΣ
1
2
i miσε

r?2`2 σ2
ε ≈ σ2

yX h?2 bi�M/�`/ 2``Q` Q7 b̂j Ua1V Bb i?2 b[m�`2 `QQi Q7

V ar
(
b̂j
)
= D−1

j σ2
ε,j = D−1

j

(
σ2
y − 2pjqj b̂

2
j

)

amTTH2K2Mi�`v LQi2 9, J�tBKmK HBF2HB?QQ/ 2biBK�iBQM Q7 S

>2`2- r2 /2`Bp2 i?2 K�tBKmK HBF2HB?QQ/ 2biBK�i2 UJG1V Q7 S ;Bp2M i?2 i`m2 2z2+i bBx2b UβV Q7 m +�mb�H p�`B�MibX

aBM+2 Qm` KQ/2H Bb

βj ∼ N
(
0, hS

j σ
2
β

)

r?2`2 hj = 2pj(1− pj)- i?2 HBF2HB?QQ/ 7mM+iBQM Bb

f
(
β|S,σ2

β

)
=

m∏

j=1

(2π)−
1
2
(
hS
j σ

2
β

)− 1
2 2tT

{
−

β2
j

2hS
j σ

2
β

}

h?mb- i?2 HQ;@HBF2HB?QQ/ 7mM+iBQM- �7i2` /`QTTBM; Qmi i?2 MQ`K�HBbBM; +QMbi�Mi- Bb

L = −S

2

m∑

j=1

HQ;hj −
m

2
HQ;σ2

β − 1

2σ2
β

m∑

j=1

β2
j

hS
j

h�FBM; i?2 T�`iB�H /2`Bp�iBp2b Q7 L rBi? `2bT2+i iQ S �M/ σ2
β - `2bT2+iBp2Hv- ;Bp2b

∂L
∂S

= −1

2

m∑

j=1

HQ;hj +
1

2σ2
β

m∑

j=1

(
β2
j

hS
j

HQ;hj

)

∂L
∂σ2

β

= − m

2σ2
β

+
1

2
(
σ2
β

)2
m∑

j=1

β2
j

hS
j

h?2 JG1 Q7 S �M/ σ2
β +�M #2 Q#i�BM2/ #v bQHpBM; i?2 �#Qp2 2[m�iBQMb i?�i b2i iQ #2 x2`QX AM i?2 bBKmH�iBQM

bim/v- r2 mb2/ optim 7mM+iBQM BM _ iQ }M/ i?2 JG1 Q7 SX

amTTH2K2Mi�`v LQi2 8, ai�M/�`/ 2``Q` Q7 T`2/B+i2/ 2pQHmiBQM�`v T�@

`�K2i2`

q2 2biBK�i2/ i?2 bi�M/�`/ 2`Q` Q7 T`2/B+i2/ 2pQHmiBQM�`v T�`�K2i2` #v +QMbB/2`BM; � `�M/QK +Q2{+B2Mi HBM2�`

KQ/2HX Pm` KQ/2H 7Q` T`2/B+iBM; �M 2pQHmiBQM�`v T�`�K2i2` Bb, θ̂ = ŝ′β̂ r?2`2 ŝ Bb � p2+iQ` Q7 i?2 i?`22 ;2M2iB+
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Supplementary	Figures	
	

	

Supplementary	Figure	1	Benchmarking	SBayesS	with	BayesS	using	the	same	data	in	the	

chromosome-wide	analysis	across	18	UKB	traits.	The	comparison	was	based	on	the	unrelated	

individuals	of	European	ancestry	in	the	interim	release	of	the	UKB	data	(max	n=120k)	and	

~500k	array	genotyped	common	SNPs	(MAF>0.01).	In	the	SBayesS	analysis,	the	full	LD	matrix	

that	included	all	pairwise	LD	was	used	for	each	chromosome.	Data	are	presented	as	posterior	

means	+/-	posterior	standard	errors.	
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Supplementary	Figure	2	Assessing	the	performance	of	SBayesS	with	different	chi-squared	

thresholds	used	to	make	the	sparse	LD	matrix.	We	computed	summary	statistics	for	18	traits	

using	the	interim	release	of	the	UKB	data	(max	n=120k)	with	~1.1	million	HapMap3	common	

SNPs.	The	sparse	LD	matrix	was	computed	from	a	random	sample	of	50k	unrelated	individuals	

in	the	full	UKB	data	with	a	chi-squared	threshold	of	6,	10	or	15	(corresponding	to	a	r2	threshold	

of	1,	2	or	3×10-4,	respectively).	a)	Distributions	of	the	numbers	of	SNPs	detected	in	LD	with	the	

target	SNP	given	different	chi-squared	thresholds;	b)	Comparison	between	SBayesS	results	with	

chi-squared	thresholds	of	6	and	10;	c)	Comparison	between	SBayesS	results	with	chi-squared	

thresholds	of	10	and	15.	Data	are	presented	as	posterior	means	+/-	posterior	standard	errors.	
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Supplementary	Figure	3	Benchmarking	SBayesS	with	BayesS	given	different	SNP	panels.	We	

used	the	unrelated	individuals	of	European	ancestry	in	the	interim	release	of	the	UKB	data	(max	

n=120k)	and	two	SNP	panels	(~500k	Affymetrix	array	SNPs	and	~1.1	million	HapMap3	SNPs)	

for	the	SBayesS	analysis.	The	sparse	LD	matrix	was	computed	from	a	random	sample	of	50k	

unrelated	individuals	from	the	full	UKB	cohort	at	a	chi-squared	threshold	of	10.	a)	Comparison	

between	SBayesS	and	BayesS	using	array	SNPs;	b)	Comparison	between	BayesS	results	using	

HapMap3	and	array	SNPs;	c)	Comparison	between	SBayesS	results	using	HapMap3	and	array	

SNPs.	For	a	fair	comparison	of	π	between	panels,	the	number	of	SNPs	with	nonzero	effects	is	

shown	in	b)	and	c).	Data	are	presented	as	posterior	means	+/-	posterior	standard	errors.	
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Supplementary	Figure	4	Distributions	of	MAF	of	common	SNPs	(MAF>1%)	in	Affymetrix	

Axiom	array	and	HapMap3	from	the	interim	release	of	the	UKB	data.	The	array	SNP	panel	was	

more	enriched	with	low-frequency	SNPs	and	had	only	a	small	overlap	with	the	HapMap3	SNP	

panel.	This	may	explain	the	differences	in	genetic	architecture	parameter	estimates	between	

array	and	HapMap3	SNPs	(Supplementary	Fig.	3).	For	example,	the	array	SNPs	might	be	more	

efficient	to	capture	the	low-frequency	variance	and	therefore	had	slightly	higher	total	SNP-

based	heritability.	However,	the	majority	of	the	common	SNPs	in	HapMap3	Panel	is	believed	to	

have	better	tagging	to	the	causal	variants.	Thus,	it	is	reasonable	that	the	polygenicity	estimates	

were	lower	than	those	with	array	SNPs	because	the	model	does	not	need	multiple	SNPs	in	low	

LD	with	the	causal	variants	to	jointly	capture	the	causal	effects.	Similarly,	a	stronger	estimate	of	

S	is	expected	because	if	the	causal	effects	spread	on	multiple	SNPs	in	LD,	each	SNP	would	have	a	

relatively	small	effect	size,	which	will	dilute	the	signal	for	the	relationship	between	effect	size	

and	MAF.	
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Supplementary	Figure	5	Benchmarking	SBayesS	with	BayesS	given	different	reference	sample	

sizes.	We	used	the	unrelated	individuals	of	European	ancestry	in	the	interim	release	of	the	UKB	

data	(max	n=120k)	and	~500k	Affymetrix	array	common	SNPs.	The	sparse	LD	matrix	was	

computed	from	a	random	sample	of	a)	50k,	b)	20k	or	c)	4k	unrelated	individuals	from	the	full	

UKB	data	at	a	chi-square	threshold	of	10.	The	inflation	in	parameter	estimation	increased	when	

the	reference	sample	size	was	too	small.	When	the	reference	sample	size	was	4k,	SBayesS	

analysis	for	height	did	not	converge.	Data	are	presented	as	posterior	means	+/-	posterior	

standard	errors.	
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Supplementary	Figure	6	Benchmarking	SBayesS	with	BayesS	given	different	GWAS	sample	

sizes.	a)	and	b)	Comparison	between	SBayesS	and	BayesS	using	the	unrelated	individuals	of	

European	ancestry	in	the	interim	(max	n=120k)	and	full	(max	n=350k)	releases	of	the	UKB	data	

and	~500k	Affymetrix	array	SNPs.	c)	Comparison	between	SBayesS	results	given	GWAS	sample	

size	of	350k	and	120k	using	~1.1	million	HapMap3	SNPs.	The	sparse	LD	matrix	used	in	SBayesS	

was	computed	from	a	random	sample	of	50k	unrelated	individuals	from	the	full	UKB	data	at	a	

chi-squared	threshold	of	10.	Data	are	presented	as	posterior	means	+/-	posterior	standard	

errors.	
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Supplementary	Figure	7	SBayesS	results	of	the	simulation	study	based	on	the	parameter	

estimates	from	the	real	trait	analysis.	a)	Comparison	of	parameter	estimates	based	on	the	SNP	

markers	(causal	variants	excluded)	and	the	true	parameter	values	at	the	causal	variants	in	the	

simulation.	b)	Comparison	of	parameter	estimates	with	GWAS	sample	sizes	of	350K	and	120K.	

Data	are	presented	as	posterior	means	+/-	posterior	standard	errors.	
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Supplementary	Figure	8	Benchmarking	SBayesS	with	BayesS	given	different	LD	references.	

We	used	phenotypes	from	a	random	sample	of	300k	unrelated	individuals	of	European	ancestry	

from	the	full	UKB	data	and	~500k	Affymetrix	array	SNPs.	The	sparse	LD	matrix	with	a	chi-

squared	threshold	of	10	used	in	SBayesS	was	computed	from	a)	a	subset	sample	of	50k	UKB	

individuals,	b)	an	independent	sample	of	50k	UKB	individuals,	or	c)	50k	unrelated	individuals	
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from	the	GERA	dataset.	d)	When	GWAS	data	were	from	the	UKB	European	population,	using	a	

sample	(n	=	9948)	of	South	Asia	ancestry	as	LD	reference	in	SBayesS	(1.1	million	HapMap3	

SNPs)	resulted	in	a	severe	bias	to	the	genetic	architecture	parameter	estimates	and	a	failure	in	

convergence	for	11	out	of	the	18	traits	(61%)	with	a	chromosome-wide	full	LD	matrix	(all	traits	

were	failed	in	convergence	when	using	a	sparse	LD	matrix	with	the	default	sparsity,	i.e.,	chi-

squared	statistic	threshold	of	10).	Data	are	presented	as	posterior	means	+/-	posterior	standard	

errors.	
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Supplementary	Figure	9	Comparison	between	SBayesS	and	SBayesRS	for	the	analyses	of	18	

quantitative	traits	in	the	UKB.	a)	Estimates	of	genetic	architecture	parameters,	i.e.	S,	SNP-based	

heritability	and	polygenicity.	b)	Estimated	number	of	SNPs	that	explain	0.001-0.01%,	0.01-0.1%	

and	>0.1%	of	the	total	SNP-based	heritability	in	SBayesRS	and	SBayesS.	Data	are	presented	as	

posterior	means	+/-	posterior	standard	errors.	c)	Estimated	number	of	SNPs	with	nonzero	

effects	as	well	as	that	in	the	small,	medium	and	large	mixture	components	in	the	simulation	on	

chromosomes	21	and	22.	The	band	inside	the	box	is	the	median,	the	bottom	and	top	of	the	box	

are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	upper	whiskers	are	

Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	
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Supplementary	Figure	10	Estimation	of	the	three	genetic	architecture	parameters	using	

SBayesS	with	simulated	data	for	quantitative	traits	or	case-control	studies	with	different	

population	(k)	and	sample	(p)	prevalence.	The	band	inside	the	box	is	the	median,	the	bottom	

and	top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	

upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	We	used	

the	full	UKB	data	(n=350k)	for	simulations,	where	5k	SNPs	were	randomly	chosen	from	~1.1	

million	HapMap3	common	SNPs	as	causal	variants	with	true	S=-0.5,	and	the	trait	heritability	

was	set	to	be	0.1,	0.3,	0.5	or	0.7	(at	the	liability	scale	for	the	binary	trait).	The	sparse	LD	matrix	

used	in	SBayesS	was	computed	from	a	subset	sample	of	50k	UKB	individuals	with	a	chi-squared	

threshold	of	10.	The	simulation	was	repeated	30	times	for	each	scenario.	When	k=0.05,	p=0.5	

and	true	heritability=0.1,	the	polygenicity	estimate	tend	to	bias	upward	with	large	estimation	

variation,	which	is	likely	due	to	insufficient	power	to	distinguish	the	model	that	fits	only	causal	

variants	from	that	fits	multiple	SNPs	in	LD	with	the	causal	variants.	
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Supplementary	Figure	11	Comparison	between	SBayesS	results	including	versus	excluding	

SNPs	in	the	MHC	region	across	44	complex	traits	in	this	study	(26	UKB	complex	traits,	9	UKB	

diseases	and	9	diseases	from	public	GWAS).	Data	are	presented	as	posterior	means	+/-	

posterior	standard	errors.	Colours	indicate	different	traits	and	diseases.	
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Supplementary	Figure	12	Comparison	between	SBayesS	results	based	on	LD	from	GERA	and	

UKB	(a	random	subsample	of	50k	unrelated	individuals)	using	published	GWAS	summary	data	

for	9	diseases.	Data	are	presented	as	posterior	means	+/-	posterior	standard	errors.	Colours	

with	acronyms	indicate	different	traits,	whose	full	names	are	shown	at	the	bottom	of	the	figure.	 	
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Supplementary	Figure	13	Estimation	of	the	three	genetic	architecture	parameters	for	35	

complex	traits	(including	diseases)	in	UKB	(max	n=350k)	and	5	common	diseases	from	

published	GWAS	(labelled	with	publications)	by	SBayesRS.	Shown	are	the	posterior	means	

(dots)	and	standard	errors	(horizontal	bars)	of	the	parameters	for	each	trait.	The	colour	

indicates	the	category	that	the	trait	belongs	to.	The	vertical	bar	shows	the	median	of	the	

estimates	across	traits	in	each	category.	Pi2,	Pi3	and	Pi4	show	the	proportions	of	SNPs	in	the	

small,	medium	and	large	effect	size	components	of	the	mixture	distribution	in	SBayesRS.	Traits	

are	in	the	same	order	as	in	Figure	2	for	comparison.	Coronary	artery	disease	(van	der	Harst	et	al	

2018),	Vitiligo	(Jin	et	al	2016)	and	Ulcerative	Colitis	(Liu	et	al	2015)	and	Breast	cancer	

(Michallidou	et	al	2017)	did	not	have	converged	results.		 	
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Supplementary	Figure	14	Variational	patterns	of	the	estimated	genetic	architecture	

parameters	under	different	scenarios	of	evolutionary	simulations,	when	selection	coefficients	

followed	a	mixture	distribution.	The	Simons	et	al.	pleiotropic	model	was	used	to	generate	

genetic	effects.	The	x-axis	shows	the	values	of	three	input	parameters	in	evolutionary	

simulations.	The	y-axis	shows	the	distribution	of	the	genetic	architecture	parameter	estimated	

by	SBayesS.	Colour	shows	the	results	under	the	model	of	Simons	et	al	with	nt	=	1,	2,	4	or	10.	It	

can	be	seen	that	different	nt	only	affected	the	SNP-based	heritability.	The	band	inside	the	box	is	

the	median,	the	bottom	and	top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	

Q3),	and	the	lower	and	upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	

IQR	=	Q3	–	Q1.	
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Supplementary	Figure	15	Variational	patterns	of	the	estimated	genetic	architecture	

parameters	under	different	scenarios	of	evolutionary	simulations,	when	selection	coefficients	

followed	a	mixture	distribution.	The	Eyre-Walker	model	was	used	to	generate	genetic	effects	

(! = 0.5	and	&! = 0.1).	The	x-axis	shows	the	values	of	three	input	parameters	in	evolutionary	
simulations.	The	y-axis	shows	the	distribution	of	the	genetic	architecture	parameter	estimates,	

where	the	polygenicity	parameter	is	represented	by	the	number	of	nonnull	SNPs	for	better	

benchmarking.	“True,	Common	QTLs”:	parameters	computed	directly	from	the	simulated	

genetic	effects	of	all	common	causal	variants;	“SBayesS,	Common	QTLs”	(or	“SBayesRS,	Common	

QTLs”):		SBayesS	(or	SBayesRS)	estimates	using	the	genotype	data	of	the	common	causal	

variants	and	the	phenotypes;	“SBayesS,	Common	SNPs”	(or	“SBayesRS,	Common	SNPs”):		

SBayesS	(or	SBayesRS)	estimates	using	the	genotype	data	of	36k	common	SNPs	and	the	

simulated	genetic	values.	The	band	inside	the	box	is	the	median,	the	bottom	and	top	of	the	box	

are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	upper	whiskers	are	

Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	
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Supplementary	Figure	16	Variational	patterns	of	the	estimated	genetic	architecture	

parameters	under	different	scenarios	of	evolutionary	simulations,	when	selection	coefficients	

followed	a	mixture	distribution.	The	Eyre-Walker	model	was	used	to	generate	genetic	effects.	

The	x-axis	shows	the	values	of	three	input	parameters	in	evolutionary	simulations.	The	y-axis	

shows	the	distribution	of	the	genetic	architecture	parameters	estimated	by	SBayesS.	Colour	

shows	the	results	under	the	Eyre-Walker	model	with	! = 0.2, 0.5, 0.8	or	1.	It	can	be	seen	that	the	
genetic	architecture	parameter	estimates	were	subject	to	!.	Each	box	plot	shows	the	results	of	
25	independent	simulation	replicates.	The	band	inside	the	box	is	the	median,	the	bottom	and	

top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	

upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	
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Supplementary	Figure	17	Variational	patterns	of	the	estimated	genetic	architecture	

parameters	under	different	evolutionary	simulation	scenarios,	when	selection	coefficients	

followed	a	normal	distribution.	The	Simons	et	al.	pleiotropic	model	with	nt	=1	was	used	to	

generate	genetic	effects	(Methods).	The	x-axis	shows	the	values	of	three	input	parameters	in	the	

evolutionary	simulations.	The	y-axis	shows	the	distribution	of	the	genetic	architecture	

parameter	estimates,	where	the	polygenicity	parameter	is	represented	by	the	number	of	

nonnull	SNPs	for	better	benchmarking.	“True,	Common	QTLs”:	parameters	computed	directly	

from	the	simulated	genetic	effects	of	all	common	causal	variants;	“SBayesS,	Common	QTLs”	(or	

“SBayesRS,	Common	QTLs”):		SBayesS	(or	SBayesRS)	estimates	using	the	genotype	data	of	the	

common	causal	variants	and	the	phenotypes;	“SBayesS,	Common	SNPs”	(or	“SBayesRS,	Common	

SNPs”):	SBayesS	(or	SBayesRS)	estimates	using	the	genotype	data	of	36k	common	SNPs	and	the	

simulated	genetic	values. Each	box	plot	shows	the	results	of	25	independent	simulation	

replicates.	The	band	inside	the	box	is	the	median,	the	bottom	and	top	of	the	box	are	the	first	and	

third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	upper	whiskers	are	Q1	–	1.5	IQR	

and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1. 
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Supplementary	Figure	18	Comparison	of	OLS	estimates	of	S	based	on	the	true	causal	effects	

under	the	mixture	distribution	and	the	normal	distribution	for	simulating	the	selection	

coefficients.	
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Supplementary	Figure	19	SBayesS	estimates	of	S	using	causal	variant	genotypes	are	

consistent	with	the	MLE	estimates	based	on	the	causal	variant	effects.	
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Supplementary	Figure	20	Prediction	R2	in	cross-validation	for	predicting	the	evolutionary	

parameters	using	a	polynomial	regression	with	the	simulated	data	under	the	Simons	et	al	or	

Eyre-Walker	model.	The	predictors	in	the	polynomial	regression	were	the	estimated	genetic	

architecture	parameters,	which	were	ℎ,"#$! ,	-. 	and	/0	in	SBayesS	or	ℎ,"#$! ,	-.%,	-.!,	-.&,	-.'	and	/0	in	
SBayesRS.	The	response	variables	were	1̅	(average	selection	coefficient),	-(	(proportion	of	
mutational	targets)	or	ℎ(! 	(mutational	heritability)	at	log10	scale,	or	exclusive	parameters	
specific	to	each	model,	namely,	the	number	of	traits	(nt)	in	the	model	of	Simons	et	al.	and	!	and	
&!	in	the	Eyre-Walker’s	model.	The	prediction	R2	was	computed	from	cross-validation	with	
80%	of	simulation	data	used	as	training	and	the	rest	as	validation.	It	can	be	seen	that	there	was	

reasonably	high	power	to	predict	1̅,	-(	and	ℎ(! 	but	no	power	to	predict	nt	and	!.						
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Supplementary	Figure	21	Prediction	of	the	evolutionary	parameters	for	44	complex	traits	and	

diseases	based	on	a	negative	selection	model	where	selection	coefficients	followed	a	normal	

distribution.	a)	Distribution	of	the	predicted	evolutionary	parameters	under	different	scenarios:	

methods	used	for	estimating	the	genetic	architecture	parameters	(SBayesS	and	SBayesRS)	and	

pleiotropic	effect	models	used	for	simulations	(the	Simons	et	al.	and	Eyre-Walker	models).	b)	

Distribution	of	predicted	evolutionary	parameters	for	four	trait	categories.	Each	box	plot	shows	

the	results	for	a	number	of	traits	in	a	category,	with	each	trait	having	four	results	from	analyses	

using	different	estimation	methods	and	simulation	models.	The	band	inside	the	box	is	the	

median,	the	bottom	and	top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	

and	the	lower	and	upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	

Q3	–	Q1.
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Supplementary	Figure	22	Predicted	values	of	the	evolutionary	parameters	based	on	the	

Simons	et	al.	model	for	simulation	and	SBayesS	estimates	of	genetic	architecture	parameters.	

The	horizontal	bar	shows	the	standard	error	of	the	predicted	value.	The	vertical	bar	shows	the	

median	value	in	each	trait	category.	
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Supplementary	Figure	23	Summary	of	the	21	functional	annotation	categories	from	the	LDSC	

baseline	model.	a)	The	proportion	of	1.1	million	HapMap3	common	SNPs	used	in	the	analysis	in	

each	functional	category.	b)	The	distribution	of	the	number	of	annotations	for	each	SNP.	
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Supplementary	Figure	24	Estimation	of	parameters	and	their	enrichment	under	different	

simulated	models	of	genetic	architecture	across	functional	annotation	categories.	We	used	the	

UKB	data	with	~1.1	million	HapMap3	common	SNPs	for	simulation	and	considered	three	

models	to	simulate	the	distribution	of	causal	effects.	In	model	1,	the	proportion	of	causal	

variants	was	set	to	0.5,	2,	3,	4	and	5%	for	the	repressed,	DHS,	enhancer,	conserved	and	coding	

regions,	respectively,	and	1%	for	the	rest	of	the	genome,	with	the	variance	of	causal	effects	=	1.	
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In	model	2,	the	variance	of	causal	effects	was	set	to	0.5,	2,	3,	4	and	5	for	the	five	functional	

annotation	categories	and	1	for	the	rest	of	the	genome,	with	the	proportion	of	causal	variants	=	

1%.	In	model	3,	we	varied	both	the	proportion	of	causal	variants	and	the	variance	of	causal	

effects	across	categories	as	in	model	1	and	2.	The	trait	heritability	was	set	to	0.5.	The	annotation	

data	were	selected	from	the	LDSC	baseline	model,	which	had	extensive	annotation	overlaps.	

When	a	causal	variant	had	more	than	one	annotation,	we	randomly	assigned	one	of	the	

overlapping	annotations	to	the	causal	variant	in	the	simulation.	In	the	analysis,	we	used	the	true	

annotations,	where	all	annotations	were	mutually	disjoint	in	each	replicate,	and	then	run	the	2-

component	SBayesS-strat	model.	Results	are	a)	Estimated	polygenicity	parameter	under	

different	models;	b)	Estimated	effect	variance	under	in	different	models;	c)	Fold	enrichment	in	

polygenicity	compared	with	that	in	per-SNP	heritability	under	different	models;	and	d)	Fold	

enrichment	in	per-NZE	heritability	compared	with	that	in	per-SNP	heritability	under	different	

models.	In	a)	and	b),	the	true	value	is	shown	in	red	bar	and	the	number	in	the	a-axis	label	shows	

the	proportion	of	SNPs	in	the	corresponding	annotation.	Data	are	presented	as	mean	values	+/-	

standard	errors	of	the	means	across	30	independent	simulation	replicates.	
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Supplementary	Figure	25	Comparison	between	SBayesS-strat	and	S-LDSC	in	per-SNP	

heritability	enrichment	using	21	annotation	categories	from	LDSC	baseline	model.	Results	are	

SBayesS-strat	analysis	that	fitted	only	two	components	(SNPs	in	one	annotation	as	the	first	

component	and	the	other	SNPs	as	the	second	component)	versus	S-LDSC	fitted	all	annotations.	

We	ran	S-LDSC	with	the	same	annotations	and	GWAS	summary	statistics	as	used	in	the	analysis	

above	and	LD	data	from	the	1000	Genomes	Project	(the	default	setting	of	S-LDSC).	Each	bar	

indicates	the	standard	error	of	the	mean.	The	dashed	line	shows	y=x.	
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Supplementary	Figure	26	Comparison	of	the	polygenicity	parameter	defined	in	our	study	(-)	
and	that	in	O’Connor	et	al	(Me)	in	our	forward	simulations	under	negative	selection.	a)	Both	-	
and	Me	changed	with	the	total	number	of	causal	variants	in	the	simulation.	According	to	the	

definition	in	O’Connor	et	al,	3) = 33 5⁄ , 5 = 7[9']/7[9!]!,	where	M	is	the	total	number	of	
variants	(causal	variants	+	36k	SNP	markers)	and	9	are	the	true	effect	size	for	the	causal	
variants	in	per-normalized-genotype	units	and	zero	for	SNP	markers.	Each	box	plot	shows	the	

results	of	25	independent	simulation	replicates.	The	band	inside	the	box	is	the	median,	the	

bottom	and	top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	

lower	and	upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	
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b)	Me	was	highly	correlated	with	the	polygenicity	estimate	from	SBayesS	using	36k	common	

SNP	markers	(correlation	=	0.876,	slope	of	regressing	SBayesS	estimates	on	Me	=	3.4).	The	grey	

bands	around	the	line	represent	the	standard	error	of	the	regression	line.	
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Supplementary	Figure	27	Variational	patterns	of	the	estimated	genetic	architecture	

parameters	under	both	negative	and	positive	selection	in	evolutionary	simulations,	when	

selection	coefficients	followed	a	mixture	distribution.	a)	The	Simons	et	al.	pleiotropic	model	

with	nt	=	1	was	used	to	generate	genetic	effects.	The	x-axis	shows	the	values	of	five	input	

parameters	in	evolutionary	simulations.	The	y-axis	shows	the	distribution	of	the	genetic	

architecture	parameter	estimates,	where	the	polygenicity	parameter	is	represented	by	the	

number	of	nonnull	SNPs	for	better	benchmarking.	“True,	Common	QTLs”:	parameters	computed	

directly	from	the	simulated	genetic	effects	of	all	common	causal	variants;	“SBayesS,	Common	
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QTLs”	(or	“SBayesRS,	Common	QTLs”):		SBayesS	(or	SBayesRS)	estimates	using	the	genotype	

data	of	the	common	causal	variants	and	the	phenotypes;	“SBayesS,	Common	SNPs”	(or	

“SBayesRS,	Common	SNPs”):		SBayesS	(or	SBayesRS)	estimates	using	the	genotype	data	of	36k	

common	SNPs	and	the	simulated	genetic	values.	b)	The	number	of	common	SNP	markers	

decreased	with	the	increased	strength	of	positive	selection.	Each	box	plot	shows	the	results	of	

25	independent	simulation	replicates.	The	band	inside	the	box	is	the	median,	the	bottom	and	

top	of	the	box	are	the	first	and	third	quartiles,	respectively	(Q1	and	Q3),	and	the	lower	and	

upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	where	IQR	=	Q3	–	Q1.	An	

apparent	discrepancy	between	the	true	S	value	and	the	estimate	from	SBayesS/RS	using	SNP	

markers	was	observed	when	the	strength	of	positive	selection	increased	(row	3,	column	4	in	

panel	a).	This	is	likely	because	the	strong	positive	selection	introduced	a	selective	sweep	on	

SNPs	in	LD	with	the	beneficial	mutations	of	relatively	large	effects	(known	as	hitchhiking),	

resulting	in	a	reduced	number	of	common	SNPs	and	a	reduced	capacity	of	SNPs	to	track	all	the	

beneficial	mutations.	In	contrast,	we	did	not	observe	a	reduction	in	the	number	of	common	

SNPs	in	the	presence	of	strong	negative	selection,	suggesting	background	selection	has	a	

smaller	impact	on	reducing	the	SNP	diversity	than	hitchhiking	so	that	the	deleterious	mutations	

are	better	tracked	by	the	SNPs.	
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Supplementary	Figure	28	Prediction	of	the	evolutionary	parameters	for	44	complex	traits	and	

diseases	based	on	a	mixture	of	negative	and	positive	selection	model.	a)	Distribution	of	the	

predicted	evolutionary	parameters	under	different	methods	for	estimating	genetic	architecture	

parameters	(SBayesS	and	SBayesRS),	shown	by	colours.	Each	box	plot	shows	the	results	for	44	

complex	traits.	b)	Distribution	of	predicted	evolutionary	parameters	for	five	trait	categories,	

shown	by	colours.	Each	box	plot	shows	the	results	for	a	number	of	traits	in	a	category,	with	each	

trait	having	two	results	from	analyses	using	different	estimation	methods.	The	band	inside	the	

box	is	the	median,	the	bottom	and	top	of	the	box	are	the	first	and	third	quartiles,	respectively	

(Q1	and	Q3),	and	the	lower	and	upper	whiskers	are	Q1	–	1.5	IQR	and	Q3	+	1.5	IQR,	respectively,	

where	IQR	=	Q3	–	Q1.	
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Supplementary	Figure	29	Joint	distribution	of	the	squared	effect	size	and	heterozygosity	

(2pq)	for	causal	variants	in	the	forward	simulation	in	the	presence	of	negative	selection.	Red	

colour	shows	the	causal	variants	with	MAF	>	0.01.	The	line	is	the	regression	line	for	all	causal	

variants	(black)	or	common	causal	variants	(red),	which	is	an	estimate	of	the	S	parameter.	
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Supplementary	Figure	30	Ordinary	least	squares	(OLS)	estimate	of	S	from	a	regression	model	

fitting	mixture	membership-specific	intercepts	vs.	that	from	a	model	fitting	a	single	intercept,	

when	the	true	model	is	a	mixture	distribution.	
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Supplementary	Figure	31	Comparison	in	genetic	architecture	estimation	in	21	functional	

categories	between	SBayesS-strat	with	GWAS	sample	sizes	of	350k	and	120k	using	1.1M	

common	HapMap3	SNPs.	Data	are	presented	as	mean	values	+/-	standard	errors	of	the	means.	
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Supplementary	Tables	

	
 

Supplementary Table 1: Estimation of genetic architecture parameters for 35 complex traits (including diseases) in the full UKB data. 
The point estimate is the posterior mean and SE is the posterior standard error estimated from the MCMC sample.
The column of "Sample size" for a disease shows the number of cases. The total number of cases and controls is 452,272 for all of the diseases.

Estimate SE Estimate SE Estimate SE

Physical measures Basal metabolic rate BMR 339237 0.3143 0.0026 0.0311 0.0009 -0.6209 0.0256

Physical measures BMI BMI 344306 0.2619 0.0024 0.0449 0.0016 -0.5461 0.0303

Physical measures Body fat percentage BFP 339098 0.2514 0.0024 0.0503 0.0020 -0.5533 0.0308

Physical measures Hand grip strength left HGSL 344014 0.1315 0.0021 0.0335 0.0019 -0.5613 0.0448

Physical measures Hand grip strength right HGSR 344033 0.1316 0.0021 0.0287 0.0015 -0.4982 0.0451

Physical measures HCadjBMI HC 344252 0.2307 0.0025 0.0158 0.0005 -0.5913 0.0294

Physical measures Heel BMD T-score HBMD 196375 0.2553 0.0036 0.0058 0.0003 -0.4959 0.0441

Physical measures Height Height 344664 0.5452 0.0028 0.0201 0.0004 -0.6529 0.0220

Physical measures WCadjBMI WC 344248 0.1734 0.0023 0.0143 0.0006 -0.5899 0.0347

Physical measures Weight Weight 344434 0.2763 0.0025 0.0391 0.0013 -0.5620 0.0288

Physical measures WHRadjBMI WHR 344228 0.1426 0.0022 0.0120 0.0005 -0.5779 0.0385

Physical measures Diastolic blood pressure DBP 322683 0.1410 0.0023 0.0212 0.0010 -0.5417 0.0415

Physical measures Forced expiratory 
volume in 1 second FEV 315184 0.2249 0.0026 0.0249 0.0009 -0.6020 0.0318

Physical measures Forced vital capacity FVC 315012 0.2504 0.0026 0.0246 0.0009 -0.6309 0.0287

Physical measures Peak expiratory flow PEF 315184 0.1107 0.0022 0.0166 0.0010 -0.5846 0.0475

Physical measures Pulse rate PR 325075 0.1384 0.0023 0.0109 0.0005 -0.5578 0.0409

Physical measures Systolic blood pressure SBP 322679 0.1471 0.0023 0.0198 0.0009 -0.5603 0.0395

Cognitive Educational attainment EA 326945 0.1820 0.0024 0.0478 0.0025 -0.5960 0.0988

Cognitive Fluid intelligence score FIS 113198 0.2540 0.0054 0.0384 0.0039 -0.4990 0.0364

Cognitive Mean time to correctly 
identify matches MTCIM 342712 0.0723 0.0019 0.0332 0.0037 -0.4514 0.0738

Cognitive Neuroticism score NS 279979 0.1181 0.0023 0.0357 0.0030 -0.4236 0.0604

Reproductive Age at first live birth AFLB 125831 0.1966 0.0049 0.0353 0.0043 -0.6681 0.0684

Reproductive Age at menopause Mnps 106965 0.0961 0.0049 0.0014 0.0002 -0.6907 0.0818

Reproductive Age menarche Mnrch 181335 0.2208 0.0039 0.0143 0.0008 -0.5647 0.0439

Reproductive Birth weight BW 196388 0.1046 0.0032 0.0075 0.0006 -0.5175 0.0650

Reproductive Male pattern baldness MPB 158696 0.2895 0.0036 0.0035 0.0002 -0.5222 0.0499

Disease Allergic rhinitis AR 28041 0.0894 0.0048 0.0049 0.0006 -0.4070 0.0998

Disease Asthma Asthma 58479 0.1421 0.0037 0.0060 0.0004 -0.6000 0.0569

Disease Cancer Cancer 65534 0.0392 0.0031 0.0027 0.0005 -0.6369 0.0959

Disease Cardiovascular disease CD 73856 0.0832 0.0030 0.0110 0.0010 -0.7246 0.0702

Disease Dyslipidemia Dyslp 78921 0.1297 0.0036 0.0038 0.0003 -0.8236 0.0477

Disease Hemorrhoids Hmrr 26955 0.0738 0.0047 0.0095 0.0017 -0.5752 0.1227

Disease Hypertensive disease HD 87650 0.1757 0.0033 0.0167 0.0009 -0.6460 0.0411

Disease Type 2 diabetes T2D 27091 0.2291 0.0060 0.0091 0.0006 -0.5642 0.0507

Disease Varicose veins VV 13252 0.1722 0.0082 0.0050 0.0006 -0.6059 0.0794

SNP-based heritability Polygenicity S
Category Trait Acronym Sample size
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Supplementary Table 2: Estimation of genetic architecture parameters for 9 common diseases from published GWAS data. 
The point estimate is the posterior mean and SE is the posterior standard error estimated from the MCMC sample.

Estimate SE Estimate SE Estimate SE

Allergic Disease AD Ferreira et al (2017 NG) 180129 180709 0.499 0.2 0.0803 0.0026 0.0037 0.0003 -0.5786 0.0772

Bipolar Disorder BIP PGC (2018 Cell) 20129 54065 0.271 0.03 0.3439 0.0088 0.0290 0.0050 -0.4198 0.1079

Breast Cancer BC Michailidou et al (2017 Nature) 122977 105974 0.537 0.07 0.1338 0.0023 0.0060 0.0003 -0.5553 0.0487

Coronary Artery Disease CAD van der Harst et al (2018 Circ Res) 122733 424528 0.224 0.07 0.0713 0.0013 0.0071 0.0004 -0.7452 0.0543

Prostate Cancer PC Schumacher et al (2018 NG) 79194 61112 0.564 0.0012 0.0284 0.0010 0.0012 0.0001 -0.3946 0.1053

Schizophrenia SCZ PGC (2014 Nature) 36989 113075 0.246 0.01 0.2100 0.0026 0.0462 0.0030 -0.6130 0.0445

Stroke Stroke Malik et al (2018 NG) 40585 406111 0.091 0.05 0.0470 0.0026 0.0097 0.0016 -0.6664 0.1355

Ulcerative Colitis UC Liu et al (2015 NG) 6968 20464 0.254 0.005 0.1983 0.0104 0.0031 0.0004 -0.6619 0.0904

Vitiligo Vtlg Jin et al (2016 NG) 4680 39586 0.106 0.002 0.3818 0.0113 0.0079 0.0006 -0.6960 0.0678

SNP-based heritability Polygenicity S
Disease Acronym GWAS summary data set Cases Controls Sample 

prevalence
Population 
prevalence
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Supplementary Table 3:  Classification of 35 UKB traits (including diseases) based on the information provided by the UKB. 

Physical measures Basal metabolic rate 23105 Impedance measures - Anthropometry - Physical measures 100009
Physical measures BMI 21001 Body size measures - Anthropometry - Physical measures 100010
Physical measures Body fat percentage 23099 Impedance measures - Anthropometry - Physical measures 100009
Physical measures Hand grip strength left 46 Hand grip strength - Physical measures 100019
Physical measures Hand grip strength right 47 Hand grip strength - Physical measures 100019
Physical measures HCadjBMI 49 Body size measures - Anthropometry - Physical measures 100010 Adjusted the phenotype for 
Physical measures Heel BMD T-score 78 Bone-densitometry of heel - Physical measures 100018
Physical measures Height 50 Body size measures - Anthropometry - Physical measures 100010
Physical measures WCadjBMI 48 Body size measures - Anthropometry - Physical measures 100010 Adjusted the phenotype for 
Physical measures Weight 21002 Body size measures - Anthropometry - Physical measures 100010

Physical measures WHRadjBMI - - -
Derived from WC and HC and 

adjusted for BMI
Physical measures Diastolic blood pressure 4079 Blood pressure - Physical measures 100011

Physical measures
Forced expiratory volume 
in 1 second

3063 Spirometry - Physical measures 100020

Physical measures Forced vital capacity 3062 Spirometry - Physical measures 100020
Physical measures Peak expiratory flow 3064 Spirometry - Physical measures 100020
Physical measures Pulse rate 102 Blood pressure - Physical measures 100011
Physical measures Systolic blood pressure 4080 Blood pressure - Physical measures 100011
Cognitive Educational attainment 6138 Education - Sociodemographics - Touchscreen 100063
Cognitive Fluid intelligence score 20016 Fluid intelligence / reasoning - Cognitive function 100027

Cognitive
Mean time to correctly 
identify matches

20023 Reaction time - Cognitive function 100032

Cognitive Neuroticism score 20127 Mental health - Psychosocial factors - Touchscreen 100060
Reproductive Age at first live birth 2754 Female-specific factors - Sex-specific factors - Touchscreen 708
Reproductive Age at menopause 3581 Female-specific factors - Sex-specific factors - Touchscreen 708
Reproductive Age at menarche 2714 Female-specific factors - Sex-specific factors - Touchscreen 708
Reproductive Birth weight 20022 Early life factors  - Verbal interview 708
Reproductive Male pattern baldness 2395 Male-specific factors - Sex-specific factors  - Touchscreen 708
Disease Allergic rhinitis J30 + 1387 Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002
Disease Asthma J45 + 1111 Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Disease Cancer

C01, C03, C04, 
C05, C06, C07, 
C08, C09, C10, 
C11, C12, C13, 
C14, C15, C16, 
C18, C22, C23, 
C24, C25, C33, 
C43, C44, C45, 
C46, C47, C48, 
C49, C50, C53, 
C54, C55, C56, 
C57, C58, C59, 
C60, C61, C64, 
C67, C71, C72, 
C76, C77, C78, 
C79, C80, C81, 
C82, C83, C84, 
C85, C91, C92, 
C94, C96, D48, 

K22.7

Diagnoses - main ICD10 + secondary ICD10 41202+41204

Disease Cardiovascular disease

I01, I09, I11, I13, 
I20, I21, I22, I23, 
I24, I25, I42, I43, 
I44, I45, I46, I47, 
I48, I49, I50, I60, 
I61, I62, I63, I64, 
I65, I66, I67, I68, 

I69, I71 + 1074, 1075, 
1066, 1485, 1076, 
1471, 1483, 1484, 
1486, 1487, 1588, 
1426, 1479, 1086, 
1491, 1083,1082, 
1425, 1592, 1068, 
1094, 1079, 1492, 
1591, 1583, 1077

Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Disease Dyslipidemia E78 + 1473 Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002
Disease Hemorrhoids I84 + 1505 Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Disease Hypertensive disease
I10-I13 + 1065, 

1072,1073
Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Disease Type 2 diabetes E11 + 1223 Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Disease Varicose veins
I26, I70, I82 + 1067, 

1087， 1088
Diagnoses - main ICD10 + secondary ICD10 + self-reported 41202+41204+20002

Phenotype are acquired from 
self-reported, ICD 10 main 

diagnosis and ICD 10 
secondary diagnosis

Category Trait UKB Data-Field code UKB Category description UKB Category ID Remark
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Supplementary Table 4: Estimation of genetic architecture parameters for 110 quantitative traits from Neale Lab GWAS summary data. 

Estimate SE Estimate SE Estimate SE
102_irnt Pulse rate, automated reading 340162 0.1505 0.0023 0.0112 0.0005 -0.5682 0.0375
1438_irnt Bread intake 353030 0.0503 0.0017 0.0373 0.0075 -0.5239 0.0886
1488_irnt Tea intake 349376 0.0570 0.0018 0.0170 0.0015 -0.3777 0.0877
20015_irnt Sitting height 360066 0.3711 0.0026 0.0188 0.0005 -0.6428 0.0244
20150_irnt Forced expiratory volume in 1-second (FEV1), Best measure 272338 0.2252 0.0028 0.0239 0.0009 -0.5923 0.0348
20151_irnt Forced vital capacity (FVC), Best measure 272338 0.2571 0.0029 0.0232 0.0008 -0.6254 0.0306
20153_irnt Forced expiratory volume in 1-second (FEV1), predicted 117241 0.4595 0.0064 0.0104 0.0004 -0.6217 0.0363
20154_irnt Forced expiratory volume in 1-second (FEV1), predicted percentage 117241 0.2109 0.0053 0.0186 0.0014 -0.4829 0.0726
2139_irnt Age first had sexual intercourse 317694 0.1636 0.0023 0.0408 0.0023 -0.5570 0.0399
2217_irnt Age started wearing glasses or contact lenses 310992 0.0755 0.0021 0.0148 0.0011 -0.5360 0.0650
23098_irnt Weight 354838 0.2821 0.0025 0.0392 0.0013 -0.5620 0.0275
23100_irnt Whole body fat mass 354244 0.2530 0.0024 0.0463 0.0018 -0.5138 0.0300
23101_irnt Whole body fat-free mass 354808 0.3260 0.0026 0.0278 0.0008 -0.6397 0.0240
23102_irnt Whole body water mass 354834 0.3254 0.0026 0.0280 0.0008 -0.6382 0.0240
23104_irnt Body mass index (BMI) 354831 0.2648 0.0024 0.0477 0.0017 -0.5347 0.0297
23106_irnt Impedance of whole body 354795 0.2790 0.0025 0.0337 0.0011 -0.6082 0.0265
23107_irnt Impedance of leg (right) 354817 0.2602 0.0025 0.0310 0.0010 -0.5915 0.0280
23108_irnt Impedance of leg (left) 354811 0.2592 0.0025 0.0310 0.0010 -0.5878 0.0273
23109_irnt Impedance of arm (right) 354792 0.2540 0.0024 0.0323 0.0011 -0.5761 0.0284
23110_irnt Impedance of arm (left) 354807 0.2546 0.0024 0.0330 0.0011 -0.5908 0.0283
23111_irnt Leg fat percentage (right) 354811 0.2382 0.0023 0.0528 0.0022 -0.5211 0.0313
23112_irnt Leg fat mass (right) 354807 0.2465 0.0024 0.0469 0.0019 -0.5126 0.0302
23113_irnt Leg fat-free mass (right) 354798 0.3037 0.0026 0.0302 0.0009 -0.6275 0.0252
23114_irnt Leg predicted mass (right) 354798 0.3033 0.0026 0.0302 0.0009 -0.6305 0.0254
23115_irnt Leg fat percentage (left) 354791 0.2391 0.0023 0.0514 0.0022 -0.5326 0.0307
23116_irnt Leg fat mass (left) 354788 0.2477 0.0024 0.0460 0.0018 -0.5172 0.0314
23117_irnt Leg fat-free mass (left) 354771 0.3016 0.0025 0.0309 0.0009 -0.6239 0.0251
23118_irnt Leg predicted mass (left) 354766 0.3011 0.0025 0.0309 0.0009 -0.6227 0.0253
23119_irnt Arm fat percentage (right) 354760 0.2368 0.0023 0.0478 0.0020 -0.5235 0.0311
23120_irnt Arm fat mass (right) 354736 0.2451 0.0024 0.0443 0.0017 -0.5172 0.0309
23121_irnt Arm fat-free mass (right) 354732 0.2931 0.0025 0.0287 0.0009 -0.6329 0.0255
23122_irnt Arm predicted mass (right) 354726 0.2923 0.0025 0.0287 0.0009 -0.6330 0.0253
23123_irnt Arm fat percentage (left) 354707 0.2379 0.0023 0.0481 0.0020 -0.5159 0.0321
23124_irnt Arm fat mass (left) 354673 0.2451 0.0024 0.0451 0.0017 -0.5263 0.0301
23125_irnt Arm fat-free mass (left) 354668 0.2909 0.0025 0.0295 0.0009 -0.6293 0.0255
23126_irnt Arm predicted mass (left) 354653 0.2905 0.0025 0.0296 0.0009 -0.6295 0.0255
23127_irnt Trunk fat percentage 354619 0.2330 0.0023 0.0460 0.0018 -0.5410 0.0306
23128_irnt Trunk fat mass 354597 0.2520 0.0024 0.0453 0.0017 -0.5219 0.0297
23129_irnt Trunk fat-free mass 354530 0.3212 0.0026 0.0250 0.0007 -0.6382 0.0247
23130_irnt Trunk predicted mass 354494 0.3194 0.0026 0.0250 0.0007 -0.6394 0.0249
2764_irnt Age at last live birth 131806 0.1010 0.0043 0.0319 0.0101 -0.6399 0.0987
30000_irnt White blood cell (leukocyte) count 350470 0.1998 0.0024 0.0121 0.0005 -0.6241 0.0321
30010_irnt Red blood cell (erythrocyte) count 350475 0.2357 0.0024 0.0089 0.0003 -0.5954 0.0340
30020_irnt Haemoglobin concentration 350474 0.1813 0.0022 0.0082 0.0003 -0.6303 0.0375
30030_irnt Haematocrit percentage 350475 0.1710 0.0022 0.0087 0.0003 -0.6006 0.0372
30040_irnt Mean corpuscular volume 350473 0.2582 0.0020 0.0032 0.0001 -0.6632 0.0515
30060_irnt Mean corpuscular haemoglobin concentration 350468 0.0468 0.0013 0.0008 0.0001 -0.7779 0.1022
30070_irnt Red blood cell (erythrocyte) distribution width 350473 0.1939 0.0019 0.0026 0.0001 -0.5763 0.0595
30080_irnt Platelet count 350474 0.2820 0.0022 0.0049 0.0002 -0.5876 0.0389
30090_irnt Platelet crit 350471 0.2441 0.0023 0.0059 0.0002 -0.6417 0.0392
30120_irnt Lymphocyte count 349856 0.1989 0.0023 0.0100 0.0004 -0.5674 0.0351
30130_irnt Monocyte count 349856 0.2138 0.0021 0.0042 0.0002 -0.4001 0.0464
30140_irnt Neutrophill count 349856 0.1704 0.0023 0.0087 0.0004 -0.6591 0.0338
30180_irnt Lymphocyte percentage 349861 0.1603 0.0021 0.0073 0.0003 -0.5850 0.0379
30190_irnt Monocyte percentage 349861 0.1917 0.0018 0.0026 0.0001 -0.3677 0.0549
30200_irnt Neutrophill percentage 349861 0.1472 0.0021 0.0068 0.0003 -0.6293 0.0381
30210_irnt Eosinophill percentage 349861 0.1945 0.0021 0.0049 0.0002 -0.6009 0.0407
30220_irnt Basophill percentage 349861 0.0427 0.0013 0.0011 0.0001 -0.6336 0.0819
30240_irnt Reticulocyte percentage 344728 0.1922 0.0024 0.0050 0.0002 -0.6802 0.0417
30250_irnt Reticulocyte count 344729 0.2009 0.0024 0.0065 0.0003 -0.6711 0.0386
30280_irnt Immature reticulocyte fraction 344728 0.1290 0.0020 0.0027 0.0002 -0.6708 0.0513
30290_irnt High light scatter reticulocyte percentage 344729 0.2077 0.0024 0.0058 0.0003 -0.7186 0.0376
30300_irnt High light scatter reticulocyte count 344729 0.2111 0.0024 0.0068 0.0003 -0.6987 0.0361
30510_irnt Creatinine (enzymatic) in urine 350812 0.0671 0.0018 0.0304 0.0032 -0.4226 0.0734
30520_irnt Potassium in urine 350053 0.0425 0.0017 0.0297 0.0063 -0.4672 0.1001
30530_irnt Sodium in urine 350061 0.0744 0.0018 0.0318 0.0032 -0.4729 0.0669
3143_irnt Ankle spacing width 206589 0.3142 0.0038 0.0167 0.0006 -0.6304 0.0319
3144_irnt Heel Broadband ultrasound attenuation, direct entry 206576 0.2585 0.0035 0.0060 0.0003 -0.5104 0.0430
3147_irnt Heel quantitative ultrasound index (QUI), direct entry 206589 0.2886 0.0036 0.0062 0.0003 -0.5102 0.0423
3148_irnt Heel bone mineral density (BMD) 206496 0.2902 0.0036 0.0062 0.0003 -0.5027 0.0426
3761_irnt Age hay fever, rhinitis or eczema diagnosed 72232 0.0967 0.0073 0.0026 0.0004 -0.8569 0.0859
3786_irnt Age asthma diagnosed 36955 0.1065 0.0124 0.0012 0.0003 -0.4404 0.1889
399_irnt Number of incorrect matches in round 360686 0.0536 0.0017 0.0274 0.0036 -0.4154 0.0847
400_irnt Time to complete round 354739 0.0910 0.0019 0.0347 0.0029 -0.5390 0.0542
404_irnt Duration to first press of snap-button in each round 358500 0.0889 0.0019 0.0331 0.0026 -0.4543 0.0605
4100_irnt Ankle spacing width (left) 114630 0.3123 0.0061 0.0123 0.0007 -0.6002 0.0444
4101_irnt Heel broadband ultrasound attenuation (left) 114625 0.2388 0.0055 0.0038 0.0003 -0.4869 0.0603
4104_irnt Heel quantitative ultrasound index (QUI), direct entry (left) 114630 0.2692 0.0055 0.0040 0.0003 -0.5005 0.0571
4105_irnt Heel bone mineral density (BMD) (left) 114561 0.2706 0.0056 0.0039 0.0003 -0.5044 0.0563
4106_irnt Heel bone mineral density (BMD) T-score, automated (left) 114630 0.2692 0.0056 0.0040 0.0003 -0.5008 0.0567
4119_irnt Ankle spacing width (right) 114614 0.3070 0.0060 0.0121 0.0007 -0.5788 0.0454
4120_irnt Heel broadband ultrasound attenuation (right) 114609 0.2368 0.0053 0.0035 0.0002 -0.5772 0.0571
4123_irnt Heel quantitative ultrasound index (QUI), direct entry (right) 114614 0.2694 0.0056 0.0037 0.0002 -0.5475 0.0551
4124_irnt Heel bone mineral density (BMD) (right) 114552 0.2709 0.0055 0.0037 0.0002 -0.5519 0.0546
4125_irnt Heel bone mineral density (BMD) T-score, automated (right) 114614 0.2694 0.0056 0.0037 0.0002 -0.5439 0.0553
48_irnt Waist circumference 360564 0.2151 0.0022 0.0440 0.0018 -0.5108 0.0331
49_irnt Hip circumference 360521 0.2316 0.0023 0.0376 0.0014 -0.5381 0.0305
5084_irnt Spherical power (right) 77983 0.3132 0.0084 0.0072 0.0005 -0.5600 0.0557
5085_irnt Spherical power (left) 77739 0.3100 0.0085 0.0070 0.0005 -0.5887 0.0540
5096_irnt 3mm weak meridian (left) 75398 0.3787 0.0084 0.0057 0.0004 -0.5773 0.0503
5097_irnt 6mm weak meridian (left) 65551 0.4059 0.0097 0.0058 0.0004 -0.6037 0.0499
5098_irnt 6mm weak meridian (right) 66256 0.4103 0.0094 0.0059 0.0004 -0.6093 0.0506
5099_irnt 3mm weak meridian (right) 75410 0.3853 0.0084 0.0059 0.0004 -0.5697 0.0508
5116_irnt 3mm cylindrical power (right) 75410 0.0789 0.0063 0.0054 0.0011 0.0894 0.2621
5119_irnt 3mm cylindrical power (left) 75398 0.0786 0.0064 0.0055 0.0011 -0.2686 0.2346
5132_irnt 3mm strong meridian (right) 75410 0.3694 0.0083 0.0056 0.0003 -0.5123 0.0536
5133_irnt 6mm strong meridian (right) 66256 0.4010 0.0094 0.0056 0.0004 -0.5585 0.0542
5134_irnt 6mm strong meridian (left) 65551 0.4025 0.0097 0.0057 0.0004 -0.5535 0.0533
5135_irnt 3mm strong meridian (left) 75398 0.3628 0.0083 0.0055 0.0004 -0.5198 0.0525
5254_irnt Intra-ocular pressure, corneal-compensated (right) 76630 0.1485 0.0072 0.0042 0.0005 -0.5365 0.0868
5255_irnt Intra-ocular pressure, Goldmann-correlated (right) 76630 0.2116 0.0077 0.0056 0.0005 -0.4560 0.0776
5256_irnt Corneal hysteresis (right) 76630 0.1939 0.0072 0.0028 0.0003 -0.6372 0.0702
5257_irnt Corneal resistance factor (right) 76630 0.2528 0.0076 0.0033 0.0003 -0.6076 0.0631
5262_irnt Intra-ocular pressure, corneal-compensated (left) 76510 0.1531 0.0076 0.0049 0.0006 -0.5963 0.0849
5263_irnt Intra-ocular pressure, Goldmann-correlated (left) 76510 0.2242 0.0076 0.0061 0.0005 -0.5166 0.0694
5264_irnt Corneal hysteresis (left) 76510 0.1792 0.0072 0.0027 0.0003 -0.5867 0.0744
5265_irnt Corneal resistance factor (left) 76510 0.2430 0.0075 0.0033 0.0003 -0.5730 0.0680
5983_irnt ECG, heart rate 53777 0.0997 0.0096 0.0034 0.0007 -0.8084 0.1199
699_irnt Length of time at current address 352690 0.0278 0.0016 0.0167 0.0036 -0.3322 0.1929
874_irnt Duration of walks 308989 0.0463 0.0018 0.0332 0.0081 -0.3579 0.1174

SNP-based heritability Polygenicity SPhenotype Code Phenotype Description Sample size
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Results are from the two-component model where the SNPs in one annotation are fitted as one group and the other SNPs are fitted as the other group.
The point estimate is the posterior median and SE is the posterior standard error estimated from the MCMC sample.
Polygenicity is the proportion of SNPs with nonzero effects among all SNPs in the annotation.

median s.e.m. median s.e.m. median s.e.m.

Coding_UCSC 33338 0.033 0.1158 0.0034 0.0513 0.0031 -0.7392 0.0411

Conserved_LindbladToh 53319 0.053 0.1993 0.0045 0.0686 0.0044 -0.5741 0.0390

CTCF_Hoffman 27260 0.027 0.0464 0.0024 0.0923 0.0075 -0.4981 0.0950

DGF_ENCODE 188706 0.188 0.4463 0.0074 0.0720 0.0024 -0.4983 0.0272

DHS_Trynka 254685 0.254 0.5195 0.0066 0.0669 0.0021 -0.5100 0.0254

Enhancer_Hoffman 54119 0.054 0.1700 0.0039 0.0803 0.0044 -0.4677 0.0391

FetalDHS_Trynka 132853 0.132 0.3408 0.0058 0.0973 0.0034 -0.4594 0.0336

H3K27ac_Hnisz 456432 0.455 0.6923 0.0052 0.0293 0.0005 -0.5646 0.0176

H3K4me1_Trynka 548165 0.546 0.8418 0.0061 0.0333 0.0006 -0.5929 0.0155

H3K4me3_Trynka 165655 0.165 0.4328 0.0057 0.0609 0.0016 -0.5805 0.0222

H3K9ac_Trynka 162379 0.162 0.4398 0.0055 0.0563 0.0017 -0.5862 0.0235

Intron_UCSC 436629 0.435 0.5139 0.0047 0.0237 0.0006 -0.5304 0.0193

Promoter_UCSC 56916 0.057 0.1440 0.0039 0.0477 0.0027 -0.5188 0.0409

Repressed_Hoffman 438171 0.437 0.1767 0.0052 0.0097 0.0011 -0.5735 0.0575

SuperEnhancer_Hnisz 195544 0.195 0.3693 0.0040 0.0298 0.0008 -0.5239 0.0262

TFBS_ENCODE 170829 0.170 0.4142 0.0062 0.0662 0.0021 -0.5399 0.0296

Transcr_Hoffman 367588 0.366 0.5136 0.0054 0.0339 0.0010 -0.6069 0.0202

TSS_Hoffman 20812 0.021 0.1036 0.0035 0.1184 0.0059 -0.3609 0.0657

UTR_3_UCSC 22031 0.022 0.0750 0.0026 0.0636 0.0060 -0.5122 0.0549

UTR_5_UCSC 9223 0.009 0.0287 0.0020 0.0977 0.0088 -0.5521 0.1102

WeakEnhancer_Hoffman 28247 0.028 0.0856 0.0030 0.1350 0.0069 -0.5917 0.0540

Supplementary Table 5: Estimation of genetic architecture parameters for 21 functional genomic categories from the LDSC baseline model meta-
analysed over 44 UKB complex traits and diseases. 
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rB/2 �bbQ+B�iBQM bim/B2bX �MM �TTH ai�iBbiB+b- RRUjV,R8eRĜR8Nk- kyRdX

(j) CB�M w2M;- _QM�H/ oH�KBM;- u�M; qm- J�ii?2r _ _Q#BMbQM- GHQv/@CQM2b- GmF2 _- GQB+ u2M;Q- *?HQ2 s u�T-

�M;HB sm2- CmHB� aB/Q`2MFQ- J+_�2- �HH�M 6- CQb2T? 1 SQr2HH- :`�Mi q JQMi;QK2`v- �M/`2b J2ibT�Hm- hQMm

1bFQ- :`2; :B#bQM- L�QKB _ q`�v- S2i2` J oBbb+?2`- CB�M u�M;X aB;M�im`2b Q7 M2;�iBp2 b2H2+iBQM BM i?2 ;2M2iB+
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