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Using county-level multiple-stratified average birthweights (grouped data) in weighted regression models pro-
duces equivalent results to those that would be obtained from using individual-level data in unweighted regression
models.

Proof. Suppose there are n individuals, each with birthweight Yi, i = 1, ..., n. There are p (p ≥ 1) variables in the
regression model. For individual i, Xi1, Xi2, ..., and Xip are the values of the p explanatory variables. Suppose the
n individuals are divided into m groups (m < n). For group j (j = 1, 2, ...,m), there are nj members,

∑m
j=1 nj =

n. In each group, the individuals share the same vector of explanatory variables XT
i = (1, Xi1, · · · , Xip). To

simplify the notation, let ZT
j = (1, Zj1, · · · , Zjp) be the vector for group j’s explanatory variables. Let UT =

(U1, U2, · · · , Um) denote the mean of the response variable for the m groups. Uj = 1
nj

∑nj

i=1 Yi is the average
birthweight for group j.

X =



1 X1,1 · · · X1,p

...
... . . . ...

1 Xn1,1 · · · Xn1,p

1 Xn1+1,1 · · · Xn1+1,p

...
... . . . ...

1 Xn1+n2,1 · · · Xn1+n2,p

...
... . . . ...

1 X1+
∑m−1

j=1 nj ,1
· · · X1+

∑m−1
j=1 nj ,p

...
... . . . ...

1 Xn,1 · · · Xn,p


n×(1+p)

=∆



1 Z1,1 · · · Z1,p

...
... . . . ...

1 Z1,1 · · · Z1,p

1 Z2,1 · · · Z2,p

...
... . . . ...

1 Z2,1 · · · Z2,p

...
... . . . ...

1 Zm,1 · · · Zm,p

...
... . . . ...

1 Zm,1 · · · Zm,p


n×(1+p)

Using individual-level data, we have

Y =


Y1

Y2

...
Yn

 = X · β + ε =


XT

1

XT
2
...

XT
n

 ·


β0

β1

...
βp

+


ε1
ε2
...
εn



=


1 X11 · · · X1p

1 X21 · · · X2p

...
... . . . ...

1 Xn1 · · · Xnp

 ·


β0

β1

...
βp

+


ε1
ε2
...
εn

 =


β0 + β1X11 + · · ·+ βpX1p + ε1
β0 + β1X21 + · · ·+ βpX2p + ε2

...
β0 + β1Xn1 + · · ·+ βpXnp + εn


Using grouped data, we have

U =


U1

U2

...
Um

 = Z · β̃ + ε̃ =


ZT

1

ZT
2
...

ZT
m

 ·


β̃0

β̃1

...
β̃p

+


ε̃1
ε̃2
...
ε̃m



=


1 Z11 · · · Z1p

1 Z21 · · · Z2p

...
... . . . ...

1 Zm1 · · · Zmp

 ·


β̃0

β̃1

...
β̃p

+


ε̃1
ε̃2
...
ε̃m

 =


β̃0 + β̃1Z11 + · · ·+ β̃pZ1p + ε̃1
β̃0 + β̃1Z21 + · · ·+ β̃pZ2p + ε̃2

...
β̃0 + β̃1Zm1 + · · ·+ β̃pZmp + ε̃m



Z =


1 Z11 · · · Z1p

1 Z21 · · · Z2p

...
... . . . ...

1 Zn1 · · · Zmp

 only includes the unique vectors in X.
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(1) Assuming constant variance:
Using individual-level data and according to the ordinary least squares

β̂1 =(XTX)−1XTY

=




1 1 · · · 1
X11 X21 · · · Xn1

...
... . . . ...

X1p X2p · · · Xnp

 ·


1 X11 · · · X1p

1 X21 · · · X2p

...
... . . . ...

1 Xn1 · · · Xnp



−1 

1 1 · · · 1
X11 X21 · · · Xn1

...
... . . . ...

X1p X2p · · · Xnp




Y1

Y2

...
Yn



=



n
n∑

i=1

Xi1 · · ·
n∑

i=1

Xip

n∑
i=1

Xi1

n∑
i=1

X2
i1 · · ·

n∑
i=1

Xi1Xip

...
... . . . ...

n∑
i=1

Xip

n∑
i=1

XipXi1 · · ·
n∑

i=1

X2
ip



−1 

n∑
i=1

Yi

n∑
i=1

Xi1Yi

...
n∑

i=1

XipYi



=



n
m∑
j=1

njZj1 · · ·
m∑
j=1

njZjp

m∑
j=1

njZj1

m∑
j=1

njZ
2
j1 · · ·

m∑
j=1

njZj1Zjp

...
... . . . ...

m∑
j=1

njZjp

m∑
j=1

njZjpZj1 · · ·
m∑
j=1

njZ
2
jp



−1 

m∑
j=1

njUj

m∑
j=1

njZj1Uj

...
m∑
j=1

njZjpUj


Using grouped data and according to the weighted least squares using the number of births in each stratum for the
weights

β̂2 =(ZTW1Z)−1ZTW1U

=




1 1 · · · 1
Z11 Z21 · · · Zm1

...
... . . . ...

Z1p Z2p · · · Zmp

 ·


n1

n2

. . .
nm

 ·


1 Z11 · · · Z1p

1 Z21 · · · Z2p

...
... . . . ...

1 Zn1 · · · Zmp



−1

·


1 1 · · · 1

Z11 Z21 · · · Zm1

...
... . . . ...

Z1p Z2p · · · Zmp



n1

n2

. . .
nm




U1

U2

...
Um



=



n
m∑
j=1

njZj1 · · ·
m∑
j=1

njZjp

m∑
j=1

njZj1

m∑
j=1

njZ
2
j1 · · ·

m∑
j=1

njZj1Zjp

...
... . . . ...

m∑
j=1

njZjp

m∑
j=1

njZjpZj1 · · ·
m∑
j=1

njZ
2
jp



−1 

m∑
j=1

njUj

m∑
j=1

njZj1Uj

...
m∑
j=1

njZjpUj


We have

β̂1 = β̂2

Therefore, using the number of births in each stratum for the weights produces equivalent results to those that
would be obtained from using unweighted multiple linear regression with the individual-level data. In particular,
E(β̂1) = E(β̂2) and V ar(β̂1) = V ar(β̂2), meaning that using county-level multiple-stratified average birth-
weights in weighted regression models produces estimates of parameters with the same mean and variance as the
regression models using individual-level data.
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(2) Assuming non-constant variance:
Using individual-level data in inverse-variance weighted regression (here we use the standard deviation of birth-
weight in the group to represent the standard deviation of birthweight for the individual). According to the weighted
least squares (WLS), we have

β̂3 =(XTW2X)−1XTW2Y

=




1 · · · 1 · · · 1 · · · 1

Z11 · · · Z11 · · · Zm1 · · · Zm1

Z12 · · · Z12 · · · Zm2 · · · Zm2

... . . . ... . . . ... . . . ...
Z1p · · · Z1p · · · Zmp · · · Zmp





1
σ2
1

. . .
1
σ2
1

. . .
1

σ2
m

. . .
1

σ2
m


·



1 Z1,1 · · · Z1,p

...
... . . . ...

1 Z1,1 · · · Z1,p

...
... . . . ...

1 Zm,1 · · · Zm,p

...
... . . . ...

1 Zm,1 · · · Zm,p





−1

·


1 · · · 1 · · · 1 · · · 1

Z11 · · · Z11 · · · Zm1 · · · Zm1

Z12 · · · Z12 · · · Zm2 · · · Zm2

... . . . ... . . . ... . . . ...
Z1p · · · Z1p · · · Zmp · · · Zmp





1
σ2
1

. . .
1
σ2
1

. . .
1

σ2
m

. . .
1

σ2
m




Y1

Y2

...
Yn



=



m∑
j=1

nj

σ2
j

m∑
j=1

nj

σ2
j
Zj1 · · ·

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
Zj1

m∑
j=1

nj

σ2
j
Z2
j1 · · ·

m∑
j=1

nj

σ2
j
Zj1Zjp

...
... . . . ...

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
ZjpZj1 · · ·

m∑
j=1

nj

σ2
j
Z2
jp



−1 

1
σ2
1

· · · 1
σ2
1

· · · 1
σ2
m

· · · 1
σ2
m

Z11

σ2
1

· · · Z11

σ2
2

· · · Zm1

σ2
m

· · · Zm1

σ2
m

Z12

σ2
1

· · · Z12

σ2
2

· · · Zm2

σ2
m

· · · Zm2

σ2
m... . . . ... . . . ... . . . ...

Z1p

σ2
1

· · · Z1p

σ2
2

· · · Zmp

σ2
m

· · · Zmp

σ2
m




Y1

Y2

...
Yn



=



m∑
j=1

nj

σ2
j

m∑
j=1

nj

σ2
j
Zj1 · · ·

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
Zj1

m∑
j=1

nj

σ2
j
Z2
j1 · · ·

m∑
j=1

nj

σ2
j
Zj1Zjp

...
... . . . ...

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
ZjpZj1 · · ·

m∑
j=1

nj

σ2
j
Z2
jp



−1 

m∑
j=1

nj

σ2
j
Uj

m∑
j=1

nj

σ2
j
Zj1Uj

...
m∑
j=1

nj

σ2
j
ZjpUj


Using grouped data in inverse-variance weighted regression,

W̃2 =


1

V ar(U1)
1

V ar(U2)

. . .
1

V ar(Um)

 =


n1

σ2
1

n2

σ2
2

. . .
nm

σ2
m

 is the weight matrix,

because V ar(Uj) = V ar( 1
nj

∑nj

j=1 Yj) =
1
n2
j

∑nj

j=1 V ar(Yj) =
σ2
j

nj
.
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According to the weighted least squares (WLS), we have

β̂4 =(ZT W̃2Z)−1ZT W̃2U

=




1 1 · · · 1
Z11 Z21 · · · Zm1

...
... . . . ...

Z1p Z2p · · · Zmp

 ·


n1

σ2
1

n2

σ2
2

. . .
nm

σ2
m

 ·


1 Z11 · · · Z1p

1 Z21 · · · Z2p

...
... . . . ...

1 Zn1 · · · Zmp



−1

·


1 1 · · · 1

Z11 Z21 · · · Zm1

...
... . . . ...

Z1p Z2p · · · Zmp




n1

σ2
1

n2

σ2
2

. . .
nm

σ2
m




U1

U2

...
Um



=



m∑
j=1

nj

σ2
j

m∑
j=1

nj

σ2
j
Zj1 · · ·

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
Zj1

m∑
j=1

nj

σ2
j
Z2
j1 · · ·

m∑
j=1

nj

σ2
j
Zj1Zjp

...
... . . . ...

m∑
j=1

nj

σ2
j
Zjp

m∑
j=1

nj

σ2
j
ZjpZj1 · · ·

m∑
j=1

nj

σ2
j
Z2
jp



−1 

m∑
j=1

nj

σ2
j
Uj

m∑
j=1

nj

σ2
j
Zj1Uj

...
m∑
j=1

nj

σ2
j
ZjpUj


We have

β̂4 = β̂3

Therefore, using grouped data in inverse-variance weighted regression produces equivalent results to those that
would be obtained from individual-level weighted regression allowing for heteroscedasticity. In particular,E(β̂3) =

E(β̂4) and V ar(β̂3) = V ar(β̂4).
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