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Hyperbolic growth by higher-order

autocatalysis

We consider the following autocatalytic reaction with reaction order p>1:

xk
+
p

Figure S1: Scheme of an autocatalytic process in x with reaction order p>1.

The rate equation of x is given by

dx

dt
= k · xp; p > 1 (S1)

By separating the variables

dx

xp
= k · dt =⇒ x−pdx = k · dt (S2)

and integration we can get

∫ x(t)

x0

dx

xp
=

∫ t

0

k · dt = k · t (S3)

x1−p

1− p
− x0

1−p

1− p
= k · t (S4)

with the following expression for x
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x(t) =
x0

(1− x0p−1(p− 1)k · t)
1

p−1

(S5)

Fig S2 shows x as a function of t when x0=0.1, p=2, and k=1.0.
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Figure S2: Hyperbolic growth of x when x0=0.1, p=2, and k=1.0. tlimit is
the infinity limit, i.e. the time when x reaches infinity.

Doubling time τ and infinity limit for hyper-

bolic growth

The doubling time τ is the time needed to double the amount/concentration
of x. For example, starting with x0 at a certain time t0 τ can be found by
setting

x = 2x(t0) = 2x0 (S6)
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Note that τ is not a constant but a function of the starting x0 concentration,
i.e. τ=τ(x0).

Using Eq S5 and the condition for τ (Eq S6)

2x0 =
x0

(1− x0p−1(p− 1)k · τ(x0))
1

p−1

(S7)

we get an expression for τ(x0) (also termed τ0)

τ0 = τ(x0) =
2p−1 − 1

2p−1x0p−1(p− 1)k
(S8)

or alternatively

τ(2x0) = τ(x) =
2p−1 − 1

2p−1xp−1(p− 1)k
(S9)

Observing that k and p are constants, we can simplify Eqs S8 and S9 to
respectively

τ0 =
K

x0p−1
or τ(x) =

K

xp−1
(S10)

where K is a constant.
The infinity limit tlimit is calculated by adding successively all the the dou-
bling times τ0, τ1, τ2, etc., by starting with the initial concentration x0 (see
Fig S3), i.e.

3



0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10 12

x-
le

ve
l(

au
)

time t (au)

tlimit
x0

2x0

4x0

8x0

τ0 τ1 τ2

Figure S3: tlimit can be calculated by adding the doubling times τ0, τ1, τ2,
etc. In this figure we start with x=x0=0.1. Parameters k and p have the
same values as in Fig S2.

tlimit = τ0 + τ1 + τ2 + ... =
K

x0p−1
+

K

2x0
p−1 +

K

4x0
p−1 + ... (S11)

tlimit =
K

x0p−1

(
1 +

1

2p−1 +
1

22(p−1) +
1

23(p−1) + .....

)
(S12)

= τ0

(
1 + (

1

2p−1 )1 + (
1

2p−1 )2 + (
1

2p−1 )3 + ....

)
(S13)

= τ0

n=∞∑
n=0

an =
τ0

1− a
with a =

1

2p−1 (S14)

Eq S14 converges only when a<1, which is equivalent with the condition
p>1. Only then hyperbolic growth is observed.
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