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Supplemental Information 
 
CALCULTION METHOD FOR A LOG-LINEARIZED PERIPHERAL ARTERIAL 
VISCOELASTIC INDEX IN A BEAT-TO-BEAT MANNER 
 In quantitative evaluation of the mechanical characteristics of peripheral arteries, the following 
three points should be considered: (i) arterial wall mechanical characteristics can be quantitatively evaluated 
using mechanical impedance parameters, such as stiffness and viscosity; (ii) stiffness changes caused by 
sympathetic nerve activity can be estimated, considering nonlinearity between intravascular pressure and 
arterial diameter; and (iii) specific features of peripheral arteries (e.g., effects of veins and accumulation in 
arterioles) can be expressed. This section introduces a mechanical peripheral arterial wall model that was 
designed in consideration of these three points. 
 Figure 1 shows the proposed mechanical impedance model of the peripheral arterial wall1,2. The 
arterial wall’s characteristics in an arbitrary radial direction are considered, and are shown with changes in 
blood pressure and strain of the arterial diameter, as follows: 




𝑃௕(𝑡) = 𝑃ఓ(𝑡) + 𝑃ఎ(𝑡) + 𝑃ఉ(𝑡) 
                                                                               ≈ 𝜇෤𝜖̈(𝑡) + 𝜂෤𝜖̇(𝑡) + 𝑃ఉ൫𝜖(𝑡)൯.                                              (1) 
 
𝑃௕(𝑡) is the blood pressure at time 𝑡; 𝑃ఓ(𝑡), 𝑃ఎ(𝑡) and 𝑃ఉ(𝑡) are the pressures originating from inertia, 
viscosity, and stiffness, respectively; and 𝜇෤ and 𝜂෤ are the arterial wall inertia and viscosity, respectively. 
The parameters 𝜖(𝑡), 𝜖̇(𝑡), and 𝜖̈(𝑡) represent the strain of the arterial diameter, strain velocity, and strain 
acceleration, respectively. Here, we assume that 𝜇෤𝜖̈(𝑡)  and 𝜂෤𝜖̇(𝑡)  include an intervascular pressure 
component that originated from the vein. In addition, considering the nonlinearity between intravascular 
pressure and the strain, the pressure originating from vein stiffness is expressed as 𝑃ఉ෩  ൫𝜖(𝑡)൯ . This 
assumption was verified by the experimental results, as described in our previous publication3. 
 

 
Fig. 1 Mechanical impedance model of a peripheral arterial wall. 

 
 𝑃ఉ෩  ൫𝜖(𝑡)൯ is then formulated based on the previous studies and can be viewed as the extended 
version of the arterial impedance model proposed by Simon et al. based on the Voigt model4,5 through 
addition of the inertial term and including consideration of the vein effect. The relationship between blood 
pressure and arterial diameter has been extensively investigated in previous experiments. Nagasawa et al. 
and Hayashi et al. measured canine intravascular pressure and the diameter of the arterial wall, using a 
femoral artery on an in vitro basis to support examination of the artery’s mechanical properties6,7. They 
found that the canine femoral artery exhibits distensibility in the range of 60–180 mmHg, and that the ratio 
of the logarithm of intravascular pressure to standard pressure is proportional to the ratio of the arterial wall 
diameter to its diameter with standard intravascular pressure. However, in the case of low blood pressure, 
the artery stiffens because the variation in blood vessel diameter, which accompanies increased 
intravascular pressure, becomes small6. Because of this fact, we assumed that human peripheral arterial 
characteristics are also nonlinear1,2, as observed in the canine femoral artery, in terms of arterial wall 
mechanical characteristics. The logarithm pressure originating from arterial stiffness, considering 
accumulation in arterioles in the peripheral area, is expressed as follows: 
 

ln 𝑃ఉ෩ ൫𝜖(𝑡)൯ =  𝛽෨ ൫𝜖(𝑡)൯ + 𝑃ఉ෩బ
+ 𝑃ఉ෩ ௡௟

൫𝜖(𝑡)൯.                                        (2) 

 
𝛽෨  is the arterial stiffness relating to logarithm pressure, and 𝑃ఉ෩బ

 is the constant pressure acting on the 

arterial wall.  𝑃ఉ෩ ௡௟
൫𝑟(𝑡)൯ is a pressure originating from vein stiffness that cannot be log-linearized and 

accrues when intravascular pressure falls below a certain threshold. Equation (2) can be substituted into 
Equation (1) after taking the exponent on both sides of Equation (2), and arterial impedance properties can 
be expressed as follows: 
 

𝑃௕(𝑡) ≈ 𝜇෤ 𝜖̈(𝑡) + 𝜂෤ 𝜖̇(𝑡) + exp ቄ𝛽෨𝜖(𝑡) + 𝑃ఉ෩బ
+ 𝑃ఉ෩ ௡௟

൫𝜖(𝑡)൯ቅ.                               (3) 

 
Because it is difficult to measure the strain 𝜖(𝑡) directly in vivo, the strain is approximated using PPGs, 
which are measured with a pulse oximeter8,9. 
 



𝑃௟(𝑡) ≅ 𝑘௣𝜖(𝑡) + 𝑃௟బ
.                                                              (4) 

 
𝑃௟(𝑡) is the PPG, 𝑘௣ is a constant of proportion, and 𝑃௟బ

 is an offset constant. Equation (3) can be expressed 
using Equation (4), as follows: 
 

𝑃௕(𝑡) = 𝜇𝑃௟̈(𝑡) + 𝜂𝑃̇௟(𝑡)  + exp ቄ𝛽𝑃௟(𝑡) + 𝑃௕ఉబ
+ 𝑃௕ఉ೙೗

൫𝑃௟(𝑡)൯ቅ,                           (5) 

 
where  
 

𝜇 =
𝜇෤

𝑘௣
, 𝜂 =

𝜂෤

𝑘௣
, 𝛽 =

𝛽෨

𝑘௣
, 𝑃௕ఉ଴

= 𝐹ఉ෩ ଴
−

𝛽෨𝑃௟బ

𝑘௣
, 

 
and 𝑃௕ఉ೙೗

൫𝑃௟(𝑡)൯ = 𝑃ఉ෩೙೗
൫𝜖(𝑡)൯  represents blood pressure, which cannot be log-linearized and accrues 

when intravascular pressure decreases. The parameters 𝜇, 𝜂, and 𝛽 are the inertia, viscosity, and stiffness 
of the arterial wall, respectively. Equation (5) represents the log-linearized peripheral arterial viscoelastic 
model, which expresses peripheral arterial dynamic characteristics. 
 The method for estimating the impedance parameters inertia 𝜇 , viscosity 𝜂, and stiffness 𝛽 , is 
outlined as follows. Estimating three impedance parameters at the same time is difficult because of the 
characteristic of 𝑃௕ఉ೙೗

൫𝑃௟(𝑡)൯, which cannot express linearity, even if 𝑃௕ఉ೙೗
൫𝑃௟(𝑡)൯ is used for the logarithm. 

Accordingly, estimation of parameters is performed in two stages. 
 In the first stage, the stiffness component of Equation (5) is approximated by the first-order term 
function by Maclaurin series expansion, based on the presumption that second- and higher-order terms are 
sufficiently small: 
 

exp ቄ𝛽𝑃௟(𝑡) + 𝑃௕ఉబ
+ 𝑃௕ഁ೙೗

൫𝑃௟(𝑡)൯ቅ ≈ exp ቄ𝑃௕ഁబ
+ 𝑃௕ഁ೙೗

(0)ቅ + 𝛽஺𝑃௟(𝑡),                     (6) 

 
The following are details of Maclaurin series expansion: let 
 

                                               𝑓(𝑃(𝑡)) = exp ቄ𝛽𝑃௟(𝑡) + 𝑃௕ఉబ
+ 𝑃௕ഁ೙೗

൫𝑃௟(𝑡)൯ቅ.                                       (7) 

 
if the second- and higher-order terms are negligible, then  
 

𝑓൫𝑃(𝑡)൯ ≈ 𝑓(0) +
𝑑𝑓(0)

𝑑𝑃௟(𝑡)
𝑃௟(𝑡). 

Since 

𝑓(0) = exp ቄ𝑃௕ഁబ
+ 𝑃௕ഁ೙೗

(0)ቅ, 

 

𝛽஺ =
𝑑𝑓(0)

𝑑𝑃௟(𝑡)
= 𝐶ଵ exp ቄ𝑃௕ఉబ

+ 𝑃௕ఉ೙೗
(0)ቅ, 

 

𝐶ଵ = 𝛽 +
ௗ௉್ഁ೙೗

൫௉೗(௧)൯

ௗ௉೗(௧)
ቤ

௉೗(௧)ୀ଴

. 

Therefore, Equation (5) can be approximated as follows: 
 

𝑃௕(𝑡) ≈ 𝜇𝑃௟̈(𝑡) + 𝜂𝑃௟̇(𝑡) + exp ቄ𝑃௕ఉ଴
+ 𝑃௕ഁ೙೗

(0)ቅ + 𝛽஺𝑃௟(𝑡).                              (8) 



 
By using variations of the variables from the nominal values at time 𝑡଴, the dynamic characteristics of the 
artery can be expressed as follows: 
 

𝑑𝑃௕(𝑡) = 𝜇𝑑𝑃௟̈(𝑡) + 𝜂𝑑𝑃௟̇(𝑡) + 𝛽஺𝑑𝑃௟(𝑡),                                           (9) 
 
where 𝑑𝑃௕(𝑡) = 𝑃௕(𝑡) − 𝑃௕(𝑡଴) , 𝑑𝑃௟̈(𝑡) = 𝑃௟̈(𝑡) − 𝑃௟̈(𝑡଴) , 𝑑𝑃௟̇(𝑡) = 𝑃௟̇(𝑡) − 𝑃௟̇(𝑡଴) , and 𝑑𝑃௟(𝑡) =
𝑃௟(𝑡) − 𝑃௟(𝑡଴). The parameters  𝜇, 𝜂, and 𝛽஺ are then estimated, using the least-squares method for each 
heartbeat, via Equation (9). 𝛽஺ is an approximation of the stiffness characteristics. 
 In the second stage, substituting the estimated inertia 𝜇̂ and viscosity 𝜂̂ in the first stage into 
Equation (6) yields an equation that can be used to separate the stiffness component from other 
components, as follows: 
 

exp ቄ𝛽𝑃௟(𝑡) + 𝑃௕ഁబ
+ 𝑃௕ఉ௡௟

൫𝑃௟(𝑡)൯ቅ = 𝑃௕(𝑡) − 𝜇̂𝑃௟̈(𝑡) − 𝜂̂𝑃௟̇(𝑡).                          (10) 

 
Taking the exponent on both sides of Equation (10), the following equation can be obtained: 
 

𝛽𝑃௟(𝑡) + 𝑃௕ഁబ
+ 𝑃௕ఉ௡௟

൫𝑃௟(𝑡)൯ = ln൛𝑃௕(𝑡) − 𝜇̂𝑃௟̈(𝑡) − 𝜂̂𝑃௟̇(𝑡)ൟ.                          (11) 

 
By using variations of the variables from the nominal values at time 𝑡଴ in the same manner as in Equation 
(9), Equation (11) can be expressed as follows: 
 

𝛽𝑑𝑃௟(𝑡) + 𝑃௕ఉ௡௟
൫𝑃௟(𝑡)൯ − 𝑃௕ఉ௡௟

൫𝑃௟(𝑡଴)൯ = ln ቄ
௉್(௧)ିఓෝ௉೗̈ (௧)ିఎෝ௉೗̇ (௧)

௉್(௧బ)ିఓෝ௉೗̈ (௧బ)ିఎෝ௉೗̇ (௧బ)
ቅ                               (12) 

 
 Estimation of the stiffness parameter 𝛽 is limited to the area where 𝑃௕ఉ೙೗

൫𝑃௟(𝑡)൯ = 𝑃௕ఉ೙೗
൫𝑃௟(𝑡଴)൯. 

When the arterial pressure 𝑃௕(𝑡) falls below a threshold pressure TH and the artery is considerably stiff, 
the above condition is not fulfilled. Therefore, the stiffness parameter 𝛽 is estimated under the area 𝑃௕(𝑡) 
> TH. Equation (12) is then approximated as follows, because 𝑃௕ఉ೙೗

൫𝑃௟(𝑡)൯ − 𝑃௕ఉ௡௟
൫𝑃௟(𝑡଴)൯ is equal to 0. 

 

𝛽𝑑𝑃௟(𝑡)|௉್(௧)வ୘ୌ = ln ቄ
௉್(௧)ିఓෝ௉೗̈ (௧)ିఎෝ௉೗̇ (௧)

௉್(௧బ)ିఓෝ௉೗̈ (௧బ)ିఎෝ௉೗̇ (௧బ)
ቅቚ

௉್(௧)வ୘ୌ
.                           (13) 

 
Because the stiffness parameter 𝛽 in the left side of the above equation is the only unknown parameter in 
Equation (13), it can be estimated for each heartbeat, using the least-squares method, via Equation (13). 
 As mentioned above, the impedance parameters (i.e., inertia 𝜇, viscosity 𝜂, and stiffness 𝛽) of the 
peripheral arterial wall can be estimated using the two-stage method. 
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