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Supporting Information Text
S1. Dose-responses for activation, derepression, and concerted mechanisms

S1-A. Ordinary differential equations. The ordinary differential equations (ODEs) that govern the dynamics of X, X*, Y, and
Y™ for the concerted mechanism described in the main text are:

dX

E = _klsX + kQX*, [Slla}
df; =k1SX — ko X7, [S1.1D]
dY * *
E = —(ks + ks X )Y + (k‘4 —+ kﬁX)Y s [Sl.lc}
ay” X *
L = (k3 + ks X )Y — (k4 -+ kGX)Y . [Sl,ld}
We assume that X + X* = X7 and Y + Y™ = Y, which reduce the above ODEs to
dz — S(X7 — X7) — kX, [S1.2a]
dY* * * * *
- (ks + ks X)) Yr —Y") — (ka + ke (X7 — XT))Y". [S1.2D)]
Re-arranging terms, we obtain the following system of ODEs
dc)ii =k X715 — (k:18 + k‘z)X*7 [Sl.Sa]
dy* * * oy ok
at =k3Yr + ksYr X" — (kg + kg + ngT)Y — (k5 — kG)X Y™, [Sl.3b}

which is Eq. (1) in the main text.

S1-B. Dose-responses. We term the steady-state responses obtained by varying the stimulus level as dose-responses. The

number of active receptors in steady-state, X *, and the active switch molecules at steady-state, Y*, may be computed by
setting the ODEs in Eq. (S1.3) to zero:

kiSXr

Xt =— S1.4
krS + ks’ [S1.4a]
ks + ks 50
Vs e + o [S1.4b]
3+ 4+ 5k15+k2 + 6k15+k2
Rearranging terms gives Eq. (2) of the main text:
X
¥ = k‘f r [S1.5a]
m+Ss
( koks .t k3+ks X
¥ _ ki(ks+katks X k3+ka+ks XT
yr= ka(kzt+katkeXT) +S Yr. [51.5b]
ki(ks+katksXT)
It may now be seen that X* and Y* have the form:
X{{@X* + X5
Xt ="————"° S1.6
Ox++8 [51.6a]
Yo Oy +YLS
Y= ———>— S1.6b
6y 15 [S1.6b]
where
Xg =0, [S1.6¢]
X5 = Xr, [S1.6d]
k
Ox+ = —=, [S1.6¢]
k1
Y:
Yo fe¥r IS1.6f]

ks + ks + ke X1’
« (ks + ks X7)Yr
yz = ks + ks Xr)¥r S1.6
ks + ks + ks X7 [ gl
Oy — Oy k3 + ka + ke X1

 —_— S1.6h
ks + ka + ks X [ ]
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We first note that the dose-response of the receptor (i.e., the receptor occupancy) and that of the switch are of similar form.
Below, we describe the effects of various parameters on these dose-responses.

1. The parameters k1 and k2 do not affect the minimum response X and the maximum response Xr. The ratio ©x» = kg

k1
determines the stimulus level at which X™* = %
2. Increasing the lumped parameter k¢ Xt decreases the minimum response of the switch Y. We term k¢ X7 the (total)
repression strength and it has no effect on the maximum response of the switch Y.

3. Increasing the lumped parameter ks X7 increases the maximum response of the switch Y. We term ks X7 the (total)
activation strength and it has no effect on the minimum response of the switch Yy'.

4. If the basal activation rate of the switch ks is zero then Yy = 0. A non-zero k3 results in a non-zero Yy and therefore
shifts the dose-response curve upwards. It is worth noting that ks = 0 implies that ks X+ # 0 for the switch to generate a
response at all.

5. If the basal deactivation rate of the switch k4 is zero then Y = Yr. Note that if we set ks = 0 then ke X7 # 0 has to
be true to repress the switch in the absence of the stimulus. A non-zero k4 results in Y < Yr and therefore shifts the
dose-response curve downwards.

S1-C. A comment on parameter choice for Fig. 2. Our choice of parameters in Fig. 2 of the main text is guided by the
above observations on dose-responses of X* and Y*. We also assume that basal rate ks is much smaller than the ’total
activation strength’ ks Xr. Likewise, the basal rate k4 is much smaller than the ’total repression strength’ k¢ Xr. Relaxing
these assumptions would result in effects described by points 4 and 5 above. In addition to ignoring the basal rates wherever
possible (k3 = 0 for activation; k4 = 0 for derepression; k3 = k4 = 0 for concerted), we normalize the stimulus strength by the
binding affinity of the receptor and we only plot fractional responses in Fig. 2. Thus, the qualitative features of our results do
not depend on the exact values of the parameters ki, k2, S, X1 and Yr.

S2. Background results for transient signaling response and response time
Let R(t) be a signaling response at time ¢. One convenient way to define the response time is through the center of mass:

JoT tR(t)dt

= = R

[S2.1]

This definition is the same as the one used for ‘signaling time’ in (1). One advantage of this definition is that it is often
analytically tractable if R(t) is available. Equivalently, 7z may also be computed in the Laplace (frequency) domain. To that
end, let us define the Laplace transform

Rlw] = / b e “'R(t)dt. [S2.2]

The integrals corresponding to the numerator and the denominator in the above definition of 7r may be computed as:

/ Rt = — [S2.3a]
o dw 0
/ R(t)dt = R[w]|,_, - [S2.3b]
0
Thus, we have that
e i PR 10, %) s2.4)
Rlw]l,—o dw o

Because R(t) > 0 to be biologically meaningful response, one limitation of the above definition of 7r is that the integrals do
not converge if R = lim;—, o R(t) # 0. So the definition needs to be modified for responses that have non-zero steady-states,
which is the case for models considered in this work. As done in (2), one can extend the definition to a response with non-zero
steady-state:

o |—
Jt|R— R(t)| at

1° ]E — R(t)|dt

Tr = [S2.5]

Here |.| takes the absolute value or the modulus of its argument. Note that both definitions are equivalent when R = 0. The
new definition works with the absolute value of the error signal E(t) = R — R(t). The absolute value, |.|, may be dropped from
the above definition if E(t) > 0,Vt > 0, or E(t) < 0,Vt > 0. In such cases, we can use the frequency domain version of the
definition:

dlog (Ew])

Tr=Te = o

$2.6]

w=0
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Here £[w] is the Laplace transform of E(t) that is related with R[w] as

£l = & — R, 1S2.7]

w

Generally speaking, if F(t) changes sign then Eq. (52.6) only expression serves as an approximation of the response time in
Eq. (S2.1).

In what follows, we compute the response time for a few representative examples of linear dynamical systems that are
pertinent to the models considered in the main text.

S2-A. A simple switch. Consider a protein that transitions between two states A and A* as
k1S
A= AN [S2.8]
ko

Let A(t) and A*(t)denote the number of molecules that are in states A and A", respectively, at time ¢t. We assume that the

total number of molecules is conserved, i.e., Ar = A(t) + A*(t). We quantify the signaling through the switch by A*(¢), i.e.,
the number of molecules in the state A*. The ordinary differential equation (ODE) governing the dynamics of A™ is:

dA*

dt

Let A*[w] denote the Laplace transform of A*(t), then

= k1 S(Ap — A*) — ko A™. S2.9]

k1SAr (1 1 A(0)
- - _ S2.10
Al =55 G oTmsTR) FoThs R [52:10)
where A*(0) < Ar is the initial condition. Taking inverse Laplace transform, the solution to this ODE is
* * — k SAT — S+ko)t
A(t)=A (rStha)t | 20T (1 — em (R1SHR2)E) 2.11
(1) = A7(0)e M G ) sl
While we can use A*(t) to compute the response time as
| AT — A*(t)| dt
Tae = fooo L (0 , [$2.12]
I A" = Ax(t)| at
we instead use the Laplace transform A[w] to do so. In frequency domain, we have that
dlog (&€
Taw = — dlog (Ealw]) 7 [S2.13]
dw i

where £4 = % — A[w] is the Laplace transform of the error signal Ea(t) = A — A(t). The steady-state value A* = lim;_,oc A(t)
may be computed by taking the limit of the time domain solution or by applying the final value theorem in frequency domain

- . o _ kiSA7
A = tlgrolo At) = uljlg}) wAlw] = TS ks [S2.14]
With these, we have
ki1SAr " 1
— —A - 2.1
£ale] (k-15+k2 (0)> Wt kSt ks [52.15]
which results in the following for the response time
d1og (Ealu]) 1
= — = . 2.1
Ta do |, RS+k 210

We thus deduce that if the response is determined by a single kinetic step, the response time defined above is reciprocal of the
rate constant for that step. It is also worth noting that the error signal is zero if A*(0) = : ;ssfé = A* and the response time
has no meaning in that case.

There are other definitions of response time that are based on the time it takes for the response to start from A*(0) and
reduce its deviation from its steady-state by a factor 0 < f < 1. More specifically, we define T; as the solution to the following
equation

AT -A0) _ 52.17a]
A= — A-(0)

_ ki1SA _ k1SA
" (k1S+k2)Ts 15AT = (k1S+k2)TF _ g% < 1SAr )
= A"(0)e + T (1 e ) =A"0)+ f S+ hs A*(0) ). [S2.17D]
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For A*(0) # F1547  the above equation reduces to

k15+ks
1— e F1SFR)Ty — g [S2.18]
which has a straightforward solution
log (1 - f)
=7 2.1
Ts k1S + ko [52.19]

Notably, the response time is set by 1/(k1S + k2) up to a scale which depends on the specific value of f. We discuss three
cases. First, setting f = 1/2 corresponds to the time at which half of the deviation from the steady-state has been reduced.

The corresponding response time is given by
log 2

50% = ————. 2.2
Ts0% 1S + K [S2.20a]
Second, f = (e —1)/e ~ 0.632 is also frequently used for which we obtain
1
= — . 2.20b
To3.2% S T [S2.20D]

Lastly, a third definition concerns computing the time it takes for the response to travel from 10% to 90% of the difference

between its initial value A*(0) and steady-state A* = :1154?1?2- In this case, we get
log 9
To0% — Tio% = 7]{:15%’_ . [S2.20¢]
S2-B. Two-tier linear system. We next consider a two-tier linear system
dR
= o —miRy, [S2.21a]
dR
— =G+ &R~ &Ry, [S2.21b]
with initial conditions (R1(0), R2(0)). The steady-state solution to this system is given by
_ o+ &0
(R1,Rz) = (zof’“ : [S2.21¢]
1 2

Let R1[w] and Rz[w] respectively denote the Laplace transforms of Ri(t) and R2(t). Then the solution in Laplace domain
to the above system of ODEs, after some algebraic manipulation, is given by

no [ 1 1 R1(0)
Rifw] = 2 (= - , $2.22
1] m (w w+n1>+w+n1 [ 2
o (1 ! noés (1 w+m+& §111(0) R (0)
R == —=- + — = + + . S2.22b
M\ ore) e\ et T ermere) T ote [52.220)
The transient solution may be computed by taking the inverse Laplace transform:
Ri(t) = :770 (1—e ™) + Ri(0)e ™", [S2.23a]
1
+ no. + no. o R.(0
Ro(t) = Sotfuy  (fotlny Ra(0) ) e 8" — (- RO) (e7S2t — M), [$2.23b]
&2 &2 m — &2

The solution for the limiting case when 71 = & may also be obtained by taking the limit 71 — £2. Another special case that is
relevant to our discussion in this manuscript is when the initial conditions are specified as R;(0) = 0 and R2(0) = g—g. For this
case, we have the following

Ri(t) = % (1—emY), [$2.24a]
b+ &at mo& [(me 2t — Ge ™!

Next we compute the response time. To that end, we note that the error signals Fr, = Ri1 — Ry and Egr, = R> — R have
the Laplace transforms

20— Ri(0)
5R1 [UJ} = ?7]17 [82.25a]
§o+51%
— Ry(0 20 _ Ry (0
ERyw] = —22 20) + & (3 - 1) [S2.25b]

w4+ & (w+m)(w+&)
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Using these, the response times are given by

Tay = — Mg Crlel) ) _ 1 [$2.26a)]
dw oo ™M
__ dlog(Emele])| _ 1 L (5 — Ra(0) &
Ths = o - [S2.26b)]

" (- mo) e+ (U - o) o

We note that the response time 7r, depends upon the initial conditions R;(0) and R2(0). Recalling the steady-state values

of Ry and Ry from Eq. (S2.21c), we recognize > — R1(0) and % R2(0) as R1 — R1(0) and Ry — R2(0), respectively.

Thus, if R1(0) = R1, meaning that the upstream component is at ltb bteady—state then we obtain Tr, = 1/£>. The dependence
on R;(0) and R2(0) also drops for the special case when R;(0) =0 and R2(0) = 50 . In this case, Tr, simplifies to
1, 6 1
& m+&n’
where the first-term is the response time if R; were at steady-state, and the second term is the time-averaged Tr, .

Try = [S2.27]

S2-C. Two-tier linear system with two inputs. Next, we consider a variant of the two-tier linear system in Eq. (S2.21). Here the
dynamics of Ry is affected by two upstream components R11 and Ri2 as below:

dR
ditZ = 6o+ &1 R + 2Rz — 2R, [52.28]

We do not specify the dynamics of Ri1 and Raz, but assume that their Laplace transforms, R11[w] and Riz2[w] are known.
Consequently, we can compute the steady-states, R11 and Ri2, using the final value theorem. Furthermore the Laplace
transforms of the error signals may also be computed as

R

Ern[w] = o Rii[w], [S2.29a]
_ Ra2
Erip[w] = —= = Ruzfw]. [S2.29b]
Taking Laplace transform of Eq. (52.28) gives
o

50 4+ Ry (0) & £1o
R == R S2.30
2[w] P ot h ufw] + ot h ]- [S2.30]

The transient solution may be computed by taking the inverse Laplace transform of the above equation once R11[w] and Raz|w]
are specified. We can, however, compute a generic form for the the response time of Ra.
To compute the response time of Rz, we first note that the steady-state response Rq is given by

€o + &1 Rt + &2 Rao

Ry = [S2.31]
&2
Therefore, the Laplace transform of the error signal may be computed as
Rs
Ery[w] = f — Ralw] [$2.32a)
€o+E11R11+€19 R £o
&2 w Tt Ry (O) &1 E
= - - R —7R S2.32b
w w+ &2 w4+ &2 nfw] - + &2 12[] | }
— R2(0) 511 Ri1 + £11ERy, (W] %Rm + 51251312 [w]
, [S2.32¢]
w+ &2 w+ & w+ &
Ry — R2(0)  &11ERy, (W] | €12ERy, (W]
_ , S2.32d
w+ &2 w+ &2 + w+ &2 [ }
where we have used Eq. (52.29) to substitute for Ri1[w] and Riz[w]. The response time is then given by
1
Thy = — M [S2.33a)
w w=0
- - i amt [S2.33b]
w+ & w0 R — R2(0) + £11Ep11[w] + €12ER12[W] w0 '
& w d€ w
_ 1 o g e PO S R el PO [S2.33¢]
&2 Ro— R2(0) + £11ER11[0] + £12ER12[0]
1 & 0 & 0
= T, — £11ER11[0] 4 Ty, — £12ER12[0] . [92.33d]
&2 Ry — R2(0) 4 £11ER11[0] + £12ER12[0] R — R2(0) 4 £11ER11[0] + £12ER12[0]
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If R11(0) = Rui1, then Eg,, [0] = 0. Likewise, if R12(0) = Ri2 implies Eg,,[0] = 0. Thus, if Ri1 and R are at steady-state then
the response time is given by 1/&. The second and the third terms in the above expression are the time-averaging terms.

S3. Transient solution and response time for molecular switch architectures

In this section, we consider two-tier cascades of Fig. 1 in the main text. Because activation and derepression are special cases
of the concerted mechanism, we concern ourselves only with the ODEs of a concerted mechanism here.
The ordinary differential equations (ODEs) that govern the dynamics are

d;‘; — B S(Xr — X*) — ks X", [S3.1a]
dY* * * * *
L = (k3+k5X )(YTfy ) 7(k4+k6 (XT*X ))Y s [S?)lb]

with initial conditions
ksYr

X*'0)=0, Y(0)=-—"T"———. S3.1c
(0) O = s T Fe X [S3.1c]
The steady-states of X* and Y* are computed by setting the derivatives to zero.
k1S X7 ks + ks T
* — PSStk Y* = o h o h ESXr g aXr Yr. [S3.2]
1 2 3+ Ka+ K53 5h, T R6 % 51k
Recall that plugging k¢ = 0 and ks = 0, result in ODEs for the activation and derepression mechanisms, respectively.

Furthermore, we term the special case ks = kg as perfect concerted mechanism, where the activation and repression strengths
match.

Analytical solutions for nonlinear ODEs such as those in Eq. (S3.1) typically do not exist. However, a careful look at
Eq. (S3.1) shows that the nonlinear term is (ks — k¢) X *Y ™. Thus for a special case when ks = k¢ (perfect concerted mechanism),
the system is linear, which has an analytical solution. The solutions for other cases can be computed numerically. We also
provide an approximate solution using linearization around the steady-state solution (X*,Y*).

S3-A. Transient solution for a perfect concerted model. A perfect concerted model is characterized by ks = ke¢. Substituting
ks = ke in Eq. (S3.1) results in

df; — k1 SXr — (k1S + k2) X7, (S3.3a]
ay” * %
a =k3Yr + keYT X — (kg + kg + kGXT) Y s [S33b]

with initial condition (X*(0),Y*(0)) = (0, m). We note that the form of Eq. (S3.3) is same as that of Eq. (S2.21),

with parameters 1o = k1SXr, nm1 = k1S + ke, &0 = ksYr, & = keYr, and & = ks + ka + ke Xr. Thus, we can use Eq. (S2.24)
to get the transient solution

kiSXT

X* t — 1 _ *(k15+k2)t 834
( ) le JF k2 ( € ) ) [ a’]
o BRBEE KBS (S 4 ke T (b bt hod)e
T ks + kot keXr | kst kst keXr k1S + ka2 — (k3 + ka + ke X1) '
For the special case when k1S + k2 = ks + ka4 + ke X1, we have
ks + ke F18XT ke F1SXT
Y*(t) 3 6 k1S+ko Y 6 k1S+ko YTef(k3+k:4+k6XT)t (1 + (k3 + k'4 + kGXT)t) . [S34C]

:k3—|—k4—|—k6XT 7 ks + ka + ke X1

S3-B. Approximate transient solution using linearization. The ODE system in Eq. (S3.1) contains the nonlinear term X*Y™,
which can be linearized around the steady-state solution (X*,Y*) as

X'V A TXT 4+ XY - X T [93.5]
where
- kiSXr
T [S3.5D]

] k1 SXp
ks + ks Ti5Ths

= Yr.
ks + ka + ke X7 + (ks — ke) :fgf,?z

*

[S3.5¢]

Khem Raj Ghusinga, Roger D. Jones, Alan M. Jones, and Timothy C. Elston 7 of 32



Substituting this for the nonlinear term in Eq. (S3.1), we get the following

d;i =k SXr — (k1S + kQ)X*, [8363}
dY* N V= Eva * N % *
= (ksYr + (ks — ke) X* Y*) + (ksYr — (ks — ke)Y™) X* — (ks + ka + ke X1 + (ks — ke)X*)Y™. [S3.6b]

These ODEs are similaﬁrto those in Eq. (S2.21). The parameters are: 19 = k1SXr, m1 = k1S + k2, o = ksYr + (ks — kG)F Y,

&= ksYr — (/(35 —ka)Y*, and &2 = ks+ks+keXT+ (ks — ke)X* With the initial conditions (X* (0), Y* (0)) = (0, m),
the solution same as that in Eq. (S2.24) and is given by.

. k1S X _
X0 = gt (Lo o), [83.72)
k1SX
Y*(t) = ks + ks 7557 . kiSXy (kaks + ksks + kskeX1)Yr y
ks + ka + ke X1 + (ks — ko) 12502 k1S + k2 (kg + ks + ko X1 + (ks — ko) 255 )?
(k- ko) FASXT
(k1S + k2)e (kd+k4+k6XT+(k5 k6) R 5Ths )t - (ks + ks + ke X1 + (ks — ko) lljllgfsz) e (nErhy [S3.7D]

kS + k2 — (ks + ka + ke X1 + (ks — ko) 125715 )

The special case when the timescales match may be computed by taking the limit of the above solution.

S3-C. Response time for a perfect concerted mechanism. For this case, we can simply adapt the results of Eq. (S2.26a) and
Eq. (S2.27).
T = 1 [93.8a]
k1S + ko’
1 n 1 y ks + k4 + ke XT
ks+ks+keXr  kiS+ke  kiS+ke+ks+ka+ keXr

Ty = [S3.8b]

S3-D. Response time for the linear approximation. As with the response time for the perfect concerted mechanism, here too
we adapt the results of Eq. (S2.26a) and Eq. (52.27).

1

Tee = e [S3.9a]
1 1 k3 + ka + ke X1 + (ks — k) :fgfkTg
Ty~ = mexy T Stk ol 5390
k3+k4+l€6XT+(k5—k6)kls+k2 1 2 kS + ke + ks + ks + ke X1 + (ks _k6)k15+k2

How good is the above approximation of response time? One check is to plug in ks = ke to obtain the approximation for the
perfect concerted model for which we have the exact expression of the response time in Eq. (S3.8). Indeed, substituting ks = ke
in Eq. (S3.9) yields
Tx+ = ! S3.10
RS R e
1 1 ks +ka + ke X1

Ty = + X )
YU T kst ka+ keXs | k1St ks k1S + ko + ks + ks + ke X1

[S3.10b]

which is exactly same as Eq. (S3.8). Thus the linear approximation is exact for the perfect concerted model. This is not
surprising because the perfect concerted model is linear by construction.A second check of how good the approximation in
Eq. (S3.9) is through numerical computation, which is discussed in a later section.

S3-E. Response time for ratiometric signaling. Ratiometric signaling is the special case where the signaling output does not
depend upon the total number of receptors Xr. In Eq. (5) of the main text, we show that when k3 = 0 and k4 = 0, then the
steady-state response is independent of Xr. Here we ask whether setting k3 = 0 and k4 = 0 also result in the response time
being independent from X7. To this end, we plug these values in the expression of 7Ty« in Eq. (S3.9):

_ 1 1 kX -+ (ks — ko) 115, $3.11
Y~ Fexry T kS + k x ki SXp [53.11]
ke X1 + (ks — ko) e 1 2 k1S + ko + ke X1 + (ks — ko) *1S+ko

Clearly, the response time depends upon Xr, thereby establishing that the ratiometric signaling is only applicable for the
dose-response. We further ask how X7 affects the response time. To this end, the most convenient limit to check is when the

receptor dynamics is fast, i.e., k1.5 + ko > ke X1 + (ks — ko) :;gfg;, which gives us
Ty- ~ ! 93.12]
v . .
ke X1 + (ks — k¢) ky SX1

k1S+ko
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Thus, if everything else is constant then increasing X decreases the response time. Even when the receptor dynamics is not
fast, we can verify this effect by looking at the sign of the derivative of Ty~ with respect to X™
dTy+ (k1S + k2)® + 2(k1S + ka)® (kake X7 + k1Sks X7)
dXr XT(kgkﬁXT -+ k1Sk5XT) ((le -+ k‘z)Q + koke X1 + lek5XT)2

<0. [$3.13]

Next, we discuss the numerical method to compute response time which we use to validate our approximations.
S3-F. Numerical computation of the response time. One convenience in using the center of mass definition of the response time

Sty =y ()] at

Ty = Ssg= [S3.14]
Y=y de
is that it can be computer numerically via solution of an augmented ODE system
% =k1S(XT—X*)—k2X*, [83.153.]
dY* * * * *
o = (ks + ks X") (Ve = Y7) = (ka + ks (X2 = X)) Y™, [S3.15b]
avi *
- = V= —v|, [S3.15¢]
dVa
— =1 .15d
7 =L [S3.15d]
dVs
avs _ vy 1
0 ViV [S3.15¢]
Here Vi(t), Va(t) and V3(t) are the augmented states to the original ODE system. The initial conditions are given by
- « k3Y: ks + ks 255T) Yy kY
(X7(0), Y7 (0). VA (0), Va(0), Va(0)) = | 0, =T, ot bt e 00
3 4 6XT k3+k4+k5kls+k2+k6kls+k2 3 4 6 XT
($3.151]

Note that the state Vi(t) computes the integral in the denominator upto a time horizon ¢, V2(t) tracks the time, and V3(t)
computes the numerator up to time horizon ¢. If we choose ¢ to be large enough such that the system has reached steady-state,
then “28 computes the response time. It is easy to see that the approximation gets better with a larger ¢t. We can use the
approximation of response time in Eq. (S3.9) to set a time for the integration.

S§3-G. Validity of linear approximation. Except for the case of the perfect concerted mechanism for which the nonlinearity in
the dynamics of Y™ drops out, we have to approximate the dynamics of our ODE system. We have relied upon linearization of
the dynamics around the steady-state to obtain an approximate transient solution as well as analytically tractable results on
response time. Strictly speaking, linear approximation of a dynamical system is only valid in a small neighborhood around
the point of linearization (the steady-state solution in our case). Therefore, our approximations of the response times are
technically valid for small perturbations around steady-states. Thus, it is imperative that we validate our results using computer
simulations.

Our results on response time in the Fig. 3 of the main text show that the analytical results are reasonably accurate even for
activation and derepression mechanisms. The quality of approximation is excellent in the regime where receptor dynamics is
much faster than the switch dynamics and deteriorates as the receptor dynamics becomes slow. This could be explained by the
fact that when receptor dynamics is much faster, we can assume that Y* only see a constant X* = X*. The dynamics of Y™
thus becomes linear in this limit, providing accurate match between our approximation and the numerical results.

S3-H. A comment on parameter choice for Fig. 3. We note that both steady-state response and the response time may be
decoupled in the case of the receptor. Specifically, the response time is 1/(k1S + k2) whereas the steady-state receptor occupancy
is k1SXr1/(k1S + k2). Thus, it is possible to maintain same steady-state fractional occupancy of the receptor by maintaining
k1S/k2 while varying k2 to change the response time. We exploit this feature to mathematically control the comparison of
different signaling mechanisms.

S4. Stochastic analysis of two-tier cascades

Here we consider a two-tier model for signal transduction as described in Table 1 in the main text. Let Py, »(¢) denote the

probability of finding m molecules of X* and n molecules of Y™ at time ¢t. Then, we can write the chemical master equation
(CME) that describes the time evolution of Py,

AP n(t)

T = kls(XT - (’ITL - 1))Pm71,n + k2(m + 1)Pm+1,n + kS(YT - (n - 1))Pm7n71

+ksm(Yr — (0 — 1)) Pmn—1 + ka(n + 1) P nt1 + ke (X7 — m)(n + 1) Prunt1

— (k1S(Xr —m) + kam + ks(Yr — n) + ksm(Yr — n) + kan + ke(X1 — m)n) Pp n, [S4.1]
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where m =0,1,...,Xr and n=0,...,Yr (3, 4). It is often difficult to analytically solve the CME. Because the dynamics of
X™ is linear and it does not depend upon Y™, it is possible to provide an analytical solution P,,. As for P,, ., we only provide
approximate and exact computations of its first two moments.

S4-A. Stochastic solution to receptor dynamics. The CME that governs the time evolution of Py, (t) is:

dPp(t
dt( ) =k15 (XT — (m — 1)) Pm_1(t) —+ kz(m + 1)Pm+1(t) — (k1S (XT — m) =+ kzm) Pm(t). [84.2}
We define a generating function
G(z)=Y 2"Pm, |2 <1 [54.3]
m=0

to solve Eq. (S4.2). Multiplying both sides by z™ and summing over m yields

oG o o o,
& = kiSXr D 2P =S 2" (m—1) Pyt ke Y 2" (mA 1) P
m=0 m=0 m=0
~k1SX7 Y 2" Pt (k1S — k2) Y Z"mP. [S4.4]
m=0 m=0
The above equation becomes the following partial differential equation (PDE)

oG 2 oG
E = leXT(z — 1)G + (7]6152 + ko + (le — kg) Z) E [845}

We solve this PDE using method of characteristics, assuming the initial condition G(z,0) = 1 which corresponds to 0 molecules
of X*. The solution is given by

k1S —(k1S+ko)t k1S —(k1S+ko)t )XT
t)=(1— ———(1— 1o —2z(1— 1o . 4.
Glz1) ( k1S + ko ( ¢ )+k15+kzz( ¢ ) [54.6]
Using Binomial theorem, the above expression can be written as
& (X ki S m k1 S Xp—m
_ T 1 _—(k1S+ka)t _ 1 __—(k1S+k2)t m
G(z’t)_z; <m> (kls+k2 (1-e ) (1 RSk (7€ ) (547
The probability P, (t) is given by the coefficient of z™
Xr k1S — (k1 S+ka)t )m ( k1S — (k1 5+k2)t )XT*m
Pp(t) = — (1— Lo 1- 1-— R . 4.
®) <m)<k15+k2( ¢ ) Sk 17C ) 1548
The stationary distribution P,, is computed by taking limit ¢t — oo
Xr k1S \™ kiS  \¥Tom
Py = —_— 1— — , 4.
(m)(k15'+/€2) ( k15+k2) [54.9]
which is a Binomial distribution with parameters Xr and % (5). The stationary moments of this distribution are given by
* k1SXr
k1Ske X1
X2 xR = Aot $4.10b
(X77) = (x)? = et [S4.100)
X*2> _ <X*>2 k
2 < 2
CVX <X*>2 klsXT [S OC}

S4-B. Moment dynamics. We are specifically concerned with moments of the two-tier model. To this end, we take the well-
established approach of using the ODEs that govern the moment dynamics (e.g., see (6, 7)). A generic moment may be written
as

d <X*m1 Y*m2> * * mi *MQ *1M ] *MQ * * mi *1MQ *M *MQ

T:(kzlS(XT—X (X +1)™Y — XY 4 (ko X (X —-1)™Y — Xy ey

(ks + k(X7 — X)) Y (XY™ — 1) = X*TY2)) L [S4.11]

Here we have used (.) to denote the expected value of a random variable. Our focus in this work is to compute the first two
moments in steady-state. However, due to the nonlinearity XY™ in these equations, the moment dynamics is not closed in
that a lower-order moment depends upon a higher-order moment (6-8). It turns out that for the special case ks = k¢ (perfect
concerted model), the moments may be computed exactly. We provide approximate formulas for moments using a linear
approximation when ks # k¢.
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S4-B-a. Moment computation for a perfect concerted model. For the concerted model, k5 = ks. Let us write moment dynamics for
first two moments.

dgj*) =k SXr — (k1S +ke) (X7, [S4.12a]

d g*) = kaYr 4 keYr (X*) — (ks + ka + ke X7) (Y™), [S4.12b)
@ =k1SX7 + (k1S(2X71 — 1) + ko) (X*) = 2(k1S + ko) (X™%) [S4.12¢]
@ = ksVr (X*) + k1 SXr (Y*) + ke Y (X™) — (k1S + ko + ks + ka + ke X1) (XY™, [S4.12d]
d<§:2> = ksYr + keYr (X*) + (ks(2Yr — 1) + ka + ke X1) (V™) + 2ke(Yr — 1) (X*Y™) — 2(ks + ka + ke X1) (Y*?) .

[S4.12¢]

We can solve for steady-state moments by setting each of the derivatives equal to zero. For example, the means are given by

" k1S
XY=—"——X 4.1
(X) = g X, [54.13a]
k1S
X ks + ke (X™) ks + ke g7 X1
Y*) = = o Yr. S4.13b
) ks + ks + ke X1 r ks + ks + ke X1 r [ ]
Next, we compute second order moments. <X*2> is given by
k1S 2 k1Ska X
X*2) = (7 ) —_— S4.14
(X kiS4 kol (k1S + k2)2 [54.14)

where the first term is (X*)?. The cross moment (X*Y*) is

k1S
Xy = oy Skoke X1V +( S ) <k3+k6k1§+k2 XTYT>. .

(k1S + k2)2(k1S + k2 + k3 + ka + ke X7)  \k1S + k2™ ') \ ks + ka + ko X7

Here the second term is (X ™) (Y*). Finally, the second order moment <Y*2> in terms of the other moments is

<Y*2> _ ksYr keYr (X™) (ks(2Yr — 1) + ka + ke X7) (Y™) = 2ke(Y7 — 1)) (X*Y™) (S4.16a]
2(ks + ka + ke X1)  2(ks + ka + ke X1) 2(ks + ka + ke X1) 2(ks + ka + ke X1) '
ksYr 4+ ks + ke X « kG(YT — 1) <X*Y*>
= Y . S4.16b
ks + ka + ke XT Yo+ ks 4+ ka + ke XT [ ]
Using the moments computed above, we can compute the centered moments. For example, the variance of X™ is
k1Ske X1
X*2y —(x* 2:7, S4.17
< > (X7 (k1S + k2)? [ ]
the centered cross moment is
I . « k1Skaoke XTYr
XY™ — (XY™ = , S4.18
{ ) =X (k1S + k2)2(k1S + ko + ks + ka + ke X1) [ ]
and the variance of Y™ is
(vy*2) — (Y*)? = (k3YT +ka+ kGXT) ks + ke k1kSl-fk2 XTy ke(Yr — 1) .
ks + k1 + ke Xt ks + ks +keXr | ks + ks + keXr
ks + ko iS5 X ks + koS Xr )
k1Skoke XTYr n k1SXr kst Koy gir, AT o - 3+ K6 4 51 ks TYT (S4.19]
(k1S + k2)?(k1S + ko + ks + ka + ke X1) kiS+ky ks+ka+kXr k3 + ka + ke X1 ' '

We use the centered moments computed above to quantify noise in X* and Y™ using coefficient of variation squared.

Khem Raj Ghusinga, Roger D. Jones, Alan M. Jones, and Timothy C. Elston 11 of 32



Coefficient of variation squared. Let CV2. and CVi2. respectively are the coefficient of variation squared for X* and Y*. Then

<X*2>_<X*>2 ks

ovi. _ _ , 54.20
X (X*>2 k1SXr [ |
and
Y*Q _(y* 2
e H# [$4.21]
(Y*)
2
:<k3YT+k4+/€6XT) k3+k6%‘x7ﬂy L [ kst katkeXT
ks + ks + ke X7 ks + kg4 + ke X1 qu k3+ksﬁxT
2
1 [ ks + kst keXr ke(Yr — 1) ki Skaoke X7 Y7
Y7 k3+k6%){q‘ ks + ks + ke X1 \ (k1S + k2)?(k1S + k2 + ks + ka + ke X1)
2
1 [ ks+ kst keXr ke(YT — 1) kiSXr ks +k6%XTY -1 [S4.22]
Y’I% k3+k6%XT ks +ka+keXr \ k1S +ka k3 + ks + ke X ’ . .
On simplifying, we get
oV, — 1 ksYr + ks + ke X + Yr—-1 ko (ks + ka + ko X1) (k1Skaoko X)
v = o
Yok thomsimXr YT (kS 4 k2)? (ks + ko955 Xr)” (k1S + ko 4 ks + ks + ko X)
n Yr—1 kek1SXr [S4.23]

Yr (k3+k6%XT) (k1S+k2).

Decomposing the coefficient of variation squared into different sources. We expect that CV}%* has two sources of noise: acti-
vation/deactivation events for X* and activation/deactivation events for Y. To tease out the contribution from activa-
tion/deactivation events for Y*, we consider a scenario the dynamics of X™* is deterministic. In this case, the moment dynamics
is given by

dx

W =k1SXr — (k1S + kg)X*, [S4.24a}
d(y™) . .
S = ke Y1+ keYr X — (ks + ka + kXr) (V7). [S4.24b]
d{y=?) . : .y 2
T = ksYr + keYr X + (ks(2Yr — 1) + ka + ke X1) (V™) + 2ke(Yr — D)X (V™) — 2(ks + ka + ke X7) (Y*?) . [S4.24c]

The steady-state solution for the coefficient of variation squared computed from these equations is given by

1kt ko Xty

OVQ* - 5 .
Y* | act. /deact. Yr ks + ke Xt klgikz

[S4.25]

We do not provide detailed calculations here. One sanity check is that this expression is consistent with coefficient of variation
squared for a binomial distribution, which is expected if X* were constant.
Subtracting Eq. (S4.25) from Eq. (S4.23), we obtain the contribution of noise in X* to noise in Y*:

CYr—1 (k3 + ka + ke X1) (k1 Skok* X7)

2 2
CVY* - CVY* act./deact. - Y- 2 k1S
T (k1S4 ke + ks + ka + ke X7) (k1S + k2) (k3+k6XTm)

[$4.26]

5 -

We expect that the term on the right hand side should have contribution from CVg., which is time-averaged. Recall Eq. (S3.8)
that k1S + k2 is response time of the receptor and that ks + k4 + ks X1 is response time of the switch if the receptor dynamics

is fast. Thus, S fgj&j&ﬁ%g %, can be interpreted as the timescale averaging. Therefore, we write
ka + ko Xp k2 keXr s \*
2 1 Fa+ Ke AT 3507, ks + ks + ke XT Yr—1 6AT S ks 2
CV. = 4 5 CVxx, [S4.27]
Yr k3+k6XTm k1S + ke +ks+ki+keXr Yr k:g—l—kGXTm
contribution from act./deact. of Y'* time-averaging coupling
where CV2. = klgisz
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S4-B-b. Approximate moment dynamics using linear approximation. As discussed earlier, the moment dynamics is not closed when
ks — ke is non-zero. To estimate moments, we first linearize the nonlinear term around the solution of the deterministic model
(9). Let (Xj., Ys.:) be solution to the ODE model

d)é;liet =ki1SXpr — (kls + kZ)X;eh [S4.28a]
dYy . . . Lo
dciet = k3YT + kSYTXdet - (k3 + k4 + kGXdet)Ydet - (k5 - kG)XdetYdeb [S428b]

The stochastic model with linearized transition rates is shown in Table S1.

Event Update Transition rate

X o X~ X X* 1 k1 S(Xr — X*)

X* 5 X X* s X*—1 ko X *

Y v Y*es Y41 (ks Y1 + ks Yr X*) = kaV* — ks (Y7, X* + X}, Y" = X5, Yi,)
Y* Y Y s Y*—1 (ks + ke X1)Y™* — ke (Y;etX* + X5,V - X;etyd*d)

Table S1. Transitions and associated rates for the stochastic model.

The second order moments with the above linearized propensity model satisfy the following differential equations

d{X*?) . «2
—r = kSXr + 2k SXr — k1S + k2) Xier — 2(k1S + k2) (X%, [S4.29a]
d<X*Y*> _ * * * * * * * * *2
=g = s+ ks Xio Yiier = ko X et Vier) Xier + k1 SXrYijor + (ks Y — ks Yier + koYiier) (X™°)
— (kls + ko + k3 + ks + kSX;et + ke XT — kGX;et) <X*Y*> R [S4.29b]
d<Y*2> * * * * * * *
7dt = k‘gYT + k5XdetYdet + kﬁxdetYdet + (k5YT - k5Ydet - kGYdet) Xdet

+ (2ksYp — ks + ka + 2ks X ot Yier — ks Xjer + ke X1 — k6 Xjer) Yaer + 2 (ksYr — ksYier + ke Yae:) (X7Y™)
— 2 (ks + ka + ks Xjer + ke X1 — k6 Xie) (Y2 [S4.29¢]

Computing these moment equations, along with the solutions to the deterministic dynamics, approximates the moments.
Using a symbolic solver to solve for moments in steady-state, we get the following for the coefficient of variation of X™.
ko

2 _
OV = 4o [54.30]

The formula for CVi2. can be obtained in the same manner as done for the perfect concerted model and is given by

1 ka+ kGXTiklgikz
k1S +

V1 ks + Ik Xr 53

CVi &

contribution from act./deact. of Y'*

k1SX ko X k1SXT \2 2
ks + ka + ks MLEXT 4 kg f2XT y (fistrs) (kaks + ko (ks + ks X1) CVE.. [S4.31]
k15X 2 X 2 2 X :
S+ o+ Ko+ o R + ho ey (ko + ho FSNE) (ks + b+ ks BEESE 1 ko P2
time-averaging coupling

Because we already have exact moment formulas when ks = kg, we can immediately check the validity of linear approximation
for that case. Plugging ks = ke shows that the noise approximation above differs from Eq. (S4.27) by a factor (Yr —1)/Yr
that multiplies CViZ.. Typically (Y7 — 1)/Yr = 1 for large Yr, indicating that our linear approximation is reasonably good for
a concerted model.

S4-B—c. Coefficient variation squared for ratiometric signaling. For ratiometric signaling, in which the steady-state response does not
depend upon the total number of receptors X, we need k3 = 0 and k4 = 0. Substituting these in the expression of CVi3. in
Eq. (S4.31), we get

1 kg k()' kg k2

~ 3 k1 SX ko X k, Sk kok 1. Q"
YrkiSks (k1S + ka2 + ks RiSthy T Ko k12§+71;2) (kllsﬂgz + k1~5%+6162) k1§

[54.32]

Thus, increasing X7 decreases overall noise because Xt increases the denominator terms in the above above formula. Next, we
provide exact computation of moments using a semi-analytical approach.
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S4-B-d. Accuracy of linear approximation. As mentioned earlier, the moment dynamics in Eq. (S4.11) is not closed, as in a
lower-order moment depends on a higher-order moment, except for the case of a perfect concerted model. There are several
techniques that approximate the moments for such systems, linearization being one of them. We have chosen linearization here
because of the analytical tractability it provides. Determining the accuracy of approximations obtained through this technique
as well as other moment closure techniques is beyond the scope of this paper and has been dealt elsewhere, e.g., see (7, 8). We
rely on validating the approximations using exact computations made possible by employing a slightly different formulation
described below.

S4-C. A comment on parameter choice for Fig. 4. When comparing the noise properties, we mathematically control for the
mean response. Usually these two quantities are coupled. However, we exploit the fact that we are able to decompose the noise
in Y* into different sources of noise: noise in activation/deactivation of Y*, time-averaging of noise in X* and how strongly Y*
is coupled of X™*. Thus, we are able to independently tune time-averaging and the coupling to gain insights into how the noise
in X transmits to Y.

S4-D. Exact moment computation. Our goal here is to compute the first two moments of Y*. As discussed earlier, a moment
of lower order depends upon moments of higher order, resulting in the problem of moment closure. Here, we exploit the fact
that X is finite to come up with an alternate state space where moment dynamics is closed. The computations follow the
formalism proposed in (10). Another closely related method is the method of conditional moments described in (11).

Let us define indicator variables b;,7 = 0,1,..., X7 as

1, X*=i
b= v [S4.33a)]
0, otherwise .

It then follows that

X
Zbi =1, bib;=0,i#j, b2=0b. [$4.33b)
1=0

‘We now recast our original model in the new state-space [bo by ... bx, Y*] T, The transitions (i.e., reactions) and the

corresponding transition intensities are as follows.

1. Receptor activation: the transition intensity of a receptor activation event is given by Zf:% k1bi(X1 — i). Whenever this
event occurs, the states reset as

T T Xr—1 T X7r—1 T
[bo b1 ... bxy Y] e [bo b ... bxp Y] —Zbi[ei V] +Zbi[e¢+1 v,
i=0 i=0

where e; is a column vector of dimension X7 + 1, with all zeros except at the " position. This reset map simplifies to

[bo b1 b2 ... bxpo1 bxy Y'] [0 bo b ... bxpa bxpoatbx, Y7 [S4.34a]
2. Receptor deactivation: the transition intensity is given by Z:X:TO bikat, with the map
X X
bo b1 o b Y] b b by YT =N e YT D b Y]
=1 i=1

The reset map further simplifies to

[bo b1 b2 .. bxpo1 bxy YT o [botbi by by ... bx, 0 Y] [S4.34b)]

3. State Y* to Y* + 1 occurs with transition intensity ZZX:% kb (Yr —Y™) + ZZX:TO ksib;(Yr — Y*) and map

X7 XT
SThifbe bioobxy Y] oD bifbe b b Y1),
1=0 1=0
which results in
[bo by by ... be71 be Y*] T — [bo b1 by ... bXT,1 bXT Y*+ 1] T . [84340}
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4. State Y* to Y* — 1 occurs with transition intensity ZZXf kabY* + ZZX

o T ke X7biY* — 3T keib;Y™ and map

X X7
SThifbe bioobxy Y] oD bifbe b by Y1)
i=0 =0
On simplifying, the above map becomes
* T * T
[bo b1 bo ... bxgpo1 bxy YT] = [bo b1 by ... bxpo1 bxy YO—1] [S4.34d]

We can now write the dynamics of moments of the form (b;Y*™) for m = 0,1,2. Let us begin with (b;).

dg;@ = —k1 X7 (bo) + k2 (b1), [S4.35a]
dg? = ki (X7 =i+ 1) (bio1) — k1 (X7 —4) (bi) + k2 (i + 1) (bi1) — k2t (bs) 1 < i < X7 — 1, [54.35b)
d <Z’;T> — ot (bxg 1) — ko X (bxy) - [54.35¢]

Recalling the definition of b;, we note that (b;) is same as the probability that X* = i. We have solved these equations in a
slightly different notation in Eq. (S4.8). Therefore, the solution to these ODEs is

Xr ki (k1 +k2)t )Z< k1 —(ky +ho)t )XT”
) = 1 — g (krthe 1— 1— e (ke . 4.
(bi) (i)(k1+k2( e ) (1 ) [54.36)
Next, we write the dynamics for (b;Y ™).
d (boY™) * *
= =~ (k1 X7 + ks + ka+ ko Xr) (DoY) + k2 (b1Y”) + ks Yr (bo) , [S4.37a]
d{b;Y”" ) " . . . , - . *
% = k1 (XT — 1+ 1) <bi_1Y > — (k1 (XT — ’L) + kot + ks + kg + kst + ks (XT — ’L)) <bZY > + kg(l =+ 1) <bi+1Y >
+ k3Yr <b2> + ksYri <b1> 1 <0 < X7 — 1, [S437b]
d{bx, Y~ . .
dlbx,Y7) )Z ) _ ki (bxp-1Y ™) — (ko X1 + ks 4 ka + ks X1) (bx, Y™) + ksY1 (bx,) + ksYr Xo (bx,.) - [54.37¢]

Finally, the ODEs describing the time evolution of <biY*2> are as follows.

d {boY*?) 2 2 . 2
—g = kXr (boY™?) + ko (01Y™?) + kY7 (bo) + (—ks + ka + ke X1 + 2ksY7) (boY ™) — (2ks + 2ka + 2ke X1) (boY %),
[S4.38a]
dOY) e it ) (b1 Y™?) — ky (X1 — 1) (V™) + hai + 1) (bia V) — ki (bY*?)
dt
+ (k3YT + k}5YT’i) <b~b> =+ (—k’3 — kst + k4 + ke X7 — kot + 2k3YT + 2]€5YTi) <bly*>
— (2ks + 2ksi + 2ka + 2ke X1 — 2kei) (b:Y %), 1< < X7 —1, [S4.38Db]
d<bXTY*2> *2 *2 *
=k (bxr 1Y) — ko X (bx, Y™?) + (ksYr + ksYr X1) (bi) + (—ks — ks X1 + ka + 2ks Y7 + 2ks Y1 X1) (b Y™)

— (2ks + 2ks X7 + 2ka) (b;Y™?) . [54.38¢]

These ODEs require initial condition to compute transient moments which we discuss below.

Setting initial condition.  In absence of stimulus, we have that (bg)=1, because no receptors should be active. All other (b;) = 0.
Furthermore, (b;Y*) = (b;) (Y*) and <biY*2> = (b;) (Y*2). Therefore the mean and the second moment at time ¢t = 0 are given

by the first two moments of the Binomial distribution with parameters kg-{—kfiingT and Yr. Therefore, the initial condition is

ks

. k’ng% + ks(k‘4 + kGXT)YT
k3 + ka + ke X

boY”"
(bo"") (ks + ka + ke X1)?

Yr, (boY™*) = [54.39]
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Semi-analytical solution using linear algebra.  Let ;0 = [(b()) (b1) ... (bXT>] " be the collection of the moments of b;. Then
the ODEs can be compactly written as
dﬂo

— = M, 4.4
dt 0MO0, [S 0}

which has the solution fio(t) = €™’ 10(0). We also note that . (b;) = 1 at all times.
The matrix My is tridiagonal, but its inverse does not exist. This does not affect computation of the transient solution as
long as we respect the constraint that all (b;) sum up to one. For steady-state solution, however, we have to solve

Moﬂo = 07 [5441}

which only exhibits a trivial solution uo = 0. To force the summation requirement, we reduce the system such that we get rid
of the last equation corresponding to (bx,). We then substitute (bx,) =1— iX:;)_l (bi) wherever we have (bx,). This gives
us a reduced system of equation N

Moo + ¢ =0, [S4.42)

which can be straightforwardly solved using standard linear algebra tools.

It is important to note that we already know the transient as well as the stationary solution for these equations - since (b;)
are probabilities. However, we present the linear algebra approach for completeness. We will this approach to compute the
higher order moments for which analytical solutions are not known.

Let us now solve for the moments (b;Y*). To this end, we collect all the required moments in p; defined as

p=[(bo) ... (bxs) (BY) ... (bxpY")] [S4.43]

The corresponding ODE system is then

du [My 0
—_ = 4.44
dt |:M10 M11:| s 5 ]

As before, we can now compute the solution using matrix exponential. For the moments <biY*2>, we can similarly define u2
po = [(bo) ... (bxy) (BY") ... (bxpY*) (boY**) ... (bxpY?) ] [S4.45]
Then we can write the ODE system:

d Mo 0 0
% = M10 M11 O ,U,Q . [8446}
Mooy M1 Moo

S5. Time-dependent input signals

In this section, we examine how molecular switch architectures process pulsating inputs. To this end, we modify the ODEs for
the model as

% — kS (X1 — X7) — ks X", [S5.1]
dY* * * * *
S = (ks + ks X ) (Ve = Y) = (ha + ko (X7 = X)) V™. [S5.1b]

We assume that the system is in pre-stimulus steady-state at ¢ = 0. Thus the initial condition of the above ODE system is

0, otherwise,

* * k3YT
X7(0),Y"(0)) = (0, —) . S5.2
(X O, ) = (0 552
Finally, the pulsating stimulus, S(t), is given by
S <t< D =0,1,2,3,...
S(t) — { py, NT St nT+ D1, n s Ly 4y 9y [853}

where 7 is the period of the pulsating input, S, is the amplitude, and D < 1 is the duty-cycle.
To study the approximate transient solution of the system of ODEs in Eq. (S5.1), we study the solutions to the following
two systems:

AXT — ) Sy (Xr — X*) — ko X*

ChER K 15 T ) 2 - [S5.4a]
T = (ks + ks X7) (Yr = Y™) — (ks + ke (X7 — X™)) V™.
dX*:_kX*

EL:{;{;* e . e, [S5.4b)]
5 = (ks + ks X*) (Yr —Y™) — (ks + ke (X7 — X7)) Y™

Here the first system Zx corresponds to the dynamics when the pulse is high (on) and the second system Z; corresponds to
the dynamics when the pulse is low (off). We then combine these solutions to obtain the approximate long-term solution of
Eq. (S5.1).
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(a) response to slow pulse (b) response to medium pulse (c) response to fast pulse
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Fig. S5.1. Effect of pulsating input on receptor dynamics. (a)—(c) show the typical responses of the receptor to pulses of different frequencies. (d)—(f) illustrate the three
features of the receptor response as the normalized on period and the normalized off period of the pulse are varied.

S5-A. Approximate solution when pulse is on. To develop the approximate solution to Zg, we linearize the nonlinearity XY™
around the steady-state solution of Zp as :

X*Y*%Y*HX*-i-X*Hy*—X*H Y*u, [85.5a]
where
k1Sp Xr
H lep + ko [ ]
ks + ks ,flgpf,f
Yoy = 1Sptk2 e Yo [S5.5¢]
ks + ks + ke X1 + (k5 — ko) %15y ks
The resulting linear system of ODEs is given by
d;i = klstT - (lep =+ kQ)X*, [8563.]
dy™ R — — y _ .
ar ~ (kSYT + (k’5 — kg)X*H Y*H) + (ksYT — (k’5 — kG)Y*H) X" - (k’g + ks + ke X1 + (k5 — kﬁ)X*H)Y . [S56b]

These ODEs are similar to those in Eq. (S2.21). If we use the short-hand notation as nor = k1S X1, mu = k1Sp + ke,
o = ksYr + (k5 — ke)X*H Y*u, &u = ksYr — (k5 — kG)Y*H, and &opg = ks + ka + ke X7 + (k’5 — k‘a)X*H, then the solution
to Eg is given by

X(t) =Xy — (X7 — X*(0)) e” M8, [S5.7a]
1374 (FH - X*(O))

mu — om

Y*(t) =~

}.<

= (Vo= v (0) o+ (et — e, 5.7

S5-B. Approximate solution to dynamics when pulse is off. To develop the approximate solution to Zr, we linearize the
nonlinearity XY™ around the steady-state solution of =, as :

XY =Y X"+ X Y " —X*, Y*L, [S5.8a)
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where

X*L =0, [S5.8D]
_ ksYT
T kst ks +keX7'

Y*r [S5.8¢]

The resulting linear system of ODEs is given by

dX”
= —ko X* .
7 ka X*, [S5.9a]
ay” o5 * *
P ~ ksYr + (k5YT — (ks — k6)Y*L) X" — (kg + kg + /f(;XT)Y . [S59b}

These ODEs are similar to those in Eq. (S2.21). Using the notation nor, = 0, nir = k2, for. = k3Yr, &1 = ksYr — (ks — ke)Y * 1,
and &2r, = k3 + ka4 + ke X, the approximate solution =, is given by

X*(t) = X*(0)e"ME", [S5.10a]

Y*(t) R Y L+ (Y*(0) = Y*L) e *28f — £ X7(0) (e7mrt —eme2ety [S5.10D)]
mr — &t

S5-C. Long-term approximate solution to pulsating input. One consequence of using a pulsating stimulus is that for many
systems, the effect of initial conditions disappears from the dynamics after an initial ‘burn-in’ period and the solutions become
periodic with the same period as the stimulus. For the ODE system under consideration, this may be more rigorously shown
using the Theorem 2 in (12).

To compute the long-term solution, let (X™*(n7), Y™ (n7)) denote the levels of the active receptors and the active switches at
the end of the n'" period of the pulse. Then using the solutions of 2 and =, the dynamics of X* over the (n+ 1)th period is

N X+ — (FH — X*(m’)) e”’lH(t*’”), nt <t <nt+ DT,
X't =95 oL nr — _ o [S5.11a]
X* e mLt—nt=D7) _ (X*H _ X*(TZT)) e~ (MmuDT+nL(t—nT DT))7 nT+Dr<t< (n+1)r
Likewise, the dynamics of Y*(¢) is
You — (Yom — Y (nr)) e om0 4 —ng(::;__gH(m)) (emmu(tmnT) _ g=tan(t=n7)) nt <t <nt+ Dr,
V7, - QX (Do) (e—mL(t—nT—DT);e—ﬁzL*(t—nT—DT)) LV e lt—nr—D1)
_ ((WH _ Y*(TLT)) 6—52HD"' + ng(i;;i;};H(nT)) (e—’thDT _ 6—§2HDT)> e—gzL(t—nT—Dr)
—Y* e terlt-nr=Dr) nt+Dr <t<(n+1)T.
[S5.11b]
From above equations, we obtain X*((n 4+ 1)7) and Y* ((n+ 1)7) as
X ((n+ 1)) = Xrge U7 (X — X*(nr)) e~ (murPTHmr=0m), [S5.12a]
Y . (Y, X+ —m1yg DT
Y*((n + 1)7_) _ WL o §ir (X H (X =X (TLT)) e H ) (e—mL(l—D)T _ e—EzL(l—D)T) —&-Wye_EZL(I_D)T
mrL — &
S . _ - §1H FH — X*(nt _ - _ - _ _D)r
_ ((Y*H—Y (nT))e &2 D + ( ( )) (6 muDT _ —&2uD ) e 620(1=D)
mu — &2
—Yrpe fr=Dim, [S5.12b]

Let n — oo, such that the effect of initial conditions disappears. Then, the above dynamics repeats for every period,
implying X*(n7) = X*((n+1)7) = X*p and Y"(n7) = Y*((n + 1)7) = Y*,. With this assumption, we obtain the following:

e mrA=D)r _ o=(naD7+mp(1-D)7)
X' =X"n 1 — e (muDr+nr(1-D)7) ’ [S5'13a]
e S2L(1-D)7 (1 _ e*&zHDT)

1 — e$2aDr—€20(1-D)r

Vo, =Y+ (Y*'u-Y"L)

E &1m e~MmuDT _ o=bouDT =& (1-D)t _ ,~mr(1-D)7—&r(1-D)7
+ i mu — &p 1 — e (MmuD7+n(1-D)7) 1 — e$2uD7—&0(1-D)7
&r 1 — ¢g~mubDT e~mrL(1=D)r _ =& (1-D)7
mr — &op 1 — e~ MmuD7+mp(1-D)7) 1 _ e=fenD7—&1(1-D)7 [S5.13b]

The main takeaway from these expressions is that the receptor response at the beginning of a pulse X*, normalized by the
maximum response if the input were constant (X* ) only depends upon the parameter combinations 7:1.(1 — D)7 and m g DT.
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Here 1. (1 — D)7 represents the "off" period of the pulse normalized by the relaxation timescale (or response time) of the
receptor while 71 g DT represents the "on" period of the pulse normalized by the response time of the receptor. The expression
for Y*, is more involved, but it may still be seen that the power of the exponential functions contain these same normalized
timescales. Two addition timescales {2 D7 and &21.(1 — D)7 also appear, which refer to the on and off periods of the pulse
with respect to the timescales of the switch.

We note that if the pulse is on for long enough, then the response reaches its steady-state. If the off period of the pulse
is long enough too, then the response returns to the basal level. This behavior repeats over subsequent pulses (Fig. S5.1(a).
Instead, if the pulse frequency is increased, then the response does not reach the steady-state and pulsates around a lower
value (Fig. S5.1(b)). For a pulse of very high frequency, the response approaches to that to a constant stimulus with half
amplitude(Fig. S5.1(c)).

We further illustrate the effect of relative timescales on X*, (minimum response during a pulse) as well as the maximum
response during a pulse (computed as X *,e®*12(=D)7 and the difference between the maximum and the minimum response
for the receptor in Fig. S5.1 in Figs. S5.1(d)—(e). It is seen that the minimum response does not return to the basal level if
the relative on period of the pulse dominates the relative off period. In this case, the maximum response also approaches the
steady-state value to a constant stimulus of same amplitude.

A thorough analysis of the switch dynamics involves four relative timescales and is beyond the scope of this work. However,
we note that if the receptor dynamics is fast enough to immediately follow the pulsating input, then the switch dynamics may
be understood in the same manner as the results in Fig S5.1. We illustrate this in Fig. S5.2.

S6. Effect of receptor removal

In this section, we include removal of both inactive and active receptors and examine how receptor removal influences the three
properties: dose-response, response time, and noise.

S6-A. Model description. As shown in Fig. S6.1, we modify our model by including the production of inactive receptors with
rate k,, removal of inactive receptors with rate k4, and removal of active receptors of k. The ODE model for the set up is

% =kp — kaX — k1SX + k2 X~ [S6.1a]
% — k1 SX — kX" — K3 X" 1S6.1b)]
dY* * * *
W = (k'3 + k‘5X )(YT -Y ) — (k‘4 + kGX)Y . [S61C]
We specify the initial condition (X (0), X*(0),Y*(0)) as the steady-state in the absence of the stimulus:
kp k3

XO)=3 X'©=0 Y0 S6.2]

L
ks + ks + kz:p

S6-B. Dose responses. The steady-state numbers of inactive receptors, active receptors, and active switches are computed by
setting the derivatives in Eq. (S6.1):

kp kg Kotk
— kg k% Tk
X= et [S6.3a]
S katky kg
+ 53
kp k
Xt = S6.3b)
S+ RS
kp kg g kp kg o
g k% Ty ¥
ks + k5#:’kd ks + ks#:}kd
Y A % TRy, [56.3¢]
* — o YT = - - T. 3c
’;—Z:—SS %% 2k1 d S Kok, kg k3+k4+k:k—;;
ks + ka + ks Ra Tk s + ke Ra TR 1 ki kg ka+ka+ks 2 1%
S+ F1 % *1 @ d
Re-arranging terms gives
-  X0O XS
X - 56.4a]
X
—  X§Ox+ + X
X+ = 0(2))(—150037 [S6.4D)]
x*
Yo Oy +YLS
Vo= — (o, S6.4
Oy 15 [S6.4c]
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Fig. S5.2. lllustration of switch response to a pulsating input. For each signaling mechanism, we use slow pulses that allows the switch response to attain steady-state when
pulse is on and to relax back to basal level when the pulse is off (left column). Likewise, we use pulses of medium frequency (middle column) and high frequency (right column).
The responses are qualitatively similar to those of the receptor in Fig. S5.1. The parameters are chosen such that the receptor dynamics is much faster than that of the switch.
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where

Xo = b, 16.4d]
ka
Xoo =0, [S6.4¢]
kq ko + k;
=2 Af
Ox PR [S6.4f]
X5 =0, [S6.4¢g]
ka k
X5 = bl 4h
T knka [S6.4h]
Ox+ = Ox, [S6.4i]
Yy = &k, [S6.4j]
ks + ka + ke 72
d
ky k
i (ks + ksﬁﬁ) Yr
Y = T [S6.4K]
k3 + k4 + k5ﬁa
ks + ka + ng—”

kq kp *

x— k4
k3+k4+k5@kd

These formulas reveal that except for few scaling operations, the dose-responses exhibit the same behavior as the minimal
model.
Finally, we also note that the total number of receptors

kp kg k2tk] + kp kg g

— kg k% k kg k¥
X4+X* = d g = kd d , [86.5]
S+t

which equals k,/kq if kg = kJ, is less than kp/kq if kq < kJ, and is greater than kp/kq if ka > k.

Fig. S6.1. Concerted mechanism with receptor production and degradation.

S6-C. Solution to the receptor dynamics. Our goal here is to examine the effect of receptor removal on different signaling
mechanisms. To that end, let us first compute the dynamics at the receptor level.

dX

E = kp — kg X —k1SX + kQX*, [86.63,]
df; = k1SX — ko X" — kX" [S6.6b]

Let X[w] and X*[w] respectively denote the Laplace transforms of X (t) and X*(¢). Taking the initial conditions as
(X(0),X7(0)) = (z—z, O), the Laplace transforms of above ODEs results in the following algebraic equations

W] — % — % — (k1S + k) X[w] + kX" [w], (96.7a)
wX*[w] = k1S X[w] — (ka2 + ki) X [w]. [S6.7D]
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The solution to above system of equations is

k (w+ kq) (w+ k2 + k)
Xw] = 2 , S6.8
] ka w (w2 + (k1S + ko + ka + k) w + k1 Skj + kaka + kak?) [56.8a]
_ kiSk, (w+ ka)

X [w]

. S6.8b
Fa @ (@ F (S F Ko + iy £ ) + K S + Feakea + Kk [56.8b]

Special case when receptor removal rates are equal ~ We first examine the special case when kg = k) for which the above expressions
simplify to

kyp w+ k2 + kg

Xw] = —+ S6.9
[w] kdw(w+k1S+k2+kd)’ [ a}
k k1S
X w] =2 . S6.9b
= e @ T S + s T R 156.9b]
Taking inverse Laplace transform gives
i katky i i katkg
X(4) = Fp k1 Fp — Fp k1 —(k1S+ka+kg)t 1
(t) ka S + m;rlkd + ke kaS 1 k2’:rlkd e ) [S6.10a)
X*(t) = p S o 5 ~GaSthatkar, [S6.10b]

_kideL%_deer%

These solutions monotonically reach their respective steady-states. Furthermore, the response time for each solution may be

computed straightforwardly as
1

= = A1
Tx =Tx S + Ko - K [S6.11]
Unequal receptor removal rates ~ We first define the following parameters
= k1S + ko + ka + ka , S6.12a]
2\/(k15 + ka) (k2 + k) — k1Ska
w =/ (k1S + ka) (k2 + k) — k1Sk2. [S6.12b]

The roots of the term w? + 2¢kw + k2 are
wi1,2 = H(*C + 4/ §2 - 1). [86.133}
The following usual relations hold for w; and wa:
w1 + wa = —2k(, [S6.13b]
wiwa = I<22, [5613@

w1 —wz = 2Kk4/C% — 1. [S6.13d]

Then, the transient solution for active receptors is given by

X*(t) = klkﬁs + it + cpe?t. [S6.14a]
K
Here the terms ¢] and ¢3 are
- k1S (kp kpwz ) « k1S (kp kpwl )
o = Py o= ———— [ 2+ . S6.14b
Yoy o1 \ka /2 )T g 1 \ka K2 [ )
Using the solution of X*(t), X (t) can also be computed as follows.
kol + ki) [ clwn +cilhe +k3)\ wrr , ((chwa+ 5k + kD) e
X(t)=-"+ “ w2t S6.14
®) PEE 7rS o7 7S ¢ [86-14c]

Having determined these solutions, we next show that ¢ > 1, which implies that the roots w2 are real. To see this, we look
at ¢?

o (kiS+ka+katkj)’
_ S6.15
= T(haka 1 kaky + krk3S) [S6.152]

_ (k1S +ka)* + (ko + k3)* + 2(k1S + ka) (k2 + ki) 156.15b]
4((k)15+l€d)(1€2+k;) —lekg) ’ ’
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This implies that

(k1S + ka)® + (ko + k3)* 4+ (2 — 4C?) (k1S + ka) (ko + k5) + 4C%k1Ska = 0 [S6.15¢]
= (k1S 4 ka) — (k2 + k3)? 4+ (4 — 4¢%) (k1S + ka) (k2 + k) + 4¢%k1 Ska = 0. [S6.15d]

Because all terms in the above equation are positive, except may be for 4 — 4¢2, a real solution for ¢ exists only if 4 — 4¢? < 0.
Therefore, ¢ > 1. Consequently, the roots w1 and w2 defined in Eq. (S6.13a) are negative and satisfy

w2 < wi < O, |w1| < |w2|. [8616]

Examining the transient solutions X (¢) and X*(¢) in Eq. (S6.14) shows that the both X and X™ have two timescales for
relaxing to their respective steady-states, determined by wi and ws. Because |w2| > |wi|, we refer to the timescale set by wo as
fast timescale and the one set by w; as the slow timescale. The parameter ¢ controls the difference between the magnitudes of wy
and wz. One consequence of these two timescales is that X (¢) now starts from the initial condition X (t) = kp/kq and may reach
its steady-state non-monotonically. Likewise, X *(t) starts from X*(0) = 0 and may reach its steady-state non-monotonically.

Our results in the case of kg = kj show that in that case, X (t) and X*(t) are monotonic. Therefore, we ask whether a
difference between kq and k) is enough to enable the non-monotonic behaviors. Note that dX*/dt > 0 right after ¢ = 0, the
non-monotonocity would be a maximum. Assuming that X™*(¢) attains a maximum at a time tmax, we must have that tmax is a
solution to

dx*
=0 S6.17
dt ’ [S6.17]
which implies
1 *
tmax = lOg <_ Ciw1> . [8618]
W2 — W1 CoWw2

Because w2 — w1 < 0, tmax > 0 requires that the argument of the logarithmic function above is positive but less than 1. With
some algebraic manipulation, this requirement simplifies to

- k1S + ko + ki — ka — \/(k1S + ko + k) — ka)? — 4k S(k) — ka) <
k1S + ko + ki — ka4 \/(k1S + k2 + k) — ka)? — 4k S(k} — ka) —

6.19]

The above inequality is satisfied when k) > kq. That is, X*(¢) attains a maximum at this time. To repeatthe same analysis for
X (t), it is easy to see that X (¢) decreases in right after ¢ = 0, so the non-monotonocity would be a minimum. Let this occur at

time tmin, which is solution to

dX
- .2
n 0, [S6.20]

giving the inequality

k1S + ke +ka—kj— \/(k1S+k2 + ka —k5)? — 4ko(kq — k) <1
k1S + ko + ka — kj + \/(k1S + ko + ka — k)2 — dko(ka — k) ~
This inequality is satisfied when kq > k.
Thus our analysis shows that the difference between k4 and kJ; gives rise to non-monotonicity. In particular, when kq > kJ,

then we have that X (¢) first undershoots and then increases to its steady-state. Likewise when kj > kq, then X*(¢) first
overshoots and then decrease to its steady-state.

$6.21]

S6-D. Response times. We compute the ‘approximate’ response time using the frequency domain approach. To this end, the
Laplace transforms of the error signals, Ex = X — X and Ex~ = X* — X*, are

X . 2 5w+ ko 4+ k3 4+ k
Exli] = X Xl = kp(k +k3)  20kw+w2 Rl 2+ ka) + kp
w K2 w? 4+ 2(kw + K2 w? + 2¢kw + K2
ky (2¢k(kaka + kak) — K% (k2 + ka + k3)) + (kak + koka — £%)w 86.22]
T kar? (W2 4 2¢kw + K2) '
X kikyS el kik,S kikpS (w + 2CK)ka — K2
. _ —X* _ 1hpo kq 1Rp _ 1Rp w R)Rd — R ) 92
Ex-lw] w ] K2w <w2 + 2(kw + K2 + w(w? + 2¢kw + K2) kqk? (w2 + 2¢kw + K2) [56.23]
The response times for these are given by
el X ko(ka + k) — &° _ k1S + ko + ka + kj B kq 196.24]
X K (kQ + kg + k;)/@ - 2CIi(k2k‘d + k‘dk‘:;) (k15‘ + k)d)(k‘z + k):;) — k1Sko k)g(kz - kd) =+ k227 ’
2 k kiS+k k k; k
Teo = X 4 4 _ Wtkethkaths | d 56.25]

K K2 — 2kqCk (kls-i-kid)(k‘Q-i-k;) — k1Sko le(k;—kd)—k‘ﬁ'

Khem Raj Ghusinga, Roger D. Jones, Alan M. Jones, and Timothy C. Elston 23 of 32



In the special case where kg = kJ;, we have that

1

T:T*:i_
X T kS Tk + ka

[$6.26]

Next, we compute the response time for the switch. The differential equation that governs Y™ in Eq. (S6.1) consists of two
nonlinear terms, XY™ and X*Y™. Linearizing around steady-state solution (X, X*,Y*) leads to

XY " =Y*X+ XY - XY~ [S6.27a]
XY mRY*X "+ XY - X*Y*, [S6.27D]

where

kp kg kath]

— kq k* k1
X=—"d [S6.28]
ko+kY
S+ Stit
Xr=—""4 [S6.29]
ko+k* & )
S+ Stk
kp kg g
e
ks + ks — i
1 R*
Y* = 4 V. [S6.30]
S+ ka+k% kg k3+k4+ke%
* kp k
ki kg k3+k4+k5%€
Substituting these in Eq. (S6.1) yields
X
% = k‘p — kg X —k1SX + kQX* [86.318‘}
dX* * * *
o = kSX — ke X7 — kX [S6.31D)]
d:; =ksVr + ksYrX* — (ks + ka) Y — ks (Y X"+ XY - X"V") =k (V' X+ XYV =X YV7). [56.31¢]
The last equation above can be rearranged as
v* _ _ _ _ _ _
ddt = (ksYr + ks X* V" + kX Y*) + ks (Yr = V*) X" — ke V"X — (ks + ka + ks X* + ke X) Y™, [56.31d]

which has the same form as the two-tier linear system with two inputs in Eq. (52.28) with & = ksYr + ks X* Y* + ke X Y*,
i1 = —keY", &12 =ks(Yr —Y"), and & = k3 + ka + ks X* + k¢ X. Using Eq. (52.33d), we can write the response time as

1 EnTxEx[0] + &12Tx+Ex~[0]
= — 4 — . S6.32
T &2 * Y* —Y(0) 4+ £11Ex[0] + £12Ex+[0] [ }

We compute Ex[0] from Eq. (S6.22) and Ex+[0] from Eq. (56.23)

ky (2Ck(koka + kak) — K% (k2 + ka + k7))

Eolw] = T2 o [S6.33]
k1kpS 2(kkq — K2
Ex~[0] = L e S6.34
e 0] = e X [56.34]
S7. Receptor kinetic proofreading
Let us consider a scenario in which the active form of the receptor undergoes n states as in X7, X5,..., X,,. We assume that

the ligand binding occurs at a rate k1S whereas ligand unbinding from all the states occurs at the rate k2. The forward
transition through the states occurs through the rate k¢ (Fig. S7.1).
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Fig. S7.1. A scheme for receptor kinetic proofreading

The ODE for this model are given by

Xt _ = . .
- =his (XT - ZX) — ko X7 — ks Xi [S7.1a]
i=1
X*
ddtQ =k X7 — kX3 — ks X5 [S7.1b)
dX* * * *
dt3 =k X5 — kX5 — ks X3 [S7.1c]
: [S7.1d]
X X7 — kX (S7.1¢]
dt
Let us first compute the steady-state solution. Let us denote € = kfkff,w We start by computing the solutions X5 onward.
We note that
X} = eX? [ST7.2a]
X3 =eX; = X7 [S7.2b]
: : [S7.2¢]
Xr | =eXr o, =¢€""2X]. [S7.2d]

First, we compute the steady-state for X in terms of X _;:

Xz = Kixe 1S7.3]
k2
Substituting these gives
k1SX
Xi= 0 [S7.4]
kiS(1+e+e+...+e 2+ 5—) +ko+ ks
ki1SXr
T htk 75
1—e !
k
kl (1 - ﬁ) SXT
- - [S7.6]
kS + (ks + k) (1 - ﬁ)
k2 gx,.
ko+k
S [57.7]
S+k
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Rest of the steady-states may be computed as below.

koky  SXr

X — S7.8
2T Gtk S+ 2 s
_— kaff SXT
Xri=——"— S7.9
3 (k2 + kf)® S + k% [ }
. [S7.10]
kok?72 SXp
X: | = / S7.11
n—1 (k2+kf)n71 S+% [ }
L k’n71
Xr = ! 5 Xz . [$7.12]
(k2 +kp)n=t S+ 22
The total amount of receptors that are ligated is given by the sum Z?:l Xil* We compute it below.
T [S7.13]

~_.  SX
;Xi S+

oy

which is independent of k.

An interesting point to note is that if only X; is signaling competent, then having intermediate steps only affects the overall
response in terms of amplitude, but not its shape. Thus, our dose-response curves generalize to the scenario when there is
kinetic proofreading.

We also note that the ratio of the signaling competent complex with the sum of all ligated complexes is

= [S7.14]

which is consistent with previous results (13-15).
S7-A. Dose-response of the switch. We consider the following dynamics through which the receptor affects the switch.

ay”
dt

= (ks + ks X)) (Yr — Y™*) — (ka + ke (X7 — X)) Y™, [$7.15]

Here we assume that all receptor states are capable of repressing the downstream switch, except X, which is the only competent
state for activating the downstream switch (section SI). Moreover, all receptors are assumed to be unligated before the arrival

of the stimulus. Therefore, the initial conditions are X; = 0Vi € {1,2,...,n} and Y* = k%
3t+katke X
The steady-state response for the switch is then given by
koks k3+kE X1 S
k1(k3+ka+klX ka+ka+kl X
v — 1(kg+katkl XT) 3tkatk X7 Yr, 57.16]

ko(ks+katkeXT) + S
kl(k3+k4+ngT)

ksl !
main text, except for activation strength being k5 Xr.

where ki = Thus, all properties of the dose-response curve are similar to that of the two-tier model in Fig. 1 in the

S7-B. Response times of receptor states. Taking Laplace transform of the system of equations, we obtain:

WX [w] = ’“S% - klsi X% w] — ko X1 w] — kyX*1 (] [87.17]
wX*Q[w] = k‘fX*l[w] — kQX*Q[w] — kfX*z[w} [8718}
wé\,’*g[w] = kfX*Q[W] - kQX*,?,[W] - kf.)(*‘?,[w} [8719}
: : [S7.20]
WX [w] = kX o1 |w] — k2 X W] [S7.21]
[S7.22]
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Here we have assumed that there are no active receptors before arrival of the stimulus. We can solve the algebraic equations

iteratively. To this end, let €, = w—:ﬁ Then, we have that
X o[w] = € X 1|w] [S7.23]
X" 3[w] = €w X 2[w] = eiX*l[w] [S7.24]
: : [S7.25]
X*n,1 = SwX*n72 = en_QX*l. [8726]
Moreover, X*,, = wj_fkf X*n—1. Solving for X;[w]
]ﬁSXT w + k2
X = . S7.27
1] w  (wtke+kp)(w+ kS +k2) | )
The rest of term are
« kif k1SXT w + ko
X = S7.28
M= TR @ @ikt E)@ RSk 157.28]
2
« kf k1SXt w + ko
X~ = S7.29
3l <w+k2+l€f> w  (wtke+kp)(w+ kS + ko) [ ]
[S7.30]

n—2
« ky k1S Xr w+ ka2
X* g = S7.31

! (w+k2+kf> w (Wt ke + k)W k1S + ko) [57:31]

Finally X", [w] is

n—2
. ky ky k1SXr w + ko
X plw] = S7.32
W= o <w+k2+kf> W (@t kot Ep)(w+ k1S + ko) 157.32]
To compute the response time of X,;, we find the error signal as

Exlw] = )i” = X [w] S7.33]
_ k‘}l71 k1SXT l _ kf kf n? k1SXr w+ ko [S? 34]

o (kg-f—k‘f)"*l k1S + ko w w + ko w—}—kz-i—kf w (w+k2+kf)(w+k15+k2) ’

n— n—2 .

_ kY ! k1SXr k1S + k2 n 1 Z (k2 +ky)* 157.35)

(ko +kp)n kS +ke \w+kiS+he  wtkiS+he & (w+ ko + ky)H! '

Note that here we have assumed n > 2. The case of n = 1 is same as the toy-model, so we do not consider it here. We can now
compute the response time of X*,, as

dlog (Exx[w])
dw

_ 1
o k1S + ko

w=0

1 (n—l)(k15+k2)

T =- ko + ks (ko + k) + (n — 1) (k1S + k2)

[S7.36]

n
2

S7-C. Response time for switch. The differential equation that governs Y* consists of the nonlinear term, X, Y. Linearizing
around steady-state solution (X*,,Y*) leads to

XYV =Y Xp+ X5,V — X%, Y~ [S7.37]

This results in dynamics that resembles the one studied in the section S2-B. The response time is thus given by

1 1 ks + ka + ke X1 + (kb — k) 12220

Ty ~ + X SRR . [S7.38]
ks + ka + ke Xr + (K — ko) 2gnts RS +kz kiS4 ko + ks + ka + ke X1 + (k§ — ko) 5275

S8. Alternating activation and derepression

In this section, we consider signaling cascades consisting of alternating activation and derepression based switches. The first
cascade is shown in Fig. S8.1(a). It is built upon the activation mechanism of Fig. 1(a) in the main text, where the receptor
activates a downstream switch (Y 2 Y™). We add a downstream switch (Z = Z*) which is derepressed. The second cascade,
shown in Fig. S8.1(b), is a modification of the derepression mechanism of Fig. 1(b) in the sense that a downstream component
is now activated by the derepressed switch.
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(a) activation-derepression (b) derepression-activation

stimulus stimulus
ky

z— 7
k10

Fig. $8.1. Three tier cascades with alternating activation and derepression mechanisms
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S8-A. Activation followed by derepression. The ODEs that govern the dynamics of this cascade are

ax*

i =ki1SXr — (kls -+ kz)X* [SS.la]
dy™ * * *

7 = (k’g + ks X )(YT -Y ) — k4Y [SS.lb]
dZ* * * *

= kr(Zr — 2°) = (ks + koo (Y = Y))Z [S8.1¢]

We obtain the steady-states by setting each of the derivatives to zero. We express each of the steady-states in a similar form as
that of Eq. (3) in the main text

Ro®Or + RS
R=——"""— S8.2
Or+ S [ ]
For example, steady-state of X™ is specified by
X5 =0, [S8.3a]
X = Xr, [S8.3b]
Ox- = k2. 198.3¢]
k1
The steady-state of Y™ is specified by
* kS
Yy = o Yr, [S8.4a]
. ks + ks X
Y =-—" """V, S8.4b
ks 4+ ks + ks X1 r [ ]
Oy = Ox-—Fatks g [S8.4c]

ks 4+ ks + ks X1

As expected, activation caused the dose-response of Y* to shift towards left in comparison with that of X*, i.e., Oy+ < Ox-x.
Finally, the steady-state of Z* is specified by

7 = L [58.5a]
k7 + ks + k1o,
Zi = ke Zr , [S8.5b]

Sl kaYp
k7 + ks + Eio k3+ks+ks X

k7 + ks + k1o k,4YT
S > Oy [$8.5¢]
ki + ks + ko gm T vy

Oz« = Oy

We observe that ©7 > Oy=x. This means that the derepression layer has an opposite effect of activation and shifts the
dose-response back towards right.

S8-B. Derepression followed by activation. The ODEs that govern the dynamics of this cascade are

df; — B SX7 — (k1S + ka) X7 (98.6a)]
dy™ * * *

pra k3(Yr —Y") — (ks + ke(X7 — X7))Y [S8.6b]
dZ* * * *

L B (k7 + koY )(ZT —Z ) — ksZ [SSGC]

For this model, the steady-state of X* has the same specification as Eq. (S8.3). The steady-state Y* is prescribed by

* k3
Yooy S8.7
O T kst kst kXt [S8.7a]
* k‘3
- Yo, S8.7b
ks + ka4 r [ ]
_ ks 4+ ka + ke X1
Oy~ = Ox K+ K > Oxx. [S8.7¢]
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Because Oy+ > ©x+, the dose response of Y™ is towards the right to that of X™. This results from the fact that this switch is
governed by a derepression mechanism. We now look at the parameters specifying Z*:

k3Yp
7% — k7 + ko k3+kat+keXT
- k3Yp
k7 + ks + ko kstkatke X

ks Y

k7+k9k3+k4

o — - ZT7
k7 + ks + ko i -

Zr, [S8.8a]

[S8.8b]

k3Yr
kr + ks + ko k3tkat+ke XT
k3Yp

k7 + ks + ko H

Oz« = Oy~ < Oyx. [S8.8C}

We see that ©z+ < Oy=«. So, the dose-response of Z* is towards the left of Y, which implies that activation of the third
layer counteracts the shifting caused of derepression of the second layer. It is important to point out that the effects of these
mechanisms on Zj and ZZ, are different. A systematic analysis of these effects on alternating cascades will be carried out in a
future work.

S8-C. Response time for a representative three-tier system. Let us consider the following representative system of ordinary
differential equations

dR:
5 =M m R, [S8.9a]
dR
jf:®+&m—&&, [S8.9b]
% =+ 1Ry — 2R3, [S8.9c]
with initial condition
& Yot %U
(R1(0), R2(0), R3(0)) = | 0, =, ————= | . [$8.9d]
&2 V2
Taking Laplace transforms, we obtain the following
Rafw] = 1 A fR“W [S8.10a]
m\w w+m w+m
& (1 1 noé1 (1 w+m+& §1R1(0) R2(0)
R — S0 (= _ 4 i + + , S8.10b
ol aQQu w+@> me \o @rm@t))  @rmwie) wte 135100
o o 1 1 141 R3 (O)
Ralu] = 2 (= = ——) + ZRalu] + =0, [8.10¢]

where R1[w] and R2[w] are same as those in Eq. (52.22).
The response times for R1[w] and Rz [w] are same as those in Eq. (52.26). The response time for R3[w] may be computed in
the same manner by defining an error signal Fr, = R3s — Rs. Its Laplace transform is then given by

vo +v1Ra — R3(0) vy

= . A1
Enyfe] —— ol [58.11
With some algebraic manipulation, the response time may be computed as
dlog (€ 1
Thy = — M == 4 % [S8.12a]
“ weo P21 (n+€2)v2

S8-D. Response time for activation followed by derepression. To compute the response time, we linearize the dynamics of
Y* and Z* around (F7 Y, ?) With this linearization, we have that no = k1SX1,m = k1S + ko, &0 = kaYr + ks X* Y*,
fl = k5(YT — Y*), 52 = k3 + k}4 + k5X*, Vo = k7ZT — k10Y*Z*, vy = k‘loz*, and Vo = k7 + kg -+ klo(YT — Y*) Wlth these
parameters, it is straightforward to see that 1/vs is an increasing function of S, which is expected as derepression is operating
at Z*. Our analysis of response time of two-tier cascade has already shown that Tr, is a decreasing function of S for this
activation at Y*. The time-averaging term is upper-bounded by 1. Therefore, the response time varies less strongly with
stimulus as it is sum of two functions, one increasing and another decreasing.

S8-E. Response time for derepression followed by activation. With the same arguments as above, we have that 1/v2 decreases
with the stimulus, whereas Tg, increases with stimulus. Thus, the response time varies less strongly with stimulus.
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S9. Noise analysis for general upstream kinetics

Our analysis of the stochastic two-tier model in the section S4 assumed that the total number of receptors are conserved. Thus,
dynamics of the statistical moments of active receptors, X*, are sufficient to describe the dynamics of X and X™*. In practice, X
and X" may be more complicated, as the receptor dynamics may involve receptor removal (section S6) or kinetic proofreading
(section ST7), etc. In a more general scenario, we can generalize such a model such that X and X™* are two correlated stochastic
processes that do not depend of Y*.

Our goal here is to understand how such a generalization affects the abilities of activation, derepression, and concerted
mechanisms to process upstream fluctuations. Let (Xger, Xjes, Yier) be the steady-state solution of the deterministic description
of the model. Linearizing the transition rates of Y — Y™ and Y* — Y around (Xaet, Xjes, Yier) gives

(ks + ks X ™) (Y — V™) & (ks + ks X5 ) (Y1 — Yioo) + ks (Yo — Yio) (X* = Xior) — (ks + ks Xier) (Y = Yio) [S9.1a]
(ka 4+ ke X)Y™ & (ka + k6 Xaet)Yier + k6 Yier (X — Xaet) + (ka + ke Xaet)) (Y™ — Yier) [S9.1b)

With these linearized rates, we have that (Y —Y,,,) = 0, giving the following in steady-state:
(k:') + k5X;et)(YT - Yd*et) - (k4 + kGXdet)Yd*et = 07 [892]

where we have also used (X — Xget) =0 and (X* — XJ.,) =0.
Further, the second centered moment (i.e., variance) of Y* in steady-state satisfies

d{(Y" = Yi))
dt
(((ka 4+ ks Xget) (YT — Yier) + ks(Yr — Yiu) (X7 — Xger) — (ks 4+ ks Xger) (Y7 = Yaer)) (14+2Y7 — 2Y5))
(((ka 4 k6 Xdet)Yaer + k6 Yier (X — Xaet) + (ka + ke Xaet)) (Y™ — Yier)) (1 = 2Y™ +2Y5,)) [S9.3a]

Using the fact the centered means are zero for X, X™ and Y™, we get

d <(Y* - Yd*et)2>

dt . (k3 + k5X;et)(YT - Yd*et) + (k4 + k6Xd€t)Yd*et + 2k5(YT - Yd*et) <(X* - X;et) (Y* - Y;et))

— 2k6 Vet (X = Xaer) (Y = Vier)) — 2 (ks + ka + ks Xjer + ke Xaer) (Y = Yiue)®) . [S9.3b]
Thus, we obtain the steady-state variance

(ks + ks Xaeo) (Y — Yier) + (ka + Ko Xaet)Yier | ks (Vr — Yier) (X7 — Xaer) (V7 — Yier))
2 (k3 + ka+ ks X}, + ke Xdet) ks +ka + ks X3, + ke Xaet
_ keY ge: <(X - Xdet) (Y* - Yd*et)>
ks +ka+ ks X, + ke Xdet

(Y =Yi)?) ~

[S9.3¢]

Here ((X* — Xj..)(Y* —Yj.,)) is the correlation between X* and Y™*, which is positive as increase in X* increases Y.
Moreover, ((X — Xget) (Y™ —Yy.,)) is the correlation between X and Y™, which is negative as increase in X implies decrease
in Y*. A simple example to see this is the different signs of these correlations is the two-tier model where Xge1 + X ., = X1,
yielding

(X = Xaer) (Y7 = Yier)) = = (X7 = Xie) (Y7 = Yiger)) - [59.3d]

We can now use Eq. (S9.3c) to show that activation and derepression mechanisms have less noise than a concerted mechanism.
Note that noise, defined by the coefficient of variation, equals the variance over squared of mean. As long as we control of the
mean across different signaling mechanisms, Eq. (S9.3c) is enough to compare their noise properties. To keep the same forward
and backward transition rates of the switch, we keep ks + k5 X, and k4 + ks X4er across the signaling mechanisms. In that
case, it is straightforward to see that the variance decreases for activation (k¢ = 0) and for derepression (ks = 0).
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