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ABSTRACT

Pandemics, like the 1918 Spanish Influenza and COVID-19, spread through regions of the World in subsequent waves. Here
we propose a consistent picture of the wave pattern based on the epidemic Renormalisation Group (eRG) framework, which
is guided by the global symmetries of the system under time rescaling. We show that the rate of spreading of the disease
can be interpreted as a time-dilation symmetry, while the final stage of an epidemic episode corresponds to reaching a time
scale-invariant state. We find that the endemic period between two waves is a sign of instability in the system, associated to
near-breaking of the time scale-invariance. This phenomenon can be described in terms of an eRG model featuring complex
fixed points. Our results demonstrate that the key to control the arrival of the next wave of a pandemic is in the strolling period
in between waves, i.e. when the number of infections grow linearly. Thus, limiting the virus diffusion in this period is the most
effective way to prevent or delay the arrival of the next wave. In this work we establish a new guiding principle for the formulation
of mid-term governmental strategies to curb pandemics and avoid recurrent waves of infections, deleterious in terms of human
life loss and economic damage.

Methods
CeRG approach to multi-wave dynamics
In the original eRG approach1, rather than the number of cases, it was used its natural logarithm α(t) = ln I(t). For a single
wave pandemic this provides a good fit to the data. To describe multiple waves2, it is better to use the eRG directly for the
cumulative number of total cases rather than its log. The derivative of I(t) with respect to time is interpreted as the beta
function of an underlying microscopic model. In statistical and high energy physics, the latter governs the time (inverse energy)
dependence of the interaction strength among fundamental particles. Here it regulates infectious interactions.

Thus, the dictionary between the eRG equation for the epidemic strength I(t) in an isolated region of the world1 and the
high-energy physics analog is

−βeRG(I(t)) =
dI(t)

dt
= γ I

(
1− I

A

)2p

, (E1)

whose solution, for 2p = 1, is a familiar logistic-like function

I(t)
A

=
eγt

b+ eγt . (E2)

This solution can effectively describe one wave of the epidemic, and is related to the SIR model via time-dependent parameters3.
The dynamics encoded in Eq. (E1) is that of a system that flows from an Ultra-Violet fixed point at t =−∞, where I = 0, to
an Infra-Red one where I = A, with A being the total number of infected cases at the end of the wave. The parameter γ is an
effective infection rate, characterising the diffusion slope. Both the equation and the solution show that γ can be absorbed in a
redefinition of time, τ = γt, so that γ can also be interpreted as a time-dilation factor, which differs by region and depends on
external factors (social, demographic and relative to non-pharmaceutical interventions) which can slow down or accelerate the
diffusion of the virus. Finally, b shifts the solution in time to match the beginning of the epidemic in each region, as shown by



the equivalence b→ 1 with γt→ γt− lnb. Further details, including what parameter influences the flattening of the curve and
location of the inflection point and its properties can be found in4 and in1.

The presence of a truly interacting fixed point at large times predicts that the total number of cases approaches a constant
value, while the new cases drop to zero. This feature can be associated to the system approaching a time scale-invariant state.
Most regions affected by COVID-19, however, show a slightly different dynamics: in fact, the infection stabilises to an endemic
period of constant growth, where the total cases continue growing linearly. This region can be associated to a breaking of the
time scale-invariance2, which does not allow the system to approach the fixed point and generates the strolling regime of linear
growth. To account for this feature, the beta function in (E1) can be extended as follows:

−βCeRG(ι) =
dι

dτ
= ι

[
(1− ι)2−δ

]p
, (E3)

where we have used normalised variable ι = I/A and τ = γt. The two new parameters δ and p are real numbers, with p positive.
For negative δ , the second factor has complex zeros, so that the system cannot approach an IR fixed point but, for small |δ |, it
lingers near the would-be fixed point ι ≈ 1 for a long time, inversely proportional to |δ |. This feature can explain the origin of
the strolling2. In this work, we will use the new Complex eRG (CeRG) approach to describe multi-wave dynamics.

The solution of Eq. (E3) still encodes a single wave, followed by a strolling period. The latter signals an instability of the
system, and precedes a new exponential increase of new cases. The mathematical model can be extended to describe multiple
waves by endowing the CeRG beta function with new (quasi) zeros as follows:

−βmultiwaves(ι) = ι

[
(1− ι)2−δ0

]p0 w

∏
ρ=1

[(
1−ζρ ι

)2−δρ

]pρ

, (E4)

with ζρ < 1, 0 <−δρ � 1 and pρ > 0. We have that w+1 is the total number of pandemic waves, and that the diffusion will
stop if δw = 0, with a total number of infected cases equals I(∞) = A/ζw.

For a case with two waves, w = 1, the value of ι at the two peaks (where the new infected cases reach a local maximum)
can be determined by the zeros of the derivative of the beta function, ∂βmultiwaves/dι = 0. Setting δi = 0 for simplicity (and
because their value is very small and numerically irrelevant), we find

ι
0/1
max =

1+ζ1 +2p0 +2p1ζ1

2ζ1(1+2p0 +2p1)

(
1∓

√
1−2
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)
. (E5)

From the definition of the beta-function, the time between the two peaks can be computed as follows:

∆τpeaks =
∫

ι1
max

ι0
max

dx
−βmultiwaves(x)

. (E6)

Note that the dependence on δ1 is negligible, because the domain of the integral is always far from the second set of complex
zeros. The value of δ is directly related to the number of new cases during the strolling, given by

St =
dι

dτ

∣∣∣∣
strolling

≈−βmultiwaves(1) = (−δ0)
p0(1−ζ1)

2p1 . (E7)

Interacting regions
Interactions among different regions of the world can be taken into account by adding to the beta function for each country j
the following interaction term5:

δ I j(t)
A j γ jδ t

= ∑
l

k jl

γ j nm j

Il(t)− I j(t)
A j

, (E8)

where nm j is the population of region- j in millions. The matrix k jl is proportional to the numbers of travellers between each of
the regions considered in the interaction.

Extracting the parameters from the data
We first fit the first and second wave (if reached) by use of independent solutions to the eRG framework, with numerical results
shown in Table T1. This exercise will allow us to compare the two waves, in particular the infection rates γeRG, which are
independent on the normalisation of the cumulative number of infected. We use open-source data from the online repository
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eRG fits
country 1st wave strolling 2nd wave

A γeRG I′strol A γeRG
France 2034(13) 0.135(3) 5.2(8) 61(6) ·103 0.048(5)
Italy 3638(28) 0.100(3) 3.5(4) 41(2) ·103 0.075(8)
UK 3943(25) 0.0794(15) 9.1(2) 21.3(2) ·103 0.0717(8)

Germany 2006(14) 0.128(3) 5.1(2) 20(3) ·103 0.058(2)
Spain 5000(30) 0.134(4) 7(1) 30(4) ·103 0.067(1)

Switzerland 3304(22) 0.160(4) 10(2) 40(4) ·103 0.10(1)
Netherlands 2546(15) 0.112(2) 10.3(2) 26.1(2) ·103 0.0797(8)

Belgium 4758(27) 0.116(2) 22.1(6) 40.7(4) ·103 0.121(2)
Denmark 1950(10) 0.088(2) 6.7(1) 12(2) ·103 0.062(2)
Iceland 5285(16) 0.176(2) 3.6(2) 9.9(1) ·103 0.087(2)
Canada 2643(20) 0.0732(14) 8.2(2) 16(2) ·103 0.046(5)

South Africa 11039(35) 0.0704(5) 26.69(9) − −
Bolivia 12240(20) 0.0442(2) 9.2(3) − −

Saudi Arabia 9560(20) 0.0447(3) 11.51(3) − −
Australia 255(1) 0.239(5) 0.38(2) 735(3) 0.1015(7)

Japan 130.7(7) 0.125(2) 0.22(2) 434(5) 0.094(1)
South Korea 185(2) 0.225(14) 0.569(8) 157(3) 0.136(6)

Table T1. Numerical results for the eRG fits. Fit of the first two waves using the eRG model1, where A are indicated in
number of cases per million inhabitants, γeRG is given in inverse days, and the new parameter I′strol indicates the number of daily
new cases per million inhabitants obtained by fitting the strolling period with a linear growth. The values highlight that the
second wave typically features a smaller infection rate and a larger number of infected cases.

Ourworldindata.org. We first identify the first wave, within the dates indicated in Table T2, and fit the data by use of a simple
logistic function:

I(t) =
AeγeRGt

b+ eγeRGt . (E9)

We then fit the data after the end date of the first wave (having subtracted the final number of cases) with a second independent
logistic function plus a linearly growing term, which characterises the strolling period. If the second wave is absent, we simply
fit the linear strolling. It is well known1 that the fit is optimal only after the peak is achieved, so we tune the fit to reproduce the
expected peak in some cases. In two cases we take into account spurious features in the data: for France, a sudden drop in
the number of new cases can be observed after November 8, which is accountable by a decrease in the number of tests plus a
reduced positivity rate; for Spain, the initial growth is due to a hotspot in Catalunya, followed by the spread to the rest of the
country. Conservatively, we only fit the second higher sub-peak.

As a second step, we tune the CeRG model, without interactions, to reproduce the last wave in order to forecast the arrival
of the next one. The beginning of the wave (after subtracting any initial data) allows to determine γ , while A0 and p0 are
determined by the end of the wave and the peak region. For countries where the second wave is still ongoing, we fix p0 = 0.55,
while its value is fitted in other cases. Furthermore, we fix the strolling parameter St = 0.01, or fit it to the data for countries
that are currently in the strolling regime. The parameters obtained by this tuning are reported in Table T2, and have been used
to obtain the peak dates and in the plots.

Geographical uniformity indicator
To investigate potential differences between waves due to the geographical spread of the virus, we define an uniformity indicator
for each country by studying the number of new cases in various regions over a period of time around the peak. The indicator is
inspired to a χ2-variable, measuring how far is the actual distribution of cases compared to a perfectly uniform distribution, and
it is defined as follows :

χ
2(∆t) =

1
nr

nr

∑
i=1

(
I′ri(∆t)
〈I′r(∆t)〉

−1
)2

, (E10)
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CeRG parameters
country A γ δ1 p0 p1 ζ1 1st wave start 1st wave end
France 61 ·103 0.058 1.0 ·10−3 0.55 0.6 0.5 2020-02-28 2020-05-08
Italy 41 ·103 0.091 1.0 ·10−3 0.55 0.6 0.5 2020-02-18 2020-05-18
UK 26 ·103 0.082 1.0 ·10−3 0.55 0.6 0.5 2020-03-09 2020-06-17

Germany 22 ·103 0.070 1.0 ·10−3 0.55 0.6 0.5 2020-03-09 2020-05-18
Spain 36 ·103 0.078 1.0 ·10−3 0.55 0.6 0.5 2020-02-28 2020-05-18

Switzerland 40 ·103 0.127 1.0 ·10−3 0.55 0.6 0.5 2020-03-09 2020-04-28
Netherlands 31 ·103 0.092 1.0 ·10−3 0.55 0.6 0.5 2020-03-09 2020-05-18

Belgium 45 ·103 0.157 1.0 ·10−3 0.55 0.6 0.5 2020-03-09 2020-05-18
Denmark 15 ·103 0.071 1.0 ·10−3 0.55 0.6 0.5 2020-03-04 2020-05-28
Iceland 11 ·103 0.114 1.0 ·10−3 0.55 0.6 0.5 2020-03-04 2020-04-28
Canada 17 ·103 0.055 1.0 ·10−3 0.55 0.6 0.5 2020-03-19 2020-06-17

South Africa 12 ·103 0.102 2.2 ·10−3 0.56 0.6 0.45 2020-04-16 2020-09-03
Bolivia 13 ·103 0.057 1.2 ·10−4 0.51 0.6 0.45 2020-04-20 2020-10-27

Saudi Arabia 10 ·103 0.058 1.3 ·10−3 0.51 0.6 0.5 2020-03-21 2020-10-07
Australia 772 0.122 8.4 ·10−6 0.52 0.6 0.5 2020-02-28 2020-04-23

Japan 500 0.103 4.9 ·10−2 0.7 0.6 0.4 2020-02-28 2020-05-18
South Korea 180 0.191 5.7 ·10−3 0.6 0.6 0.45 2020-02-18 2020-04-08

Table T2. Parameters for the CeRG forecast for the next waves. Fit of the current wave using the CeRG model2, with
parameters expressed in the same units as in Table T1. For all countries, the current wave corresponds to the second, except for
South Africa, Bolivia and Saudi Arabia for which the first one is considered. The dates in the last two columns indicate the
period where the first wave data was not considered in the fits (except for South Africa, Bolivia and Saudi Arabia).

where I′ri(∆t) is the number of new infected cases in the region ri over a time interval ∆t, and 〈I′r(∆t)〉 indicates the mean over
the whole set of regions. We normalise the parameter to the number of regions in order to obtain comparable values. The
smaller is χ2, the more uniform is the diffusion of the virus. We also noted that the value of the uniformity indicator reaches
local minima at the peak of each wave, thus the values reported for starting waves are larger than the final one.

To compute the values, we only used open-source data available on various online repositories. For Japan, we obtained
the local data for the 46 prefectures from Toyokeizai.net. In the analysis we omitted Okinawa because of its distance from
the mainland. For Germany (16 Landen), Italy (20 regions), Spain (17 regions) and England (9 regions), we obtained data
collected in periods of about 4 weeks from Citypopulation.de. For France, as the local data on the new number of infected is
not available before May 13, 2020, we used information for the number of hospitalisations in the 94 continental departments
from Data.gouv.fr. Finally, the data for each state of the US is obtained from Ourworldindata.org.

For Japan and the US, the result for the third wave overestimates the one at the peak, which is not reached yet.

Additional plots
In Figs S1 and S2 we provide a visualisation of the CeRG forecast for the next wave for the countries not shown in the main
text.
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Figure S1. Strolling as a precursor of a COVID-19 third wave. Plots showing the CeRG model forecast for the future
wave for a selection of European countries. The prediction corresponds to St = 0.01, and is compared to the data (adjourned to
November 23) and the eRG fit from Table T1 (dashed).

6/7



JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB MAR APR MAY JUN JUL AUG SEP

Bolivia

total infected cases

St=0.005

0 20 40 60 80

0

100000

200000

300000

400000

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB MAR APR MAY JUN JUL AUG SEP

new infected cases

St=0.005 43 daily new cases

0 20 40 60 80

0

500

1000

1500

2000

2500

JAN FEBMAR APR MAYJUN JUL AUG SEP OCTNOVDEC JAN FEB MARAPR MAYJUN JUL AUG SEP OCTNOV DEC JAN FEB

Canada

total infected cases

St=0.01

0 20 40 60 80 100

0

500000

1.0×106

1.5×106

2.0×106

JAN FEBMAR APR MAYJUN JUL AUG SEP OCTNOVDEC JAN FEB MARAPR MAYJUN JUL AUG SEP OCTNOV DEC JAN FEB

new infected cases

St=0.01 2700 daily new cases

0 20 40 60 80 100

0

2000

4000

6000

8000

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB

South Korea

total infected cases

St=0.022

0 10 20 30 40 50 60

0

10000

20000

30000

40000

50000

60000

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB

new infected cases

St=0.022
38 daily new cases

0 10 20 30 40 50 60

0

200

400

600

800

1000

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB MAR APR MAY JUN JUL

Australia

total infected cases

St=0.001

0 20 40 60 80

0

10000

20000

30000

40000

50000

60000

JAN FEB MAR APR MAY JUN JUL AUG SEP OCT NOV DEC JAN FEB MAR APR MAY JUN JUL

new infected cases

St=0.001 25 daily new cases

0 20 40 60 80

0

200

400

600

800

1000

Figure S2. Strolling as a precursor of a COVID-19 third wave. Same as Fig. S1 for the remaining non-European
countries. The prediction corresponds to St = 0.01 for Canada, while the strolling parameter is fitted to the data for Bolivia,
South Korea and Australia, and is compared to the data (adjourned to November 23) and the eRG fit from Table T1 (dashed).
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