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S1 Appendix

Gaussian polymer network for modeling chromosomes

Here we provide additional justifications for the use of harmonic potentials in the
effective Hamiltonian, and consequently, a gaussian distribution for pairwise distances
(Eq 2).

Even in the interphase that displays less amount of activity than mitotic phase,
continuous events of free energy consumption break the detailed balance condition,
driving the chromosome out of equilibrium [1–5]. However, chromosome dynamics in
each phase during the cell cycle is slow enough [6–9] that the system remains in local
mechanical equilibrium over an extended time period, as captured by the stable
patterns in the Hi-C data [10]. Although the notion of cell-to-cell variation in a
population of cells is appreciated in the literature [7,9,11–16], fluorescence measurement
still indicates that the spatial distances between pairs of chromatin segments can be
well described by the gaussian distribution [17–20] (S1 Fig). This motivates us to
model the chromosome structure using a gaussian polymer network whose configuration
fluctuates around a mechanically equilibrated local basin of attraction [10,21–24].

The concept of an effective Hamiltonian consisting of harmonic potential terms is
not new; it has been widely employed to study a variety of systems, including the phase
transition of vulcanized macromolecules with increasing numbers of crosslinks [25,26],
and the fluctuation dynamics of native proteins (gaussian network model, [27]).
Furthermore, a slightly modified, but essentially identical, form of Hamiltonian was
used to study the dynamics of folding/unfolding transitions of a single RNA molecule
under external force in the name of generalized Rouse model [28].

Whereas the success of the gaussian polymer network model does not necessarily
guarantee its extension to the modeling of chromosomes, our use of a gaussian
distribution for the pairwise distance between two segments in the polymer is
empirically justified. The Gaussian-like pairwise distance distributions reported by
fluorescence measurements of the chromosome (S1 Fig), and the agreement of the 3D
structural properties inferred by modeling approaches [10,23,24] that share the same
philosophy, with particular emphasis on our recent approach of heterogeneous loop
model (HLM) [10,29], suggest that Gaussian polymer networks provides a reasonable
approximation of the energy landscape for the mixture of those subpopulations.

As a side note, it is worth highlighting the versatility of the Gaussian polymer
network model in representing the complex topology of chromosome conformation. For
the conventional Rouse chain whose monomers along the backbone are constrained by
an energy hamiltonian H = (k/2)

∑N−1
i (ri+1 − ri)

2 with a uniform spring constant k,
it is straightforward to show that 〈r2ij〉 ∼ |i− j|. Furthermore, if two monomers are in
close proximity to form a contact (rij < rc), then one can obtain the contact probability
between monomers i and j in the chain backbone as pij =

∫ rc
0

drijP (rij) ∼ |i− j|−3/2.
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Fig A. Heterogenous loop model [10] to compare the contact probabilities
of Gaussian polymer networks. (a-d) Four examples of polymer models composed
of 20 monomers with different interaction strength matrix [kij ] (top row), and the
corresponding contact probability matrices [pij ] (second row) calculated with rc = 1.
(e) the mean square distance and (f) the contact probability p(s) are calculated as a
function of the genomic distance, s, for the four different models (a-d). Scaling results
in (e) and (f) show that even the Gaussian polymer network model can produce rich
multi-scale structure with domains.

However, adding just a few non-nearest-neighbor interactions to the Rouse model makes
the results highly nontrivial. To illustrate this, we explicitly compared the contact
probability map of a linear Gaussian chain (Rouse chain), and those of Gaussian
polymer network models with varying numbers of non-nearest-neighbor interactions,
which were calculated from the HLM-generated structural ensemble [10] (Fig A). The
statistical behavior of Gaussian polymer network model differs from that of the linear
“Gaussian” chain. The mean square distance 〈r2ij〉 no longer scales linearly with the
separation s ≡ |i− j| (Fig A), and the contact probability pij (or p(s)) is no longer
described with a simple scaling relation (Fig A). The simple modification to the Rouse
model, resulting in the Gaussian polymer network model, allows one to explore many
different issues of chromosomes. In fact, our recent work based on HLM [10]
demonstrated several case studies, substantiating the various experimental
measurements on chromosome conformation by solving the inverse-problem of inferring
chromosome structures from Hi-C data.
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