
ReVSRQVe WR ReYLeZeUV
BeORZ Ze SURYLde deWaLOed SRLQW-b\-SRLQW UeVSRQVeV WR WKe UeYLeZeUV¶ cRPPeQWV. We SUeVeQW
WKe RULJLQaO UeYLeZeU cRPPeQWV LQ bOacN aQd RXU UeVSRQVeV LQ bOXe.

ReYLeZeU #1
TKe aXWKRUV deYeORSed a XQLfLed PeWKRd fRU aQaO\]LQJ HL-C daWa aQd deWeUPLQe PXOWL-VcaOe
RUJaQL]aWLRQ Rf cKURPaWLQ cKaLQ b\ cKaQJLQJ WKe SaUaPeWeU Ȝ. TKe PeWKRd ZaV aSSOLed WR
VeYeUaO ceOO OLQeV aQd RbWaLQed YaOXabOe UeVXOWV WKaW aUe cRQVLVWeQW ZLWK WKe e[SeULPeQWaO
RbVeUYaWLRQV. TKe PeWKRdV aQd WKe UeVXOWV aUe TXLWe LQWeUeVWLQJ. I beOLeYe LW LV VXLWabOe fRU
SXbOLcaWLRQ afWeU WKe UeYLVLRQ. TKeUe aUe VRPe LVVXeV Qeed WR be addUeVVed:

TKaQN \RX fRU WKe SRVLWLYe eYaOXaWLRQ Rf RXU ZRUN! We ZLOO SURYLde SRLQW-WR-SRLQW UeVSRQVeV WR
\RXU cRPPeQWV beORZ.

R1-1. TKe SURSRVed PeWKRd aQd WKe PRdeO aUe fXOO\ deSeQded RQ WKe SURbabLOLW\, ZKLcK LV
RbWaLQed fURP WKe QRUPaOL]ed HL-C daWa. TKeUe aUe VeYeUaO QRUPaOL]aWLRQ PeWKRdV fRU HL-C daWa,
LQcOXdLQJ ICE, KR, VC, eWc. TKe aXWKRUV VKRXOd WaON abRXW WKe LQfOXeQce Rf WKe QRUPaOL]aWLRQ
aOJRULWKP RQ WKe UeVXOWV Rf WKe SXb-TADV, TADV, PeWa-TADV, aQd WKe cRPSaUWPeQWV.

IQdeed, RXU PeWKRd UeOLeV RQ aQ aSSURSULaWe WUaQVOaWLRQ Rf WKe UaZ HL-C cRXQWV LQWR a SaLUZLVe
cRQWacW SURbabLOLW\ PaWUL[, ZKLcK LV cRQYeQWLRQaOO\ NQRZQ aV WKe normali]aWion Rf WKe HL-C daWa.
HL-C UeSRUWV WKe fUeTXeQc\ Rf RbVeUYLQJ a cR-OLJaWLRQ beWZeeQ eacK SaLU Rf JeQRPLc ORcL, bXW WKe
fUeTXeQc\ Rf WKLV RbVeUYaWLRQ deSeQdV RQ WKe cRPbLQaWLRQ Rf WZR LQdeSeQdeQW SURbabLOLWLeV: WKe
SaLUZLVe cRQWacW SURbabLOLW\ beWZeeQ WKe WZR VLWeV (WKe SLM PaWUL[ LQ RXU PRdeO), aQd WKe
QRQ-XQLfRUP acceVVLbLOLW\/RbVeUYabLOLW\ Rf WKe LQdLYLdXaO VLWeV (caOOed WKe ³RQe-dLPeQVLRQaO
bLaVeV´ b\ [RaR eW aO., 2014]). TKe JRaO Rf QRUPaOL]aWLRQ LV WR UePRYe WKeVe VLQJOe-VLWe bLaVeV
aQd RQO\ NeeS WKe SaLUZLVe cRQWacW cRQWULbXWLRQV. DLffeUeQW QRUPaOL]aWLRQ aOJRULWKPV XVe dLffeUeQW
aVVXPSWLRQV WR acKLeYe WKLV cRPPRQ JRaO, aQd WKeUefRUe WKe UeVXOWLQJ PaWULceV KaYe VOLJKWO\
dLffeUeQW VWaWLVWLcaO SURSeUWLeV.

FRU RXU SURSRVed PeWKRd, Ze XVe WKe KQLJKW-RXL] (KR) aOJRULWKP [KQLJKW & RXL], 2013] WKaW
e[SOLcLWO\ VSecLfLeV WKaW WKe UeVXOWLQJ PaWUL[ LV dRXbO\ VWRcKaVWLc (L.e., beKaYeV OLNe a SaLUZLVe
SURbabLOLW\ PaWUL[, LQ WKe VeQVe WKaW eacK cROXPQ/URZ VXPV WR 1), ZKLcK LV VXLWabOe fRU RXU PRdeO
WKaW UeTXLUeV a cRQWacW SURbabLOLW\.

TKaW VaLd, RWKeU, VLPSOeU QRUPaOL]aWLRQ PeWKRdV cRXOd JLYe TXaOLWaWLYeO\ VLPLOaU UeVXOWV aV ZeOO.
FRU e[aPSOe, Ze ZeUe abOe WR cRQfLUP WKaW WKe PaLQ RbVeUYaWLRQV Rf RXU VWXd\ UePaLQV URbXVW
ZKeQ WKe VTXaUe-URRW YaQLOOa cRYeUaJe (SQRTVC) QRUPaOL]aWLRQ LV XVed, aV VXJJeVWed b\ [RaR
eW aO., 2014], ZKLcK LV a cRUUecWed YeUVLRQ Rf WKe YaQLOOa cRYeUaJe (VC) QRUPaOL]aWLRQ
[LLebeUPaQ-ALdeQ eW aO., 2009]. See FLJ R1(a, b) beORZ.
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FLJ R1a. TAD-OLNe dRPaLQ VROXWLRQV, RbWaLQed fURP SQRTVC-QRUPaOL]ed HL-C daWa fURP [RaR eW
aO., 2014]. FLJXUe Oa\RXW UeVePbOeV FLJ 3(a,d,e-K) LQ WKe PaQXVcULSW. AV LQ WKe KR-QRUPaOL]ed
UeVXOWV, WKe ceOO-WR-ceOO cRQVeUYaWLRQ LV VWURQJeVW aW Ȝ=10 (TAD), aQd WKe QMI LV cRQVLVWeQWO\
KLJKeVW aW Ȝ=30 (PeWa-TAD); aOVR, WKe WZR OeXNePLa ceOOV (K562 aQd KBM7) VKRZ dLffeUeQW
WUeQdV fURP WKe WKUee QRUPaO ceOOV (GM12878, HUVEC aQd NHEK).

FLJ R1b. CRPSaUWPeQW-OLNe
(VecRQdaU\) dRPaLQ VROXWLRQV fURP
SQRTVC-QRUPaOL]ed daWa fURP [RaR
eW aO., 2014]. FLJXUe Oa\RXW UeVePbOeV
FLJ 4(b-c,e). TKe cRPSaUWPeQW
VROXWLRQ LQ WKe WRS URZ LV RbWaLQed aW
Ȝ=80, ZKeUe WKe QRUPaOL]ed PXWXaO
LQfRUPaWLRQ (QMI) KaV a SeaN. (NRWe
WKaW WKe Ȝ=80 VROXWLRQ fURP WKe
KR-QRUPaOL]ed daWa aOVR eVVeQWLaOO\
cRUUeVSRQdV WR WKe QMI SeaN; Vee RXU
UeVSRQVe WR R1-2 beORZ).
EUURU baUV aUe QRW VKRZQ LQ WKLV QMI
SORW, becaXVe WKLV WeVW ZaV RQO\
SeUfRUPed fRU WKe fLUVW 40Mb-VXbVeW

Rf cKU10 (ZKeUeaV LQ WKe PaLQ aQaO\VLV Ze XVed WKUee a40Mb VXbVeWV WR cRYeU WKe eQWLUe cKU10;
Vee RXU UeVSRQVe WR R1-4 beORZ).
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R1-2. TKe aXWKRUV cOaLPed WKaW WKe CD VROXWLRQV cRUUeVSRQd WR WKe cRPSaUWPeQWV aW abRXW
Ȝ=90. HRZ WR deWeUPLQe WKLV YaOXe? If Ȝ cKaQJeV WR 80 RU 100, WKe dLVWULbXWLRQ Rf WKe
cRPSaUWPeQWV VWa\V XQcKaQJed RU cKaQJeV VLJQLfLcaQWO\? IQ addLWLRQ, WKe UeVXOWV Rf OaUJe Ȝ
YaOXeV (70 WR 100) aUe QRW VKRZQ LQ FLJ. 3.

We caOcXOaWed WKe JRRdQeVV Rf WKe dRPaLQ VROXWLRQ aW eacK Ȝ aW caSWXULQJ WKe cRUUeOaWLRQ SaWWeUQ
LQ WKe HL-C daWa, LQ WeUPV Rf WKe QRUPaOL]ed PXWXaO LQfRUPaWLRQ (QMI; VKRZQ LQ FLJ 4e LQ WKe
PaQXVcULSW, aOVR UeSURdXced LQ FLJ R2 beORZ) beWZeeQ WKe cRQWacW PaWUL[ Rf WKe LQfeUUed dRPaLQ
VROXWLRQ aQd WKe cRUUeOaWLRQ SaWWeUQ LQ WKe HL-C. AV VKRZQ LQ FLJ 4e, Ȝ=90 LV ZKeUe WKLV QMI LV
Pa[LPL]ed. HRZeYeU, WKe fOaW VKaSe Rf WKe SeaN LQ WKe JUaSK PeaQV WKaW WKe cRPSaUWPeQW-OLNe
VROXWLRQ LV QRW YeU\ VeQVLWLYe WR VPaOO cKaQJeV LQ Ȝ aURXQd WKe RSWLPaO YaOXe Rf 90. IQdeed, ZKeQ
Ȝ cKaQJeV WR 80 RU 100 aV WKe UeYLeZeU aVNed, Ze VWLOO JeW a YeU\ VLPLOaU cRPSaUWPeQW VROXWLRQ
(VKRZQ beORZ LQ FLJ R2). AOO WKUee SaLUZLVe VLPLOaULWLeV beWZeeQ WKe WKUee VROXWLRQV aW Ȝ=80, 90
aQd 100, caOcXOaWed aV WKe PeaUVRQ cRUUeOaWLRQ beWZeeQ WKe cRUUeVSRQdLQJ bLQaUL]ed cRQWacW
PaWULceV, aV XVed LQ RXU PaLQ SaSeU, aUe abRYe 0.9 (c80,90=0.96, c90,100=0.91, c100,80=0.90).

FLJ R2. CRPSaULVRQ Rf cRPSaUWPeQW VROXWLRQV QeaU Ȝ=90. LefW: ReSURdXcWLRQ Rf FLJ 4e LQ WKe
PaQXVcULSW, fRU cRQYeQLeQce. RLJKW: TKe WKUee URZV VKRZ WKe WKUee VROXWLRQV aW Ȝ=80, 90 aQd
100 UeVSecWLYeO\. TKe VecRQd URZ (fRU Ȝ=90) UeSURdXceV FLJ 4b-c LQ WKe PaQXVcULSW. TKe
cRPSaUWPeQW VROXWLRQ LV URbXVWO\ UecRYeUed aW WKe WKUee YaOXeV Rf Ȝ.
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AV fRU WKe OaVW SaUW Rf WKe TXeVWLRQ, Ze ZRXOd OLNe WR cOaULf\ WKaW FLJXUeV 3 aQd 4 LQ RXU
PaQXVcULSW cRYeU WZR dLffeUeQW faPLOLeV Rf dRPaLQ VROXWLRQV, TAD-like (FLJ 3) aQd
comparWmenW-like (FLJ 4). We VKRZed WKaW WKe cRPSaUWPeQW-OLNe VROXWLRQV ZeUe RQO\ RbWaLQed aV
WKe Vecondar\ VROXWLRQ, afWeU WKe PRVW SURPLQeQW cRUUeOaWLRQ SaWWeUQV KaYe beeQ e[SOaLQed aZa\
b\ WKe primar\ RU WKe TAD-OLNe VROXWLRQ (aOVR Vee RXU MeWKRdV VecWLRQ ³IQcRUSRUaWLQJ WKe
VecRQdaU\ JURXS WR WKe JURXS PRdeO´). FRU WKe SULPaU\ VROXWLRQ, dRPaLQV aW Ȝ > 70 ZeUe
XQLQWeUeVWLQJ (aQd WKeUefRUe QRW LQcOXded LQ FLJ 3), LQ WKe VeQVe WKaW WKe JRRdQeVV PeaVXUeV OLNe
WKe QMI (FLJ 3J) RU WKe ceOO-WR-ceOO VLPLOaULW\ (FLJ 3K) SeaNed aW a VPaOOeU Ȝ aQd WKeQ decUeaVed.
HRZeYeU, RQce WKe TAD-OLNe VROXWLRQV aUe UePRYed (aSSUR[LPaWed b\ WKe dLaJRQaO baQd
UePRYaO, FLJ 4a), WKe UePaLQLQJ SaWWeUQV aUe beVW caSWXUed aW Ȝ=90.

R1-3. TKe aQaO\VLV Rf WKe OLQN beWZeeQ cKURPaWLQ RUJaQL]aWLRQ aQd JeQe e[SUeVVLRQ LV YeU\
LQWeUeVWLQJ aQd PeaQLQJfXO. TKe aXWKRUV PeQWLRQed WKaW WKe dRPaLQ cRQVeUYaWLRQ ZaV VWURQJeVW
aW Ȝ=10. IV WKLV YaOXe fRU WKe UeVXOWV Rf GM12878 cKU10, RU WKe RWKeU fRXU ceOO OLQeV KaYe WKe
VaPe YaOXe? IQ addLWLRQ, caQ WKe aXWKRUV add WKe aQaO\VLV Rf WZR RWKeU JeQe e[SUeVVLRQV WKaW
VXSSRUW WKeLU UeVXOWV (FLJ. 3N)?

TKaQNV fRU VKaULQJ RXU e[cLWePeQW abRXW WKe aQaO\VLV! TKe VWUeQJWK Rf dRPaLQ cRQVeUYaWLRQ ZaV
defLQed acURVV aOO fLYe ceOO W\SeV, aQd WKeUefRUe LV QRW VSecLfLc WR aQ\ RQe ceOO W\Se. MRUe
VSecLfLcaOO\, LQ FLJ 3K, Ze caOcXOaWe WKe ceOO-WR-ceOO VLPLOaULW\ fRU eacK SaLU Rf dLVWLQcW ceOO W\SeV
(becaXVe Ze aQaO\]e 5 ceOO W\SeV, WKeUe aUe 10 VXcK SaLUV), aQd SORW WKe aYeUaJe RYeU aOO 10
SaLUV. AOVR Vee RXU MeWKRdV VecWLRQ fRU PRUe deWaLOV. AV fRU WKe cKURPRVRPe, aOO UeVXOWV VKRZQ
LQ WKe PaLQ We[W Rf RXU SaSeU aUe VSecLfLc WR WKe KXPaQ cKU10 (UeVXOWV fRU WKUee addLWLRQaO
cKURPRVRPeV aUe VKRZQ LQ FLJ S2).

HeUe Ze aUe VKRZLQJ WZo more e[ampleV ZKeUe WKe dLffeUeQW TAD RUJaQL]aWLRQV acURVV WKe
ceOO OLQeV aUe cRQVLVWeQW ZLWK dLffeUeQW SaWWeUQV Rf JeQe e[SUeVVLRQV, VXSSRUWLQJ WKe OLQN beWZeeQ
WKe dRPaLQ VWUXcWXUe (RXU TAD VROXWLRQV) aQd WKe ceOO-W\Se-VSecLfLc JeQe e[SUeVVLRQ (RNA-VeT).
IQ WKeVe e[aPSOeV, dLffeUeQceV LQ WKe JeQe e[SUeVVLRQ aUe OLQNed WR WKe dLffeUeQW SaWWeUQV Rf TAD
RUJaQL]aWLRQ LQ WKe JeQRPLc UaQJe ZLWKLQ ZKLcK WKe UeJXOaWRU\ eOePeQWV aUe ORcaWed. See FLJ R3
beORZ --- Ze aOVR LQcOXded WKLV fLJXUe aV WKe QeZ FLJ S5 LQ WKe UeYLVed PaQXVcULSW.
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FLJ R3. TKUee e[aPSOe JeQeV: APBB1IP (e[aPSOe LQ WKe RULJLQaO PaQXVcULSW); SVIL aQd
TSPAN15 (WZR addLWLRQaO caVeV). FLJXUe Oa\RXW URXJKO\ UeSOLcaWeV FLJ 3N LQ WKe PaQXVcULSW. TRS
fLYe URZV: CRORUed bORcNV LQdLcaWe WKe TAD VROXWLRQV fRU WKe fLYe ceOO OLQeV, aV LdeQWLfLed fURP RXU
MXOWL-CD aOJRULWKP. CRORUed KaLU\ OLQeV VKRZ WKe RNA-VeT VLJQaO fRU WKe UeVSecWLYe ceOO OLQeV.
BOacN KRUL]RQWaO baU & JUa\ VKade: NQRZQ SRVLWLRQ UaQJe Rf WKe JeQe RQ cKURPRVRPe. BRWWRP
URZ: SRVLWLRQV Rf aOO NQRZQ UeJXOaWRU\ eOePeQWV fRU WKe JeQe, aV LQ WKe GeQeHaQceU daWabaVe
(FLVKLOeYLcK eW aO., 2007). AOO LQfRUPaWLRQ LV ZLWK UeVSecW WR WKe KXPaQ JeQRPe aVVePbO\
GRCK37 (KJ19), cRQVLVWeQW ZLWK ZKaW Ze XVed LQ WKe PaQXVcULSW.

R1-4. OQO\ SaUW Rf WKe VKRUW aUP Rf cKU10 LV VKRZQ LQ WKLV VWXd\. DLd WKe aXWKRUV cRQVWUXcW WKe
PRdeO fRU WKe ZKROe cKU10 aQd caOcXOaWe WKe SURSeUWLeV, RU fRU RQO\ a SaUW Rf cKU10? TKe
cRPSRQeQW Rf WKe PRdeO LV QRW VR cOeaUO\ deVcULbed LQ WKLV VWXd\. I WKLQN WKe UeVXOWV Rf SaUaPeWeU
Ȝ ZLOO cKaQJe a ORW fRU dLffeUeQW ceOOV, cKURPRVRPeV, aQd UeJLRQV (FLJ. S2).

AV WKe UeYLeZeU QRWLced, RQO\ a 10-Mb VXbVeW Rf cKU10 LV VKRZQ LQ FLJ 3 aQd FLJ S2 Rf RXU
PaQXVcULSW. BXW, WKLV LV MXVW a cKRLce fRU WKe cOaULW\ Rf YLVXaOL]aWLRQ, VR WKaW WKe VPaOOeU-VcaOe
feaWXUeV OLNe WKe VXb-TADV aUe beWWeU LdeQWLfLed WR WKe e\eV. TKe acWXaO VWaWLVWLcaO aQaO\VLV ZaV
caUULed RXW fRU WKe eQWLUe cKU10.

MRUe VSecLfLcaOO\, Ze dLYLded WKe cKURPRVRPe cKU10 (ZLWK a WRWaO OeQJWK a133 Mb) LQWR WKUee
VXbVeWV Rf OeQJWKV a40 Mb (RU a800 bLQV aW 50-Nb UeVROXWLRQ), aQd aSSOLed MXOWL-CD VeSaUaWeO\
WR eacK Rf WKeVe WKUee VXbVeWV. TKLV VXbVeW aSSURacK KeOSV WKe KaQdOLQJ Rf WKe cRPSXWaWLRQaO
WUadeRff, becaXVe WKe cRPSXWaWLRQ cRVW LQcUeaVeV ZLWK WKe VL]e Rf WKe JeQRPLc UaQJe cRYeUed.
We cRQfLUPed WKaW WKe UeVXOWLQJ dRPaLQ VROXWLRQV aUe QRW VeQVLWLYe WR WKe VL]e Rf WKe JeQRPLc
VXbVeW WR ZKLcK WKe MXOWL-CD aOJRULWKP LV aSSOLed, aV ORQJ aV WKe dRPaLQV aUe fXOO\ LQcOXded LQ
WKe VeOecWed VXbVeW (Vee FLJ C LQ RXU S3 ASSeQdL[). TKLV PeaQV WKaW, Lf WKeUe LV a ³WUXe´ dRPaLQ
WKaW RccXSLeV a UaQJe Rf JeQRPLc ORcaWLRQV 22-23Mb, RXU MXOWL-CD aOJRULWKP (aW a VXLWabOe YaOXe
Rf Ȝ) ZLOO UecRYeU WKLV dRPaLQ QR PaWWeU ZKeWKeU Ze UXQ WKe aOJRULWKP RQ WKe eQWLUe 0-120Mb
cKURPRVRPe, a 0-40Mb VXbVeW, RU a 20-30Mb VXbVeW.
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FLQaOO\, Ze ZRXOd OLNe WR cOaULf\ WKaW Ȝ LV aQ aX[LOLaU\ SaUaPeWeU LQ RXU PRdeO --- LW LV XVed OLNe a
WXQLQJ NQRb fRU WKe RSWLPL]aWLRQ SURbOeP, VXcK WKaW WKe XVeU caQ VcaQ a UaQJe Rf Ȝ YaOXeV aQd
fLQd WKe SRLQW ZKeUe WKe UeVXOWLQJ VROXWLRQ LV Pa[LPaOO\ UeOeYaQW. HeUe WKe QRWLRQ Rf ³UeOeYaQW´
Pa\ YaU\ deSeQdLQJ RQ WKe dRPaLQ Rf LQWeUeVW: LQ RUdeU WR fLQd WKe TADV, Ze ORRNed fRU WKe Ȝ
ZKeUe WKe dRPaLQ VROXWLRQV aUe PRVW VWURQJO\ cRQVeUYed acURVV dLffeUeQW ceOO W\SeV (FLJ 3K). OQ
WKe RWKeU KaQd, WR fLQd WKe cRPSaUWPeQWV, Ze ORRNed fRU WKe Ȝ ZKeUe WKe Rff-dLaJRQaO cRUUeOaWLRQ
SaWWeUQ LV beVW caSWXUed b\ WKe dRPaLQ VROXWLRQ (FLJ 4e). TKe e[acW YaOXe Rf WKLV Ȝ dReV QRW caUU\
PXcK LQfRUPaWLRQ, aQd (aV WKe UeYLeZeU cRUUecWO\ SRLQWV RXW) WKe acWXaO YaOXe Rf Ȝ Pa\ deSeQd
RQ WKe VSecLfLc daWaVeW aQd/RU WKe W\Se Rf SUeSURceVVLQJ.

ReYLeZeU #2

TKe aXWKRUV deYeORSed a HL-C daWa aQaO\VLV SLSeOLQe, caOOed MXOWL-CD, LQcOXdLQJ WZR VWeSV:
SUe-SURceVVLQJ aQd LQfeUeQce baVed RQ a SRO\PeU SK\VLcV aSSURacK aQd a VWaWLVWLcaO SK\VLcV
VaPSOLQJ aSSURacK. IQWeUeVWLQJO\, WKe\ fRUPXOaWed WKe LQfeUeQce SURbOeP ZLWK a VLQJOe SaUaPeWeU
Ȝ UeOaWLQJ WR PXOWL-VcaOe cKURPaWLQ dRPaLQV aQd WULed WR SURYLde a XQLfLed fUaPeZRUN LQWR WKe
KLeUaUcKLcaO cKURPaWLQ RUJaQL]aWLRQ. SLJQLfLcaQWO\, WKe Ldea Rf cRPbLQLQJ WKe cRUUeOaWLRQ PaWUL[
aQd JURXS PRdeOLQJ LV YeU\ RULJLQaO aQd LQQRYaWLYe LQ WKe fLeOd Rf 3D JeQRPe SK\VLcaO bLRORJ\.
AV VKRZQ LQ FLJXUe 6, WKe RXWcRPeV b\ WKLV PeWKRd aUe cRQVLVWeQW ZLWK RWKeU UeSRUWed PeWKRdV.
BeVLdeV, WKe KLeUaUcKLcaO RUJaQL]aWLRQ Rf cKURPaWLQ dRPaLQ faPLOLeV LQ FLJXUe 5 cOeaUO\ VKRZV
WKaW WKeLU XQLfLed fUaPeZRUN ZRUNV ZeOO. HRZeYeU, WKLV PaQXVcULSW LQcOXdeV OLWWOe bLRORJLcaO
LQVLJKWV. TKe UeYLeZeU VXJJeVWV WKaW WKLV PeWKRdRORJLcaO fUaPeZRUN LV ZRUWK SXbOLVKLQJ aV QRW a
UeVeaUcK SaSeU bXW a PeWKRd RQe. BefRUe a fLQaO aVVeVVPeQW, WKe aXWKRUV Qeed WR addUeVV WKe
fROORZLQJ cRPPeQWV LQ a UeYLVed PaQXVcULSW.

TKaQN \RX fRU KLJKOLJKWLQJ WKe LdeaV aQd LQQRYaWLRQV LQ RXU PeWKRd! TKaQN \RX aOVR fRU WKe
caUefXO UeYLeZ Rf WKe PaQXVcULSW. ReJaUdLQJ \RXU cRPPeQW RQ WKe VcRSe: ZKeUeaV WKe SULPaU\
cRQWULbXWLRQ Rf RXU ZRUN LV a PeWKRdRORJLcaO fUaPeZRUN WR cKaUacWeUL]e a faPLO\ Rf cKURPaWLQ
dRPaLQ VROXWLRQV acURVV PXOWLSOe VcaOeV, Ze aOVR aSSOLed WKe PeWKRd WR aQaO\]e cKURPRVRPeV
fURP fLYe dLffeUeQW ceOO OLQeV, ZKLcK UeYeaOed a QXPbeU Rf QeZ LQVLJKWV. We beOLeYe PLRS CRPS.
BLRO. LV WKe beVW SOace fRU SXbOLVKLQJ WKLV ZRUN.

LeW XV SURYLde SRLQW-WR-SRLQW UeVSRQVeV WR \RXU cRPPeQWV beORZ.

MaMRU:

R2-1) aW O399: ȖLM KaV a SK\VLcaO XQLW [P^-2]. TKeUefRUe, VWLffQeVV RU WKe VSULQJ cRQVWaQW LV QRW WKe
cRUUecW e[SUeVVLRQ.

TKe ȖLM (aN/NBT) aPRXQWV WR WKe ``VWLffQeVV'' RU WKe ``VSULQJ cRQVWaQW'' Rf WKe KaUPRQLc SRWeQWLaO,
dLYLded b\ a facWRU Rf WKe eQeUJ\ XQLW NBT. IQ WKe UeYLVed PaQXVcULSW, Ze XSdaWed WKe We[W
deVcULSWLRQ WR cOaULf\ WKLV.
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R2-2) aW O441: IW LV QRW cOeaU KRZ WR VROYe ETXaWLRQ (4) fURP SLM WR ȖLM LQ WKLV PeWKRd, aOWKRXJK WKe
XQLTXeQeVV PLJKW be cRQfLUPed.

We QXPeULcaOO\ ³LQYeUW´ WKe fXQcWLRQ S = f(Ȗ), ZKeUe S=SLM aQd Ȗ=ȖLM fRU eacK SaLU Rf JeQRPLc
VeJPeQWV (L,M), b\ SeUfRUPLQJ a VLPSOe WabOe-VeaUcK (aOVR Vee FLJ R4 beORZ). TKe S-Ȗ UeOaWLRQVKLS
LV ZULWWeQ aV aQ LQWeJUaO

,Ջ ࡙  
0

Ս
𝑐

∫ 𝑑Ս 𝑃೻Ս;  γ೼ 𝑃೻Ս, γ೼ ࡙  4
π

γ3/2Ս2ՀՓՋ೻ࡓ γՍ2೼

ZKeUe U = ULM LV WKe dLVWaQce beWZeeQ WKe WZR VeJPeQWV, aQd Uc LV a cXWRff dLVWaQce beORZ ZKLcK
WKe WZR VeJPeQWV caQ be WKRXJKW Rf aV beLQJ LQ cRQWacW. TKe LQWeJUaQd P(U; Ȗ) LV aOVR JLYeQ LQ ET
2 LQ WKe PaQXVcULSW. FRU WKe QXPeULcaO SURcedXUe, Ze VLPSOLf\ WKLV b\ LQWURdXcLQJ aQ aX[LOLaU\
YaULabOe W VXcK WKaW W2 = Ȗ * U2. WLWK WKe UeOaWLRQVKLS LV WKeQ UeZULWWeQ aV:𝑑Տ ࡙  γ 𝑑Ս,

,Ջ ࡙  
0

𝑇

∫ 𝑑Տ Ք೻Տ೼ Ք೻Տ೼ ࡙  2
π  Տ2ՀՓՋ೻ࡓ 1

2 Տ2೼

NRWe WKaW WKe QeZ XSSeU bRXQd T LV a PRQRWRQLc fXQcWLRQ Rf Ȗ (UeOaWed aV T2 = Ȗ * Uc
2).

FLJ R4. TKe WRS SaQeO VKRZV WKe LQWeJUaQd, \(W) = VTUW(2/SL) *(W^2) e[S(-(1/2) W^2), aV a fXQcWLRQ Rf
WKe LQWeJUaWLRQ YaULabOe W. TKe bRWWRP SaQeO VKRZV WKe defLQLWe LQWeJUaO Rf \(W) fURP W=0 WR W=T, aV
a fXQcWLRQ Y(T) Rf WKe XSSeU bRXQd Rf WKe LQWeJUaO T. FRU WKe QXPeULcaO LQWeJUaWLRQ, Ze XVed a
VLPSOe UecWaQJXOaU UXOe ZLWK OefW-KaQd SRLQWV, XVLQJ a bLQ VL]e Rf dW=0.05. BecaXVe WKe LQWeJUaQd
LV VPRRWK aQd SRVLWLYe, WKLV ZaV VXffLcLeQW WR RbWaLQ WKe SUecLVLRQ Rf WKe QXPeULcaO LQWeJUaWLRQ
WKaW Ze Qeed fRU WKe cXUUeQW SXUSRVeV (L.e., fRU SURceVVLQJ WKe e[aPSOe HL-C daWa aQaO\]ed LQ
RXU SaSeU).
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BecaXVe Y(T) LV a VPRRWK aQd PRQRWRQLcaOO\ LQcUeaVLQJ fXQcWLRQ Rf T, Ze caQ eaVLO\ JR fURP S =
Y(T) WR WKe aX[LOLaU\ YaULabOe T (Vee WKe cRORUed OLQeV LQ FLJ R4), WKeQ cRQYeUW LW bacN WR Ȗ aW fL[ed
Uc. IW WXUQV RXW WKaW WKe cKRLce Rf WKLV cXWRff dLVWaQce Uc dReV QRW affecW WKe cRUUeOaWLRQ PaWUL[ WKaW
UeVXOWV fURP RXU SUeSURceVVLQJ SLSeOLQe (WKLV deSeQdV RQ aQ aVVXPSWLRQ WKaW Ze PaNe WR KaQdOe
WKe PLVVLQJ VeOf-cRQWacW LQfRUPaWLRQ; fRU deWaLOV SOeaVe Vee WKe We[W aURXQd ET 5 LQ RXU
PaQXVcULSW).

TKLV QXPeULcaO VROXWLRQ LV cOeaUO\ dePRQVWUaWed LQ RXU cRde (ZKLcK LV aOUead\ Pade SXbOLcO\
aYaLOabOe). We aOVR added PRUe deVcULSWLRQ WR WKe MeWKRdV VecWLRQ LQ WKe UeYLVed PaQXVcULSW.

R2-3) aW O444 aQd ETXaWLRQ (5): WKe aVVXPSWLRQ ıLL = ıMM = ıc = PedLaQ(1/4ȖLM) LV WRR aUbLWUaU\.
TKe UeYLeZeU JXeVVeV WKaW WKe aXWKRUV cRXOd QRW deULYe WKe RQe-WR-RQe cRQQecWLRQ beWZeeQ ȖLM
aQd ıLM.
AccRUdLQJ WR a ULJRURXV WKeRU\ Rf WKe GaXVVLaQ SRO\PeU QeWZRUN [55 aQd
KWWSV://dRL.RUJ/10.1016/M.cVbM.2020.08.014], WKe KLUcKKRff RU LaSOacLaQ PaWUL[ LV SRVLWLYe
VePLdefLQLWe, aQd WKe VPaOOeVW eLJeQYaOXe LV 0 ZLWK WKe eLJeQYecWRU SURSRUWLRQaO WR (1, 1, ..., 1).
TKeUefRUe, aQ LQYeUVe PaWUL[ dReV QRW e[LVW. OQ WKe RWKeU KaQd, ȖLM^-1 = 2(ıLL + ıMM - 2ıLM) aW O405
LV a ULJRURXV UeOaWLRQVKLS. BeVLdeV, WKe PaWUL[ Ȉ=(ıLM) VaWLVfLeV Ȉ (1, 1, ..., 1)^T = 0. UVLQJ WKLV
UeOaWLRQ, Ze caQ deULYe (ȖLM^^-1`) (1, 1, ..., 1)^T = 2 A (ı11, ı22, ..., ıNN)^T, ZKeUe WKe dLaJRQaO
eOePeQWV Rf WKe PaWUL[ A aUe N+1 aQd WKe QRQ-dLaJRQaO eOePeQWV aUe 1. TKe LQYeUVe PaWUL[ Rf A
LV \fUac^1`^2N^2` B, ZKeUe WKe dLaJRQaO eOePeQWV Rf WKe PaWUL[ B aUe 2N-1 aQd WKe QRQ-dLaJRQaO
eOePeQWV aUe -1. TKeUefRUe, Ze caQ deULYe WKe dLaJRQaO eOePeQWV (ı11, ı22, ..., ıNN) RQO\ fURP
WKe PaWUL[ (ȖLM^^-1`) aQd VROYe WKe eTXaWLRQ ȖLM^-1 = 2(ıLL + ıMM - 2ıLM) ZLWKRXW WKe aVVXPSWLRQ ıLL =
ıMM = ıc = PedLaQ(1/4ȖLM).

We aJUee ZLWK WKe UeYLeZeU WKaW WKe cKRLce Rf ıLL = ıMM = ıc = PedLaQ(1/4ȖLM) LV aUbLWUaU\, aQd
WKaQN WKe UeYLeZeU fRU ZRUNLQJ RXW WKeLU VXJJeVWLRQ VR cOeaUO\. HRZeYeU, eYeQ ZLWK WKLV
deULYaWLRQ, WKeUe ZaV a UeaVRQ ZK\ Ze Qeeded WKLV e[WUa aVVXPSWLRQ LQ WKe PRdeO --- WKe
SURbOeP LV XQdeUdeWeUPLQed becaXVe Ze dR QRW KaYe WKe dLaJRQaOV ȖLL, becaXVe WKe dLaJRQaO
eOePeQWV LQ WKe UaZ HL-C PaWUL[ aUe PLVVLQJ. WKeUeaV HL-C UeSRUWV WKe OLJaWLRQ cRXQWV fRU aOO
dLVWLQcW JeQRPLc VeJPeQW SaLUV, QRW aOO e[SeULPeQWV UeSRUW WKe VeOf-OLJaWLRQ cRXQWV, ZKLcK
cRUUeVSRQd WR WKe dLaJRQaO eOePeQWV LQ WKe PaWUL[; WKe daWaVeW Ze SULPaULO\ XVed fRU WKLV VWXd\
(RaR eW aO., 2014) aOVR OacNV WKe VeOf-OLJaWLRQ LQfRUPaWLRQ.

TKeUefRUe, Ze Qeeded WR PaNe Vome aVVXPSWLRQV WR fLOO LQ WKe PLVVLQJ LQfRUPaWLRQ fRU WKe
dLaJRQaO eOePeQWV. We WULed WR PaNe WKLV aV WUaQVSaUeQW aV SRVVLbOe LQ WKe deVcULSWLRQ Rf WKe
PeWKRdV. OXU cKRLce Rf XVLQJ WKe PedLaQ YaOXe LV QRW SaUWLcXOaUO\ MXVWLfLabOe, bXW LW KaV aQ
adYaQWaJe WKaW WKe UeVXOWLQJ cRUUeOaWLRQ PaWUL[ becRPeV LQVeQVLWLYe WR WKe cKRLce Rf WKe cXWRff
dLVWaQce Uc, aQd LW VeePV WR ZRUN LQ a VWabOe Za\. We ZLOO be KaSS\ WR Vee a fXWXUe ZRUN WKaW
LPSURYeV WKLV SaUW Rf WKe PRdeO.
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R2-4) AOWKRXJK WKe UeYLeZeU caQQRW YeULf\ WKe MaWOab cRdeV, LQfRUPaWLRQ UeJaUdLQJ WKe
cRPSXWaWLRQaO caOcXOaWLRQ WLPe WR RbWaLQ aQ RSWLPaO VROXWLRQ fRU a SaUaPeWeU Ȝ PXVW be XVefXO fRU
PLOS CB UeadeUV.

OXU RULJLQaO PaQXVcULSW Kad a bULef dLVcXVVLRQ Rf WKe LVVXeV UeOaWed WR WKe cRPSXWaWLRQaO cRVW aV
SaUW Rf S3 ASSeQdL[, bXW Ze aJUee ZLWK WKe UeYLeZeU WKaW WKLV LQfRUPaWLRQ VKRXOd be Pade PRUe
acceVVLbOe WR be XVefXO. We added a VXbVecWLRQ WKaW dLVcXVVeV WKe SaUaPeWeUV LQ WKe PRdeO WKaW
affecWV WKe cRPSXWaWLRQaO cRVW, aORQJ ZLWK VRPe SUacWLcaO QRWeV WR JXLde XVe caVeV, XQdeU a QeZ
KeadLQJ ³CRPSXWaWLRQaO cRVW´ LQ S3 ASSeQdL[. TKe dRcXPeQWaWLRQ WR RXU MaWOab cRde aOVR
LQcOXdeV a VLPLOaU JXLde.

R2-5) IQ WeUPV Rf bLRLQfRUPaWLcV aQd cRPSXWaWLRQaO aSSURacKeV, WKe SaUaPeWeU Ȝ ZRXOd be aQ
e[ceOOeQW PeaVXUe WR LdeQWLf\ PXOWL-VcaOe cKURPaWLQ dRPaLQV. AOVR, WKe aXWKRUV KaYe dLVcXVVed
WKe LQWeUSUeWaWLRQ Rf Ȝ aV WKe QeJaWLYe cKePLcaO SRWeQWLaO. HRZeYeU, Lf WKe aXWKRUV aUe
UeVSRQVLbOe fRU WKe PeaQLQJ Rf Ȝ LQ WeUPV Rf SK\VLcV, WKe\ VKRXOd dLVcXVV aQd SURSRVe a Za\ WR
fLQd a SK\VLcaO PeaQLQJ Rf Ȝ b\ e[SeULPeQWV.

OXU LQWeUSUeWaWLRQ Rf WKe SaUaPeWeU Ȝ aV WKe (QeJaWLYe) effecWLYe cKePLcaO SRWeQWLaO KLJKOLJKWV WKe
PaWKePaWLcaO aQaORJ\ WR WKe ZeOO-VWXdLed VWaWLVWLcaO SK\VLcV fRUPXOaWLRQ, ZKLcK SURYLdeV a beWWeU
XQdeUVWaQdLQJ Rf WKe SURbOeP aW KaQd aQd JXLdeV WKe LQfeUeQce aSSURacK. IQ WeUPV Rf RXU
cOXVWeULQJ SURbOeP, WKe effecWLYe cKePLcaO SRWeQWLaO aPRXQWV WR WKe dLffeUeQce LQ WKe effecWLYe
HaPLOWRQLaQ WKaW LV aVVRcLaWed ZLWK WKe cUeaWLRQ Rf a QeZ dRPaLQ RU WKe PeUJLQJ Rf WZR dRPaLQV
LQWR RQe. ASSaUeQWO\, WKe cKURPaWLQ dRPaLQV aUe QRW UeaO SaUWLcOeV, aQd WKeUefRUe WKe\ dR QRW
KaYe aQ\ WUXe SK\VLcaO cKePLcaO SRWeQWLaO; WKaW LV ZK\ Ze cKRRVe WR WUeaW Ȝ aV a YaULabOe
SaUaPeWeU aQd aWWePSW WR fLQd WKe YaOXe Rf Ȝ WKaW LV PRVW PeaQLQJfXO WR WKe VSecLfLc cRQWe[W Rf
WKe SURbOeP.

MLQRU:

R2-L) W\SR aW O76: WKe SUeVeQce "Rf" Rf ceOO-WR-ceOO ... RePRYe "Rf."

TKaQNV, WKe W\SR KaV beeQ fL[ed.

R2-LL) aW O396: ETXaWLRQ (2) dReV QRW UeSUeVeQW WKe dLVWaQce dLVWULbXWLRQ bXW WKe SURbabLOLW\
deQVLW\ fXQcWLRQ Rf WKe dLVWaQce.

TKaQN \RX fRU WKe caUefXO UeadLQJ. We cRUUecWed WKLV LQ WKe UeYLVed PaQXVcULSW.
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