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1 Rephasing and nonrephasing signals for a three-level

system within the Born-Oppenheimer approxima-

tion

Since the Eqs. (6)–(8) of the main text are rarely found in that form, let us summarize

how they can be obtained from the expressions that are easily found in the literature. The

third-order response functionS1,S2

R(3)(t3, t2, t1) =
4∑

α=1

[Rα(t3, t2, t1)−Rα(t3, t2, t1)∗] (1)

can be expressed in terms of correlation functions

R1(t3, t2, t1) = C(t2, t3, t1 + t2 + t3), (2)

R2(t3, t2, t1) = C(t1 + t2, t3, t2 + t3), (3)

R3(t3, t2, t1) = C(t1, t2 + t3, t3), (4)

R4(t3, t2, t1) = C(−t3,−t2, t1), (5)

where

C(τa, τb, τc) = Tr[ρ̂µ̂eiĤτa/~µ̂eiĤτb/~µ̂e−iĤτc/~µ̂e−iĤ(τa+τb−τc)/~]. (6)

In Eq. (6), we use the bold font to denote S × S matrices representing operators act-

ing on the electronic subspace and hat ˆ to denote operators acting on the nuclear sub-

space; the trace is taken over both nuclear and electronic degrees of freedom. Hence,

ρ̂ = exp(−βĤ)/Tr[exp(−βĤ)] is the full molecular density matrix, Ĥ is the molecular

Hamiltonian, and µ̂ is the dipole moment matrix. Equations (2)–(6) can be easily compared

to those found in the literature, for example, with Eqs. (3.5a)–(3.6) of Ref. S2.

We now consider only three electronic states and invoke the following approximations:
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1. Born-Oppenheimer approximation: Ĥ = diag(Ĥ1, Ĥ2, Ĥ3).

2. Resonance condition: Only transitions between states 1 and 2 or 2 and 3 are allowed:

µ̂ =


0 µ̂21 0

µ̂12 0 µ̂23

0 µ̂32 0

 . (7)

3. The system is initially in the ground electronic state, i.e., the temperature effects on the

electronic subspace are neglected: ρ̂ = diag(ρ̂, 0, 0), where ρ̂ = exp(−βĤ1)/Tr[exp(−βĤ1)].

Then, we take the trace over the electronic subspace in Eq. (6) to arrive at

C(τa, τb, τc) ≈ C1(τa, τb, τc) + C3(τa, τb, τc), (8)

where C1 and C3 are defined according to Eq. (8) of the main text.

Finally, as discussed in Ref. S2, under the rotating-wave approximation, the rephasing

and nonrephasing signals are given by

SR(t3, t2, t1) = R2(t3, t2, t1) +R3(t3, t2, t1)−R1(t3, t2, t1)∗, (9)

SNR(t3, t2, t1) = R1(t3, t2, t1) +R4(t3, t2, t1)−R2(t3, t2, t1)∗. (10)

Although each Rα splits into two terms of the right-hand side of Eq. (8), only one of those

terms remains under the rotating-wave approximation. Therefore, Eqs. (9) and (10) lead to

Eqs. (6) and (7) of the main text.

2 Conjugation rules in thermo-field dynamics

In the main text, we have introduced the fictitious Hilbert space with an orthonormal basis

{|k̃〉}, which is related to the physical system (with the orthonormal basis {|k〉}) through
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the conjugation rulesS3

(ÂB̂)̃ = ˆ̃A ˆ̃B, (11)

(Â|α〉)̃ = ˆ̃A|α̃〉, (12)

(aÂ+ bB̂)̃ = a∗ ˆ̃A+ b∗ ˆ̃B, (13)

(a|α〉+ b|β〉)̃ = a∗|α̃〉+ b∗|β̃〉, (14)

where the operators (Â, B̂) act on and states (|α〉, |β〉) belong to the original (without tilde)

or fictitious (with tilde) Hilbert spaces; a and b are complex numbers.

Let |α〉 =
∑

k ak|k〉. Then, |α̃〉 =
∑

k a
∗
k|k̃〉,

〈α̃|β̃〉 =
∑
k

akb
∗
k = 〈β|α〉, (15)

and

〈α̃′| ˆ̃A|α̃〉 = 〈α̃′| ˆ̃Aα̃〉 = 〈Âα|α′〉 = 〈α|Â†|α′〉, (16)

where in the second step of Eq. (16) we used Eqs. (12) and (15).

We now complete the proof of the main text, namely the step connecting Eqs. (17) and

(18) of the main text, as follows:

〈k̃1|e−i
ˆ̃H1(τa+τb−τc)/~|k̃2〉 = 〈k̃1|

[
eiĤ1(τa+τb−τc)/~

]̃
|k̃2〉 (17)

= 〈k2|
[
eiĤ1(τa+τb−τc)/~

]†
|k1〉 (18)

= 〈k2|e−iĤ1(τa+τb−τc)/~|k1〉, (19)

where in (17) we used the conjugation rules (11) and (13), in going from (17) to (18) we

used Eq. (16), and in the last step we used the fact that the Hamiltonian is Hermitian.
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3 Thermo-field dynamics expression for C(τa, τb, τc) be-

yond the Born-Oppenheimer approximation

In the main text, we invoked the Born–Oppenheimer approximation so that the thermo-

field dynamics expression could be easily combined with the thawed Gaussian wavepacket

dynamics. Of course, in many systems of interest, such as excitonic or multichromophoric

systems, or photochemically active molecules, the coupling between electronic states must

be included in the calculations. Here, we present the result beyond the Born-Oppenheimer

approximation.

As in Eq. (11) of the main text, we define the thermal vacuum, now in the extended

molecular (electronic and vibrational) Hilbert space:

|0̄(β)〉 = ρ̂1/2
∑
k

|kk̃〉. (20)

In other words, the state |0̄(β)〉 is described not only by a doubled number of vibrational

coordinates, but also a doubled number of electronic degrees of freedom. Following similar

steps as in the derivation of the main text, we can rewrite Eq. (6) (see Sec. 1 of the Supporting

Information) as

C(τa, τb, τc) = 〈φ̄τb,τa|φ̄0,τc〉, (21)

where

|φ̄τ,t〉 = e−i
ˆ̄Hτ/~µ̂e−i

ˆ̄Ht/~µ̂|0̄(β)〉 (22)

and ˆ̄H = Ĥ− ˆ̃H. The result (21) accounts for coupled electronic states and thermal popula-

tion of excited electronic states. Importantly, Eq. (21) justifies the thermo-field wavepacket

picture even beyond the Born–Oppenheimer approximation.
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4 Rephasing and nonrephasing two-dimensional spec-

tra

In Figs. S1 and S2, we show separately the rephasing and nonrephasing contributions to

the total absorptive spectra of the main text. The rephasing spectrum exhibits a “checker-

board” pattern,S4,S5 whereas the nonrephasing peaks appear only along the diagonal.S6 The

interesting nodal structure of the nonrephasing spectrum at t2 = 0 is a consequence of the

broadening. As discussed in Refs. S7 and S2, the peak lineshape exhibits a “phase twist” due

to the so-called dispersive component of the broadening function. In the nonrephasing spec-

trum, the negative intensities about a peak centered at (Ω1,Ω3) appear at (ω1 > Ω1, ω3 > Ω3)

and (ω1 < Ω1, ω3 < Ω3) [see, e.g., Fig. 3(b) of Ref. S2]. By simple addition, these negative

features become enhanced in between the diagonal peaks (see Fig. S2, bottom). Contrary

to general knowledge, this nodal structure does not disappear when we sum the rephasing

and nonrephasing spectra (see, e.g., Fig. S3, top). Due to coherent vibrational dynamics,

the nonrephasing and rephasing spectra are different. More precisely, the diagonal peaks of

the nonrephasing spectrum are much stronger than the same peaks in the rephasing spec-

trum and, therefore, their dispersive contributions do not cancel out completely in the total

spectrum.S2,S7 Consequently, the total spectrum, given by the sum of the rephasing and non-

rephasing spectra, is not necessarily composed of purely absorptive peaks. Similar pattern

can be seen, for example, in Fig. 4 (leftmost panels showing spectra at t2 = 0) of Ref. S8.
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Figure S1: Rephasing (top) and nonrephasing (bottom) contributions to the two-dimensional
spectra from Fig. 2 of the main text at zero temperature (left) and at T = 300 K (right).
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Figure S2: Rephasing (top) and nonrephasing (bottom) contributions to the two-dimensional
spectra from Fig. 4 of the main text, computed with the on-the-fly ab initio single-Hessian
thawed Gaussian approximation (“Anharmonic”, left), harmonic approximation (middle),
and the displaced harmonic oscillator (DHO) model (right).
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5 Two-dimensional spectra at t2 > 0

Figure S3: Two-dimensional electronic spectra [Eq. (3) of the main text] at delay times
t2 = 0, 5, 10 fs, computed with the on-the-fly ab initio single-Hessian thawed Gaussian ap-
proximation (“Anharmonic”) at 0 K (first column) and 300 K (second column), harmonic
approximation at 300 K (third column), and the displaced harmonic oscillator (DHO) at
300 K model (fourth column). Each spectrum shows the sum of the ground-state bleach and
stimulated emission terms [first two terms on the right-hand sides of Eqs. (6) and (7) of
the main text] corresponding to the S1–S0 electronic transition in azulene. At zero delay,
the ground-state bleach and stimulated emission contributions are indistinguishable. How-
ever, already after 5 or 10 fs, the stimulated emission signal moves away from the diagonal,
whereas the ground-state bleach spectrum remains close to the diagonal. At later t2 de-
lays (see Fig. S4), the stimulated emission starts returning towards the diagonal, reflecting
coherent wavepacket dynamics in the excited electronic state. Indeed, the period of about
20–25 fs corresponds to the faster displaced modes (see Table S1). However, the recurrence
is incomplete due to the slower dynamics in the other highly displaced modes.
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Figure S4: Same as Fig. S3 but for delay times t2 = 15, 20, 25 fs.

Table S1: The most displaced modes of azulene. Ground-state frequencies ωi of the normal
modes are reported in terms of the wavenumber. The dimensionless displacements are defined
as ∆i = |

√
ωi/~q2,i|, where q2 is the excited-state minimum geometry expressed in the mass-

scaled normal mode coordinates of the ground electronic state and q2,i is its component along
mode i. Only the modes with ∆i > 0.25 are shown.

Wavenumber / cm−1 Displacement
1660 0.92
1490 0.83
1425 1.22
1304 0.68
834 1.44
677 0.78
403 0.49
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6 |SR(t3, 0, t1)| at short t1 and t3 times

Figure S5: First 6 fs of |SR(t3, 0, t1)| (see Fig. 4 of the main text) computed with the on-
the-fly ab initio thawed Gaussian approximation (“Anharmonic”), harmonic approximation,
and the displaced harmonic oscillator (DHO) model.
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7 (A)symmetry of the rephasing and nonrephasing sig-

nals in the time domain

Figure S6: Absolute value of the nonrephasing time-domain signal (|SNR(t3, 0, t1)|) at zero
time delay (t2 = 0), including only the ground-state bleach and stimulated emission terms
[first two terms on the right-hand side of Eq. (7) of the main text], computed with the on-
the-fly ab initio single-Hessian thawed Gaussian approximation (“Anharmonic”, left), har-
monic approximation (middle), and the displaced harmonic oscillator (DHO) model (right)
at 300 K.

In Fig. S6, we show that the absolute value of the nonrephasing signal SNR(t3, 0, t1) at t2 = 0

is symmetric with respect to the diagonal t1 = t3 for all three—anharmonic, harmonic, and

the displaced harmonic oscillator—models, whereas the rephasing signal |SR(t3, 0, t1)| (Fig. 4

of the main text) exhibits this symmetry only for the displaced harmonic oscillator model.

Indeed, if we assume the Condon approximation (µ̂21 ≈ µ = const.) and include only the

ground-state bleach and stimulated emission contributions, the nonrephasing signal at t2 = 0

can be rewritten as a function of t1 + t3:

SNR(t3, 0, t1) = C1(0, t3, t1 + t3) + C1(−t3, 0, t1) (23)

= 2|µ|4Tr[ρ̂eiĤ1(t1+t3)/~e−iĤ2(t1+t3)/~] (24)

= SNR(t1, 0, t3) (25)
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and is, therefore, symmetric with respect to the exchange of t1 and t3. In going from (23)

to (24), we used the definition of C1 [Eq. (8) of the main text], the Condon approximation,

the fact that ρ̂ commutes with the ground-state vibrational Hamiltonian Ĥ1, and the cyclic

property of the trace. The same, however, does not hold for the rephasing contribution:

SR(t3, 0, t1) = 2C1(t1, t3, t3) (26)

= 2|µ|4Tr[ρ̂eiĤ2t1/~eiĤ1t3/~e−iĤ2t3/~e−iĤ1t1/~] (27)

6= 2|µ|4Tr[ρ̂eiĤ2t3/~eiĤ1t1/~e−iĤ2t1/~e−iĤ1t3/~] (28)

= SR(t1, 0, t3). (29)

Yet, within the displaced harmonic oscillator model, the symmetry is recovered for the

absolute value of SR(t1, 0, t3). This is discussed in the following Section.

8 Symmetry of the two-dimensional signal within the

second-order cumulant approximation

Within the second-order cumulant method,S1 assuming only two electronic states (i.e., ne-

glecting the excited-state absorption) and the Condon approximation (µ̂ ≈ µ = const.), the

components Rα(t3, t2, t1) of the third-order response function (1) are approximated as

R1(t3, t2, t1) = |µ|4e−iω21t1−iω21t3e−g(t3)∗−g(t1)−f+(t3,t2,t1), (30)

R2(t3, t2, t1) = |µ|4eiω21t1−iω21t3e−g(t3)∗−g(t1)∗+f+(t3,t2,t1)∗ , (31)

R3(t3, t2, t1) = |µ|4eiω21t1−iω21t3e−g(t3)−g(t1)∗+f−(t3,t2,t1)∗ , (32)

R4(t3, t2, t1) = |µ|4e−iω21t1−iω21t3e−g(t3)−g(t1)−f−(t3,t2,t1), (33)

where

ω21 =
1

~
Tr[(V̂2 − V̂1)ρ̂] (34)
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is the thermally averaged electronic energy gap, V̂i are the potential energy operators in the

ground (i = 1) or excited (i = 2) electronic states,

g(t) =
1

~2

∫ t

0

dτ2

∫ τ2

0

dτ1Tr[eiĤ1τ1/~∆V̂ e−iĤ1τ1/~∆V̂ ρ̂], (35)

∆V̂ = V̂2 − V̂1 − ~ω21, and

f−(t3, t2, t1) = g(t2)− g(t2 + t3)− g(t1 + t2) + g(t1 + t2 + t3), (36)

f+(t3, t2, t1) = g(t2)∗ − g(t2 + t3)∗ − g(t1 + t2) + g(t1 + t2 + t3). (37)

For simple systems, such as a pair of harmonic potentials, exact quantum-mechanical

g(t) can be found analytically.S1,S9 The second-order cumulant expansion is exact only in

the special case of the displaced harmonic (Brownian) oscillator model. For general poten-

tials, efficient classical approximations to g(t) can be employed, at the price of introducing

additional approximations in the evaluation of the response function (1). Remarkably, it is

easy to show that, no matter how g(t) is computed, the symmetry relationship

|Rα(t3, t2, t1)| = |Rα(t1, t2, t3)|, α = 1, . . . , 4, (38)

holds for the four second-order cumulant expressions (30)–(33). For example, for R3 we have

|R3(t3, t2, t1)|2 = R3(t3, t2, t1)∗R3(t3, t2, t1) (39)

= e−g(t3)∗−g(t1)+f−(t3,t2,t1)e−g(t3)−g(t1)∗+f−(t3,t2,t1)∗ (40)

= e−2Re[g(t3)+g(t1)−f−(t3,t2,t1)] (41)

= e−2Re[g(t1)+g(t3)−f−(t1,t2,t3)] (42)

= |R3(t1, t2, t3)|2, (43)
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where (42) follows from (41) because

f−(t3, t2, t1) = f−(t1, t2, t3). (44)

Similar procedure can be followed for other Rα functions, where we also need to use the

relation:

Ref+(t3, t2, t1) = Ref+(t1, t2, t3). (45)

Since the exact Rα for the displaced harmonic oscillator model can be written in the form

of Eqs. (30)–(33), the proof holds in this special case as well.

Equation (38) implies that the symmetry with respect to exchanging t1 and t3 is present

for arbitrary delay t2. However, in experiments, one cannot measure individual components

of the response function but only their linear combination. For example, the signal measured

in the rephasing phase-matching direction isS2

SR(t3, t2, t1) = R2(t3, t2, t1) +R3(t3, t2, t1). (46)

Then,

|SR(t3, t2, t1)|2 = |R2(t3, t2, t1)|2 + |R3(t3, t2, t1)|2 + 2Re[R3(t3, t2, t1)∗R2(t3, t2, t1)] (47)

6= |SR(t1, t2, t3)|2 (48)

S-15



because

R3(t3, t2, t1)∗R2(t3, t2, t1) = e−g(t3)∗−g(t1)+f−(t3,t2,t1)e−g(t3)∗−g(t1)∗+f+(t3,t2,t1)∗ (49)

= e−2g(t3)∗−2Re[g(t1)]+f−(t3,t2,t1)+f+(t3,t2,t1)∗ (50)

= e−2g(t3)∗−2Re[g(t1)]+2g(t2)−2g(t2+t3)−2Re[g(t1+t2)]+2Re[g(t1+t2+t3)] (51)

6= e−2g(t1)∗−2Re[g(t3)]+2g(t2)−2g(t1+t2)−2Re[g(t2+t3)]+2Re[g(t1+t2+t3)] (52)

= e−2g(t1)∗−2Re[g(t3)]+f−(t1,t2,t3)+f+(t1,t2,t3)∗ (53)

= R3(t1, t2, t3)∗R2(t1, t2, t3). (54)

Nevertheless, the equality is restored at t2 = 0 because R2(t3, 0, t1) = R3(t3, 0, t1):

|SR(t3, 0, t1)|2 = 4|R3(t3, 0, t1)|2 = 4|R3(t1, 0, t3)|2 = |SR(t1, 0, t3)|2. (55)
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