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Supporting Information Text
Tissues as active two-component fluids

Mass conservation in growing tissues. In this work, we describe the tissue as a two-component system with (i) a cell phase
that accounts for cells and the surrounding extra-cellular matrix, and (ii) the interstitial fluid that permeates the cell phase.
Such a description has been introduced in Ref. (1). Here, we briefly review this approach to clarify the conceptual basis of
Eq. [6] in the main text.

The cell phase is characterized by a cell mass m€, a cell number density n¢, and a cell volume Q°, and we introduce similarly

mf, nf and Qf for the interstitial fluid. The assumption that the cells and the fluid fill completely the space is written as:

n°Q°+nfQf = 1. [1]

We use this assumption to define the cell volume fraction ¢ = n°Q° and the fluid volume fraction nfQf = 1 — ¢. Mass
conservation in the tissue reads:

8tp + aaja =0 3 [2}

where p = m°n° + minf is the tissue density and jo = m°nvS + mfnfof, is the total mass flux with v$f the cell and interstitial
fluid velocities. As a consequence of cell division and death, cell number is not conserved but obeys a continuity equation:

O’ + Oa(nvg) = n(ka — ka), [3]

where kq and k, are the rates of cell division and apoptosis respectively. Using mass conservation [2], the cell continuity
equation [3], and assuming a constant fluid particle mass, we obtain the continuity equation for the fluid particle density (2):
¢ n® d

f ff m- ¢
O’ + Oa(n'vy) = _Hn (ka — ka) — E&m s

; [4]

where d/dt = 0; 4+ v50, is the convected time derivative with respect to the cell flow. The above equation implies that a cell of
mass mC can be converted into m®/m’ fluid particles and vice versa when cells die or divide.
We define the total volume flux v, = n°Q°vS + nfQfvf,. Using Egs. [1], [3] and [4] we obtain the following expression for its

divergence (1):
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where we have defined p¢ = m°/Q° and p' = mf/Q! the cell and fluid particle mass densities. Assuming that cell and fluid
densities are constant and that p¢ = pf, the previous equation simplifies to yield dava = 0 (1). In the presence of the
drain, which imposes a nonvanishing fluid velocity at the inner boundary of the spheroid, the integration of the total flow
incompressibility in spherical coordinates yields Eq. [6] in the main text.

Constitutive equations for the isotropic and anisotropic parts of the cell stress. Following Refs. (1-3), we derive the constitutive
equations for the cell stress o5 for a permeated tissue in the presence of electric fields. We decompose the cell stress tensor
into an isotropic contribution ¢ and a traceless part Gg 4, such that ogz = G55 + 0°0as.

We first discuss the isotropic cell stress. Cell volume Q° and cell volume fraction ¢ are in general functions of the isotropic
cell stress o°, the anisotropic cell stress &g, the electric field Ea, and the velocity difference Vi, = vg, — vl,. A general equation
of state for the cell volume can therefore be written as:

QC = QC(Ucv qaﬁﬁ'gg,pan”paVa) ) [6}

and a similar expression for the cell volume fraction ¢. Since n® = ¢/Q°, we can use the equation of state [6] to write the time
dependence of the cell number density:
Ldn® _ 1do®  1d(gapdas)  1d(paFa) 1d(paVa)

nedt  xdt xo dt  x1 4t x2 dt [7

where x = n(9n°/90°) " and xo = n°[0n°/9(qasdis)] ", denotes the isotropic and anisotropic compressibilities of the cells,
and where we have defined the other compressibility coefficients as x1 = n°[On®/d(paFa)] ™", and x2 = n[0n°/3(paVa)] " .
To write the constitutive equation for the isotropic stress in a closed form, we now eliminate n°. For this purpose the cell
continuity equation [3] can be rewritten as:

1 dn®
nc dt

= —05, +ha — ka, 8]
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and we specify a constitutive equation for the net growth rate of the tissue kq — ka. This growth rate in general depends on the
isotropic stress o° and may also depend on ¢ug6g5, PaFo and paVa. In the absence of anisotropic stresses, electric fields and
flows, a constant cell density is achieved when cell death compensates cell division. The resulting isotropic cell pressure is the
homeostatic pressure P;. To linear order, the net growth rate near the homeostatic pressure reads (1, 3):

ka —ka =7 "(P§ +0° + 10655qas + V1PaBa + 12paVa), 9]

where 7] is a constant and will be identified as the bulk viscosity in the following, v is a dimensionless coefficient that takes
into account the possible dependence of the growth rate on the anisotropic part of the stress, v1 characterizes the influence of
the electric field on the growth rate and v» is a coefficient accounting for the effects of the relative motion of the cells and the
interstitial fluid to the growth rate. Using Egs. [7]-[9], we obtain a general constitutive equation for the isotropic cell stress:

d c C d ~C
(1 + Ta) (c°+ Py)+wo (1 + T,E) Gapdas

d d .
+u (1 +TIE) PaFa + v2 (1 +TZE) PoVa = Uy s

[10]

where 7 = 7j/x is and ' = 7]/x0 are the isotropic and anisotropic relaxation rates, 71 = 77/x1 the relaxation rate associated
with the electric field, 72 = 77/x2 the relaxation rate arising from a velocity difference. At long times that we consider in the
main text, we neglect the relaxation processes and Eq. [10] reduces to

o+ P]r? = ﬁvfw - VO&ZBQQ,B —V1pala — v2paVa , [11]

which is Eq. [2a] in the main text. In this long-time limit, cells are described as an active viscous fluid where 7 is revealed as
an effective bulk viscosity due to cell division and death.

We now discuss the anisoptropic part of the cell stress G,5. We assume that the tissue behaves as an isotropic elastic
material in the absence of cell division and apoptosis. When these events are considered, a reference state for the stress cannot
be defined and we therefore express the changes of stress as a differential equation (1):

D _ ~ D .
where (D/Dt)ogg = Orogs + V50,045 + Wary05 s + wpy 05, refers to the corotational time derivative with respect to the cell
flow with wap = (Oavg — Opvg)/2 the cell flow vorticity. This corotational derivative allows us to define a constitutive equation
which does not depend on a frame of reference. We have also introduced the shear-rate tensor 9,3, and, assuming that the
tissue is isotropic in terms of its elastic properties, we have introduced the cell shear modulus p. The stress stemming from
active processes is denoted by by &;’Z. Note that for the shear mode, cell neighbor exchanges (T1 processes) play a role similar
to cell division and death. This is why the tissue shear viscosity is much smaller than the bulk viscosity, which requires division
and death. In general, this term can depend on any of the traceless symmetric tensors in our model, such that at linear order
we write:

D ~c,a 1 ~C

Dt = T (665 = Cdap + vs[Eapslst + va[Vapslst) - (13]
where 7, characterizes the anisotropic stress relaxation time. The constitutive equation for the anisotropic stress finally
reads (2, 4):

D ~C ~C
(1475, ) 755 = 20755 + Cdas — alBapslus — valVapalae 14
where we have defined the effective tissue shear viscosity n = pu7a. In the main text we consider the long-time limit and the
previous equation becomes:

536 = 2771726 + CQaB — U3 [Eapﬁ]st - V4[Vapﬁ}st ) [15]

which is Eq. [2b] in the main text.
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