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1 Enumeration of labeled hypergraphlets

Here we characterize the feature space of fully labeled hypergraphlets by describing the dimensionality of
count vectors ¢, -y(v). We are interested in the order of growth of x(n,%, =) as a function of n, ¥ and Z,
as introduced in the main text.

Suppose that G and H are base hypergraphlets with n vertices and m hyperedges. We say that G and H
belong to the same equivalence class if and only if the total number of (non-isomorphic) fully labeled hyper-
graphlets corresponding to the base cases G and H are equal for any ¥ and =Z. The total counts of labeled
hypergraphlets over all alphabet sizes induce a partition of base hypergraphlets into equivalence classes. We



Table S1: Equivalence classes over vertex- and hyperedge-labeled hypergraphlets. List of equiv-
alence classes and their cardinality produced by partitioning the set of undirected base hypergraphlets for
n € {1,2,3,4} over vertex-labels alphabet ¥ and hyperedge-labels alphabet Z. We also list the number
of vertex-labeled n-hypergraphlets over an alphabet ¥ denoted as m;(n,%,1), as well as fully labeled n-
hypergraphlets over an alphabet ¥ and = denoted as m;(n, %, E).

Vertex-labeled hypergraphlets

Si(n) |Si(n)| mi(n, ¥, 1)

S 1 =]

51(2) 1 g

Si(3) 3 DIk

S,(3) 6 1/2(S + [SP2)

S1(4) 221 g

Sa(4) 212 1/2(S] + [SP)

Ss(4) 28 Us(|Z1* + 3|22 +2-|2]?)
Fully-labeled hypergraphlets

Si(1) 1 12|

51(2) 1 27 [E]

513) 1 REEER

S2(3) 2 =P -2

S3(3) 1 V2(|Z2 - 2] + (22 [2])

54(3) 2 Y2(IS - 2] + 212 [E]?)

S5(3) 1 V2(5P -2 + 1512 [E]?)

S6(3) 1 Y2(|SP 2] + 5 - |E])

57(3) 1 Y2(5P - B[+ 212 - |=])

denote the set of all equivalence classes over the hypergraphlets of order n as S(n) = {S1(n), S2(n),...}. For
example, the set of vertex- and hyperedge-labeled 3-hypergraphlets can be partitioned into either: two sym-
metry classes when |Z| = 1: S1(3) = {32,34,37} and S3(3) = {31, 33, 35, 36, 38, 39 }, Or seven symmetry classes
when ‘El > 1: 51(3) = {32}, 52(3) = {34,37}, S3<3) = {39}, 54(3) = {36,38}, 55(3) = {33}7 56(3) = {35}
and S7(3) = {31}. Table S1 summarizes equivalence classes induced by partitioning base hypergraphlets
up to the order of 4 along with the cardinality of each set. Overall, observe that the cardinality of S(n)
can be significantly larger than those reported for graphlets [3] because the possible number of hyperedges
in a hypergraphlet is generally much larger than the possible number of edges in a graphlet. Additionally,
hyperedge-labels require base hypergraphlets G and H to have an equal number of hyperedges.
This approach can be generalized to hypergraphlets labeled by any alphabet ¥ and =, such that

1S(n)
k(n,X,2) = Z mi(n, 3, E) - [Si(n)],

=1

where m;(n, X, Z) is the number of (non-isomorphic) fully labeled hypergraphlets corresponding to any base
hypergraphlet from the equivalence class S;(n). We use this decomposition to compute the total dimension-
ality of the count vectors by first finding the equivalence classes corresponding to the base hypergraphlets
and then counting the number of labeled hypergraphlets for any one member of the group.

In the case of undirected fully labeled hypergraphlets, m;(n, 3, Z) can also be computed by applying the
theory of enumeration developed by Pdlya [5]. In order to get the derivation of the complete generating
function for each equivalence class S;(n), we first define the automorphism group A of a given vertex-
and hyperedge-labeled hypergraph G = (V, E). That is, in the case of fully-labeled hypergraphs, set A
is a collection of permutations (automorphisms) of V and E. Therefore, the counting problem can be
re-formulated as follows: Let G be a base hypergraphlet of n vertices and m hyperedges, and A be the
automorphism group of G over V and E. Then, each permutation a € A can be written uniquely as the
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Figure S1: Example of precomputed level-1 insertions/deletions (indels) of hyperedges for base hypergraphlet
37. The precomputed level-1 indels include three hyperedge deletions and one hyperedge insertion.

product of disjoint cycles such that for each integer k € {1,...,n} (K’ € {1,...,m}), we define ji(a) (jr (c))
as the number of cycles of length k (k') in the disjoint cycle expansion of «. Interestingly, the generalized

formula for the cycle index of A, denoted as Z(.A), is a polynomial in s1,...,5,;$,...,s,, given by

n m

1 ik (o 1!
Z(A§317~-~75n§5/1>---73;n)Zw Z H H s?ck( )-si’f (@),

acAk=1k'=1

By applying Pélya’s theorem in the context of enumerating vertex- and hyperedge-labeled hypergraphlets
corresponding to any base hypergraphlet in S;(n), we get that m;(n, X, Z) is determined by substituting |X|
for each variable s and |Z| for each variable s’y in Z(A). Hence,

mi(n, 2,5) = Z(A; D), |2, IZL EL 12 - .., 2D,

where A is the automorphism group of a base hypergraphlet from S;(n). As an example, consider the
equivalence class S5(3) = {39} with ¥ = {4, B,C} and E = {X, Y} (Figure 2 in the main paper illustrates
an unlabeled version of hypergraphlet 39). The automorphism group is given by

A = {(v1)(v2)(vs)(e1)(e2)(es)(ea), (v1)(vavs)(ere2)(es)(ea)},

thus, Z(A,; 51,32,53;5’1[,5’2) = 3(s%- s+ 51 80- 5% sh). Therefore, it follows that, ms(3,%,2) =
Z(A;3,3,3;2,2) = (3224 +3-3.2%.2) = 252.

2 Computational complexity

The implementation and the analysis of hypergraphlet kernels is an extension of the available solutions for
string kernels [6]. Let Gi(r) = (V;, E;.) be a neighborhood hypergraph of a rooted hypergraph G = (V,r, E)
such that there exits a walk w of length at most [ between any node u € V' and root vertex r, denoted as
|w(u,r)| <. Formally, F, = {ele€ E AN e CV, A |w(u,r)| < I,Yu € V,.,1 > 0,r € V.}. In this work,



we consider the set of undirected base hypergraphlets for n € {1,2,3,4}, thus, neighborhood hypergraph
G,—1(r) contains all possible n-hypergraphlets rooted at vertex r. Suppose G,,_1(r) is significantly smaller
than G. An upper bound on the complexity of the counting algorithm for all n-hypergraphlets rooted at
vertex 7 is O(|V||Er| + (Omax@max)™ 1), where dpax is the maximum degree of a vertex in V. and dpayx is
the maximum degree of a hyperedge in E,.. The first term is related to computing the neighbors for each
node v € V,., whereas the second term reflects the cost of counting over all base hypergraphlets. Similarly,
an upper bound on the complexity of generating the minimum cost edit path is O((n|X| + 2™|E|) + (2"|Z]))
per single hypergraphlet edit operation. In this case, the first term reflects the cost of generating all vertex
and hyperedge label substitutions, whereas the second term corresponds to the cost of performing hyperedge
insertions and deletions (indels); see Figure S1 for an example of level-1 indels on a base hypergraphlet.
Therefore, for each vertex v an order of

O(min {[V,[", k(n, %, E)} ((n[X] + 2"[E]) + (2"[Z])7)

operations are necessary, where the |V, term enumerates possible n-hypergraphlets in G,,—1(r). Note that
the possible number of hyperedges in a hypergraph |E,| can be significantly larger than the possible number
of edges in a standard graph. Hence, in a practical setting, the edit-distance hypergraphlet kernels could
greatly benefit from effective sampling techniques or exploitation of special types of hypergraphlets. The
proposed implementation for computing hypergraphlet kernel functions is computed in time linear in the
number of non-zero elements.

2.1 Converting hypergraphs to graphs

A commonly used approach for learning from hypergraph data is to construct a standard graph represen-
tation from the input hypergraph and use well-established graph approaches. Among these hypergraph-
to-graph transformations, the two most popular are clique expansion and star expansion [7]. A clique
expansion of a hypergraph G = (V, E) is defined as graph G* = (V, E* C V?2) such that each hyperedge
e = {v1,---,v50)} € E is replaced with an edge for each pair of vertices in hyperedge e, thus, forming a
clique in G*; mathematically, E* = {(u,v) |u,v € e,e € E}. A star expansion of a hypergraph G = (V, E)
is defined as a graph G* = (V*, E*) such that for each hyperedge e = {v1,---,v5)} € E, a new vertex e is
introduced in G* connecting e to each v € e, hence, V* = VUEFE; mathematically, E* = {(v,e)|v € e,e € E}.

We used the clique expansion to evaluate the benefits of using hypregraphs in the second stage of our
approach. Note that the first stage consists of converting graphs into dual extended hypergraphs and
formulating edge classification and link prediction as a vertex classification approach on hypergraphs. A
combination of the dual hypergraph construction, subsequent clique expansion, with graphlet kernel-based
prediction is referred to here as dual graphlet kernel to distinguish this method from standard graphlet kernels
used on the vertices of the original network (note that edge classification on standard graphs corresponds
here to the vertex classification on line graphs). The dual graphlet kernels that here integrate vertex and
edge alphabets into edit-distance similarity functions were not available in prior work and were implemented
within our proposed methodology.
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