Supplementary Materials for “Improved
doubly robust estimation in learning optimal
individualized treatment rules”

Yinghao Pan
Department of Mathematics and Statistics,
University of North Carolina at Charlotte
and
Ying-Qi Zhao *
Public Health Sciences Division, Fred Hutchinson Cancer Research Center

January 27, 2020

*Contact: Ying-Qi Zhao, yqzhao@fredhutch.org, Public Health Sciences Division, Fred Hutchinson
Cancer Research Center, Seattle, WA 98109.



The supplementary materials contain five appendices. Appendix A provides proofs
of Lemmas 1-3 and gives the asymptotic variance of various estimators under correctly
specified propensity score model. Appendix B presents a general formula for the asymptotic
variance of semiparametric M-estimators. This is a direct extension of Theorem 2 in Chen
et al. (2003). Appendix C presents details of the Theorem 1 as well as the proofs. Appendix
D presents details of the Theorem 2 as well as the proofs. Additional simulation results

are reported in Appendix E.

Appendix A: Proofs and derivations in Section 2 of the

main paper

A.1 Proof of Lemma 1

Proof. We show that when the propensity score is correct, i.e., m(A, X) = mo(A, X), the
class of influence functions corresponding to estimators of the form (2) have the following
expression

VI{A=d(X)} HA=d(X)}—m{d(X) X}
Wo{d(X)a X} 71'O{d<){)7 X}

Q{X,d(X); 8"} = V(d).

The technical details are as follows. Let B denote an intermediate value between ,é and



8", and Qa(X, 4; 8) £ 9Q(X, 4: 8)/9B,
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The third equality in the above comes from the fact that
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Since /n(8 — B*) = O,(1), and note that

1~ H{A; = d(X))} — mo{d(X;), X3}
n Z mo{d(Xi), Xi}

Qp{ X, d(X.); B}

i=1

r, p[HA=d00) - mfdX), X)

— X, d(X); 8"
mo{d(X), X} QaiX,d(X): }}
H{A = d(X)} — m{d(X), X'}
= E{F X, d(X); 3" ’X =
{ [ mo{d(X), X } Qp{X, d(X): 87} ]} 0
we know that the whole term converges in probability to 0, and is thus negligible. O]



A.2 Derivation of term (/) in (4)
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We know that
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A.3 Proof of Lemma 2

Proof. When the propensity score is correct, i.e., 7(A, X) = m(A, X), we have shown that

Bortl Ly gopt Tt ig straightforward to show that
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Hence,
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which converges to

H{A = d(X)} — m{d(X), X'}

Vid-E [ o {d(X), X

Q{X.d(X); B} = V(d).

Here we have used the fact that F [[{A=d(X)} | X| =P{A=d(X) | X} = m{d(X), X}
When the outcome model is correct, i.e., Q(X, A; Byg) = Qo(X, A) for some By, but the



propensity score may not be, m(A, X) # my(A, X), we have shown that [;'Optl L5 B,.
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where ,@ is an intermediate value between ﬁoml and Bp. The second term is o0,(1) after

assuming that F [I{A:dfr@(};;rgggx)x}Q,@{X, d(X); BO}] is finite. Thus, V(d; B°Pt1) equals

) {YI{A —d(X)} HA=d(X)} - r{d(X), X}

m{d(X), X} Td(X), X} Q{X,d(X);Bo}} +0,(1),

which converges to

The first term in the above equation is zero because E [[{A =d(X)}-Y | X, A] = I{A =
d(X)}Qo{X,d(X)}. The second term is equal to V(d). Thus, V(d; 3°P1) -5 V(d) when

the outcome model is correctly specified.
Since 3°Pt! 23 3°Pt when the propensity score is correct, by definition of B°Pt, it is

trivial that V(d; 8°P"!) achieves the smallest variance among class of estimators (2). O

A.4 Proof of Lemma 3

We first introduce the ‘generalized product kernels’ from Racine and Li (2004). For the
ith subject, let X; = (X¢, X¢), where X? denote a k x 1 vector of discrete variables
and X¢ € RP denote the remaining continuous variables. We use Xgi to denote the tth

component of X&. For any particular ¢ whose tth component is z¢, Racine and Li (2004)



defined the following kernel

1 if X = af

l(XtC{wxfa)‘) = . d d
A it XY # af

Then the product kernel for the discrete variables can be defined as L(X? x? \) =
1,1 (X7, xf, X). Let W{-} denote the kernel function associated with the continuous
variables ¢ and h to denote the smoothing parameters for the continuous variables. The
product kernel for both continuous and discrete variables is Kj iz = Wh Ly iz, Where
Whie = hPW{(X¢ — x)/h} and Ly, = L(XE, 2, ).

The @ function Qo(X,1) = E(Y | X, A =1) and Qy(X,—1) = E(Y | X, A = —1)
will be estimated by

Zz 1 Y ( ]-)Kh,ix Zz 1Y;I(A = _1)Kh,iac
Z?:l [(A - 1>Kh,ix ’ Zz: (Al = _1)Kh,ix ’

It is well known that for kernel regression with only continuous variables, the estimator is

Qo(X,1) = Qo(X,~1) =

consistent as long as h — 0 and nh? — oo as n — oco. When all the variables are discrete,
we need A — 0. Thus, @O(X, 1) and @O(X, —1) are consistent estimators for Qy(X, 1)
and Qo(X, —1) if two sets of conditions are satisfied.

Recall that 3°P2 is the solution to

) —P, (I{A = d(X)} — {d(X), X}

m{d(X), X'}

1 — n{d(X), X}
m{d(X), X'}

(S.1)
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When the propensity score is correct, the left-hand side of (S.1) converges in probability

to

70{d<X)7X} 7"-O{d(“)(>7}(}

B 1 —m{d(X), X}
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Hence, 3°P2 —25 3°Pt. On the other hand, based on the fact that QO{X ,d(X)} is consistent
for Qo{X,d(X)}, when the outcome regression model is correct but propensity score may

not be, the left-hand side of (S.1) converges in probability to

m{d(X), X} [QO{X’ d(X)} - Q{X, d(X);ﬁ}} Qs{X.d(X); 8}
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:E<1 — r{d(X), X}
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which equals 0 when 8 = By. Thus, 8°P2 -2 3,. These two facts ensure that V(d; 8°P'2)
is doubly robust and achieves the smallest asymptotic variance among the class of DR

estimators. That is to say, XA/(d; BOW) is improved DR.



A.5 Influence functions of (1) under correctly specified propensity

score model

The detailed derivations are the following. When the propensity score model is correctly

specified,

Va{V(d:.8) - vd)}
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Now we expand 4 about ~y to obtain

~
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where ;" is some intermediate value between 4 and 7. Since under regularity conditions,

v, converges in probability to =y, we obtain

1 - 895(}/;’1417X177:;7/6*) p a@(Y;aAzaXmﬂYOwB*)
Z o — F o . (S.3)

Using standard results from finite-dimensional parametric models, we know that

V(¥ =) \/—Z[E{S AzaXzaVO)S:yr(AiaXia’YO)}}187(AiaXia70)+0p(1)' (5.4)



Combing equations (S.4) and (S.3), we deduce that (S.2) is
Vi{V(d4.8) - V(d)}
1 n
= (Y. A X *
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Thus, the influence function is
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A.6 Variance of (7) and its minimizer
We know that 7{d(X), X;~v} = I{d(X) = 1}7{1, X;~v} + [{d(X) = —1}n{—1, X;~}.
Hence,

or{d(X), X;v}
oy

{1, X; v}

{1, X;~v}
oy '

oy

m{d(X), X7} = — [{d(X) = 1} ~I{d(X) = ~1}

To suppress notations, we define R = I{A = d(X)}. Observe that
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The influence function (7) can be rewritten as

RY R — mo{d(X), X}
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We use the formula Var(-) = E{Var(- | X)} + Var{E(- | X)}. It is obvious that

RY _ R—mo{d(X), X} . o1 T d(X), X0}
(m{c«X),X} mo{d(X), X) [Q{X’d("‘”ﬁ $ Lol 2 1—7T0{d(X)aX}HX)
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Hence, the second term is Var [Qo{ X, d(X)}], not relevant to 3*.
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After some calculations, it can be shown that
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_ ,1_7T0{d<X)7X} %
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Therefore, the first term E{Var(- | X)} equals

1 Wv{d( ) X ')’0}
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By taking the derivative with respect to 3* and set it equal to 0, we know that the variance

m{d(X),X;'yo}r>
1 —7m{d(X), X}

Ww{d(XL X0} D
- Wo{d(X)v X}

is minimized by the solution to the following equation.

E( mo{d(X), X } {QB{X,d(X)ﬁ}Jrcbo( )50 1—7r0{d } 55)
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In a slight abuse of notation, we use 3°°* to denote this minimizer.

A.7 Improved DR property of V(d;‘y,ﬁ"pt?’)

When the model for propensity score is correctly specified, by observing that 4 —— ~, and
EW, F(,B) (I)(,B) converge to Xy.0,0(3), Po(3), respectively, it is straightforward to show
that the left-hand side of (9) converges in probability to the left-hand side of (S.5), thus
BOpt?’ 4 B3°P*. On the other hand, when the outcome model is correct but the propensity

score is not, 4 —— ~*, the left-hand side of (9) converges to

mo{d(X), X} [1 — m{d(X), X;v"}] L
E( 2 {d(X), X7} Qp{X,d(X); B} + .(B)%,,..

- [@o{x,duc)} _Q{X,d(X);B) ~ TL(B)S:) -

my{d(X), X5 7"}
1 —7m{d(X), X;v*}
my{d(X), X5 7"} D
1—m{d(X), X;v*}] )

(S.6)
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Where 27’77* = E{S’Y(Avaﬂy*)S:yr(Avxyﬂy*)}v F*(/B) = _E {a(ﬁ(x A7Xa7*7/6)/87T}7
¢.(8) = —F {82¢(Y,A,X,7*,B)/87T8B}. By noting that I'.(8y) = 0, (S.6) equals 0
when 8 = By, thus, 8°7*3 25 8,. Hence, V(d; 4, 8°"*3) is improved DR.

Appendix B: Asymptotic normality of semiparametric
M-estimators

Chen et al. (2003) established the asymptotic theory of semiparametric M-estimators when
there is one infinite dimensional parameter. In this Section, we extend their results to the
case where there are two infinite dimensional parameters.
Suppose that there exists a vector-valued function m such that £ {m(U;, 8, go(+, 0), ho(-,0))} =
0 at @ = 6,. We denote 8y € © and gg, hg € H as the true unknown finite and infinite
dimensional parameters. Assume that go(-,0) and ho(,0) are functions of U, possibly
indexed by 6. We usually suppress the arguments of the functions gg, hy for notational
convenience, i.e., (8,g9,h) = (0,9(-,0),h(-,0)), (0,90, ho) = (0,90(-,0),ho(-,0)). We as-
sume that H is a vector space of functions endowed with a pseudo-metric || - ||. For
example, when H is a class of continuous functions, we can take ||g||% = supg ||g(-, 0)||c =
supg supy |g(U, 0)|. Furthermore, let us define M (0, g, h) = E{m(U,,0,g,h)} and M, (0,9, h) =
n~ 13" m(U;, 0,9, h).
Let us denote O5 = {0 € O : |0 —0o|| <0}, Gs={g9€H:|lg—gollx <} and Hs =
{h € H:|lh— ho||ly <8} for some § > 0. For any (0,g,h) € Os X G5 X Hs, we denote the
ordinary derivative of M (0, g, h) with respect to 8 as I';(8, g, h), which satisfies
r(0,9,h)(0—0) = lim {M(O +7(0—0),9(-,0 +7(0 —0)),h(-,0 +7(0 —0)))

T—0

~M(6.9(-0).h(-,0) | /7
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for all @ € ©. In the following discussion, we assume that the dimension of M (8, g, h) is
the same as the dimension of 8, hence I'1(0, g, h) is a square matrix.

As in Chen et al. (2003), we say that M (0, g, h) is pathwise differentiable at g € G5 in
the direction [g — g] if {g+ 7(g —g) : 7 € [0,1]} C H and

lim {M(07g(’0) + T<§<70) - g('70))7 h(ae)) - M<97.g('7 0)7 h(: 0))} /T

7—0

exists; we denote the limit I'y(0, g, h)[g — g]. Similarly, if

lim {M(079<'70)7 h(ve) + T(E(70> - h(ve))) - M(eag('v 6>7h(7 0))} /T

T—0
exists; we denote the limit T'5(@, g, h)[h— h]. These functional derivatives capture the effect

of the nonparametric estimation of gg, hg on the variability of 6.

Theorem S1. Suppose that 6y satisfies M (6y, go, ho) = 0, that 0—06,= op(1), and that

(11) M6, 9. 1| = inface, || M, (8. 3. )| + op(1//).

(1.2) (i) The ordinary derivative I'1(0, go, ho) exists for 8 € Os, and is continuous at
0 = 6y; (ii) the matriz Ty = T'1(0y, go, ho) is of full rank.

(1.3) For all @ € Oy, the pathwise derivatives T'y(0, go, ho)[g—go] and I's(0, go, ho)[h—ho]
exist in all directions [g — go|, [h — ho|] € H; and for all (0,g,h) € Os, x Gs, X Hs, with
a positive sequence 0, = o(1): (i) ||M(0,g,h) — M (O, gy, ho) — T'2(0, g0, ho)[g — go] —
I3(0, 9o, ho)[h—hol|| < c{llg — gol 3, + [ — hollF} for a constant ¢ > 0; (ii) ||T'2(8, go, ho)[g—
9o] — T2(60, g0, ho)[9 — gol|| < 0(1)dy,; (idi) ||T'3(8, go, ho)[h — ho] — T'3(60, go, ho)[h — hol|| <
0(1)6,.

(1.4) g, h € H with probability tending to one; and ||§ — go||x = 0p(n~4), ||h — ho||ln =
(n=1/4).

Op

(1.5) For all sequences of positive numbers {6,} with 6, = o(1),

sup \/ﬁHMn(gmg?h) _M<97g7h) _Mn(007907h0)||
0.00)€05, xGs, xHs, LV {|[Mn(0,g,h)||+ || M(0,g,h)||}

= 0,(1).

14



(1.6) For some finite matriz V4,
vn {Mn(007907 ho) + T2(60, 9o, ho)[§ — go] + T'3(80, go, ho) [ — ho]} = N(0,Vh).

Then, /n(6 — 6,) 2, N(0,9Q), where Q =TV, {I‘l’l}T.

Proof. The proof is very similar to that of Theorem 2 in Chen et al. (2003) and Theorem
3.3 in Pakes and Pollard (1989).

We first establish /n-consistency of 6 to 6y. We choose a positive sequence 8, = o(1)
such that Pr(||0 — o|| > 6,. |G — golls = 6n, ||k — hollz > 6,) — 0. By condition (1.2),
there exists a constant C' > 0 such that ||@ — 6,]|C is bounded by || M (0, go, ho)|| with
probability tending to one; this in turn is bounded above by

||M(é7907 hO) - M(éagaﬁ)u + HM(éaga il) - Mn(é7g7 il) + Mn(007907 hO)H
+||M,,(6, 3, B)|| + Op(n™'1?) (5.7)

by the triangle inequality and condition (1.6). By condition (1.3), (1.4) and (1.6),

||M(é7g07h’0) - M<éaga ﬁ)”
\\M(é,f], ib) - M(é>90, ho) - Fz(évgo, ho)[§ - 90] - F3(éagﬂ7 ho)[ib - ho]H

IN

~

+[|T2(8, go, ho)[g — go] — T'2(6o, g0, ho)[g — goll| + [|T2(00, go, 7o) (g — 9ol
+||T'3(8, 9o, ho)[h — ho) — T'3(0, go, o) [l — hol|| + [|T's(Bo, go, Fro) o — o]
{115 = gol B+ Ilh = holl3 } +118 — 6ol x 0,(1) + Op(n™?)

= 0,(n) + 0 = 6o|| X 0,(1) + Op(n~"/?)

1M (8, go. ho)l| x 0p(1) + Op(n” /%), (S.8)

IN

IN
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Using the above fact and by condition (1.5),

HM(éa Aa B) - Mn(évgv il) + Mn(007g()7 hO)H
op(1) x {2 4 || M8, 3, )| + || M (6,9, 1)l }

IN

IN

0p(1) x {02+ ||M (8, 3, W) + [IM(B, go, o) | + 1M (8, g0, o)l x 0,(1) + Opn /) }
= 0p(n™72) + 0,(1) x {IIM,(6, g, )| + 1M (8, g0, ho)| x (1+ 0,(1))} (3.9)
Combine (S.7), (S.8), (S.9) and condition (1.1), it implies that

M8, o, ho)l| X {1 = 0p(D} < 0p(n™?) + [IMu(8, 4, )| x {1+ 0,(1)} + Opn~7%)
<t [IM(8,9. 1| x {1+ 0,(1)} + Op(n ). (8.10)
5

By assuming that M (0,g,h) is continuous in g and h at ¢ = go, h = hy, we have

IM (6, §,h) — M(0, go, ho)|| = 0,(1). Again under conditions (1.3)-(1.6), we have that
M8, 3, )|l < [|Mn(8, 3, h) = M (6,3, h) — My (6o, 9o, ho)|| + | M (8, g, h) — M(8. go, ho)|
+[|M(6, go, ho)l| + || My (60, go, ho) |

0p(n %) + 0,(1) x {|IM. (8, 3, W)|| + IM (B, go, ho)| x (1+0,(1)) |

+[M (8, 9o, ho)l| + Op(n”"/?).

IA

With M (6, go, ho) = 0, we have || M,,(8,§,h)|| x {1 —o0,(1)} < 0,(1) x || M (8, go, ho) —
M 0y, go, ho)|| + O,(n~Y?) where all the o0,(1),0,(n"'/?) holds uniformly with respect to
0 € Os.

inf [IM(8,9, )| < o0(1)  inf |[M(8, go, ho) — M (80, 6o, ho)l| + Opln™")
0cOy 0c0O;
= Op(nilﬂ)'
This and (S.10) imply that || M (8, go, ho)|| < O,(n~"/2). Hence, ||8—6y||C < || M (8, g0, ho)|| <
O, (n=1/2).
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Next we establish the asymptotic normality property. We only sketch the main steps
here. Define the linearization £,,(60) = M,,(6y, go, ho) +T'1(0 — 8y) + T'2(60, 90, ho)[G — go] +
I'5(60, go, ho)[h — ho]. By conditions (1.2)-(1.5) and the root-n rate results above,

1M,,(6,3,h) — L.(8)]]
= ||M(6,3,h) — M(8, go, ho) + M, (8, §,h) — M(8,§,h) + M(8, g, ho) — L (6)]]
< [|M(6,§, k) — M(8, go, ho) — Ta(60, go, ho)[3 — go] — T'3(8o. go, ho)[h — ho |
+|M (8, 9o, ho) —T1(6 — 60)|| + || M,,(6, 3, h) — M(8, §, h) — M,,(6o, 0, ho)|

= o,(n?).
Let us define 6 as the minimizer of ||£,(+)||, it is straightforward to show that @ satisfies

Vn(0 —6y) = -T7'vn {Mn(l%,go, ho) + T2(60, 9o, ho)[§ — go] + T'3(60, 9o, ko) [h — ho]} -

~

Similarly, || M, (8, g, h) — £.(0)|| = 0,(n~'/2). A little more work shows that v/n(6 — 8) =
0,(1). Hence, \/n(8 — 6;) N N(0,9), where Q =T''V; {I‘l_l}T.

Appendix C: Details and proof of Theorem 1

Let us write U = (Y, A, X) and let 8 be the collection of unknown parameters involved
in obtaining the estimators for V(d). For V(d: 8“) and V (d; 8°P")), the estimator for 8,
6, can be obtained by solving a set of M-estimating equations Yo ,m(U;,0) = 0 (Ste-
fanski and Boos, 2002), where the last element of m(U;, 0) corresponds to the estimating
equation for V(d). We denote 6y as the value that satisfies E{m(U;,0,)} = 0. Fol-
lowing standard M-estimation theory, \/n(6 — 6y) — N(0, B(6,)"'C(6){B(6,)~} "),
where B(6) = E{0m(U;,0)/06"} and C(0) = E{m(U;,0)m " (U;,0)}. Therefore, the
asymptotic variance of ‘A/(d; BLS) and V(d; B(’pﬂ) is in the last, rightmost diagonal entry
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of the corresponding matrix B(6y) 'C(0,){B(6;)~'}". For ?(d; B°P12) the estimator for
6, 0, can be obtained by solving S, m(U;, B,Q,ﬁ) = 0 where §, h are nonparametric
estimators of some infinite dimensional parameters. In this case, the infinite dimensional
parameters are the conditional expectations of Y given (X, A). We utilize semiparametric
M-estimation theory to calculate the asymptotic variance of 6.

In the following discussions, we assume that = is a ¢-dimensional vector, i.e., v =
(7,---,7) and B is a s-dimensional vector, i.e., 3 = (f1,...,0;s). We use 0, to denote
a zero matrix with a rows and b columns. Sometimes we omit the dimension when there
is no confusion. In addition, let us define Qgg(X, A;3) = 9*Q(X, A;3)/0B037, and
let go(X) = BE(Y | X,A = 1), ho(X) = E(Y | X,A = —1) denote the true infinite

dimensional parameters.
Theorem 1. (Asymptotic normality when propensity score model is fully specified). The

unknown parameters are @ = (3", V(d))". When either the propensity score or the outcome

model is correct,

ViV (d: 87 = V()| 2 N0, U(65),
where Uy (0) = By(0){ BI%(6)} "' C1(){ BI*(6)} ' By (6) —2B,(6){ BI(6)} ' Cl5(0) +
Cx(0). Here,

BISO) = E[Qup(X.AB) (Y ~ QUX.A:B)) - Qu(X. A:BQ(X. A: )]
Bao) - & |(1- = opx g
Ci6) = Bty o A KOV QX ABGX. 40,
cisie) — BT ux Ly - aux )y Qax.ap)
Y - <X A; 5)} QX d(X): B} = V(D) Qp(X. 4: )
Cuto) = 5 (HAZI y qix.ax0: 81+ QX X)) Vi)
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The true values are OF% = (84", V(d))" where B35 satisfies E[Qa(X, A; Big) {Y — Q(X, A; Big)}] =
0. For the improved DR estimator with IPW estimating equation,

Vi {V(d: B = V(d) } = N(0,U(65"))

where Us(8) = Bo(0){B{™'(0)}'CJ{"(0){ B (0)} ' By (0)—2B:(6){ B{""(6)} 'C3"(6)+
C12(0). Here,

i (I{A=d(X)} 1 7{d(X), X}
B76) = {w{d<x>7X}' d(X), X)

(¥ - Q1x . d(X): B} Qes{ X, d(X): B} — Qa{ X d(X): B}Q3{ X, d(X); B}) }

cirtio) — p(HAZAR ST Sy - g aix )]

Qp{X. d(X); BYQp{X, d(X); B} ).

ety — p(MAS Ty px o )] Qatx. ax0i)

. |:Y - Q{de(X>aﬁ}
m{d(X), X}

+QUX. X8 - Via) )

optl __ *
The true values are 05" = (B85,

g (I{A =d(X)} 1-7{d(X), X}
m{d(X), X} m{d(X), X}

TV (d)" where Bipis satisfies

¥ QUX X0 B} QX d(X): B} ) =0
For the improved DR estimator with augmented IPW estimating equation,
Vi {Vd: B7%) — V(d) } > N(0,Us(65"))

where Uy (8) = By(0){B{""(6)} ' C{{"(6){B{""(6)} ' B, (0)—2B,(0){B;""(6)} ' C13;"(6)+
C»(0). Here,

B"?(0) = E{0om,/0B"}, CF*O)=E{(mi+aq+a)mi +q+aq)'},
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C™(0) = E{(m + qi + q2)my} .
Here we suppress the notations by writing my = my(U;, 0, go, ho), me = ma(U;, 0), g1 =
q1(Ui, 0,90, ho), @2 = q2(U;, 0, go, ho) where

HA=d(X)} 1-7{d(X),X} | |
X)X Y XX QX d(X): 5}

(HA=d(X)} —n{d(X), X} 1-n{d(X), X}
{d(X), X} {d(X), X}

ml(UJ 07907h0) -

[ (X)HA(X) = 1} + ho(X)H{d(X) = ~1} = Q{X, d(X); B} Qs{X. d<X>;ﬁ}>,

- H{A=d(X)} . .
mo(U,0) = W[Y—Q{X,d(X),B}]+Q{X,d(X),[3}—V(d),
Q1(Ui, 0, g0, ho) = - {Y% - Qo(Xz')} I(Ai — UfX(Xi) ) WO{d(Xi)’ Xi} — 7T{d(Xi>, Xi} ’

fx.a(Xi, 1) m{d(X;), Xi}
[{d(Xi) = 1}QB{Xi, d(Xz‘); 5},

I(A; = 1) fx (X5) ) mo{d(X;), Xi} — n{d(Xi), X} i
fx.a(Xi, —1) m{d(X:), Xi}

Hd(X;) = —13Qp{ X, d(X,); B},

1 —m{d(X;), X;}
m{d(X;), Xi}

Q2(Ui,9,90>h0) = _{Y;_hO(Xi)}

1 —m{d(X;), X;}
m{d(X;), Xi}

where fx a(-,-) and fx(-) denote the density of (X,A) and X, respectively. The true

values are Q7% = (B V()" where B, satisfies

H{A=d(X)} 1-n{dX),X} - -
E( m{d(X), X} . m{d(X), X} [Y N Q{X’d<X)“60pt2}] Qﬁ{X7d<X)7/Bopt2}>

o HA=d(X)} —7{d(X), X} 1-n{d(X) X}
m{d(X), X'} m{d(X), X}

[Quf X, (X))} = QUX, d(X); B0} | Q61X (X)) ﬁ:ptg}) ~o.
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Consistent estimators of Uy, Us, Us can be constructed by replacing the expectation E with

the empirical measure P, in the above quantities.

Remark 1. When the propensity score is correctly specified, (A, X) = mo(A, X), note
that Bo(0) = 0, hence Uy(0) = Ux(0) = Us(0) = Cs2(0), which is equal to

[{A=d(X)}

b (wa{doc), X}

{1 ~ m{d(X), X}
7"'O{d(*}()a X}

Y — QUX,d(X); B)] + Q{X.d(X): B} - v<d>>

YI{A = d(X)}
Wo{d(X)7 X}

@%M(Xm}] B [ _ @o{x,d<x>}]
1 — Wo{d(X), X}

7T'O{d(*X—% X}

.y [ Qo X, d(X)} - Q{X, d(Xm}} T Var Qo[ X, d(X))].

Furthermore, note that 35,,; = Bhye = B which minimizes the above quantity. This
confirms that when the propensity score is correct but outcome model incorrect, XA/(d; Bof””)
and XA/(d; Bf’pw) have the same asymptotic variance, which is smaller than that of \7(d; BLS).
Though, in small sample size, YA/(d;B"th) is preferred since it utilizes all the available data
and is much more stable. When both models are correct, by noting that B3°?" = By = B,

all three estimators have the same asymptotic variance.

Proof. For the usual DR estimator ‘A/(d; BLS), the estimating equation m(U;, 0) is given
by

Q,@(sz As; ﬁ) {Yz‘ - Q(Xz‘> Ag; 5)}

m(U;,0) = | 1{4; = d(X;)} Y, — Q{X,,d(X;); B} + Q{X;,d(X;); B} — V(d)

m{d(X;), Xi}

When either the propensity score or the outcome model is correct, the true values are
65 = (Bis".V(d)T where By satisties B [Qp(X, A: Bis) {Y — Q(X, 4 Big)}] = 0. By
M-estimation theory, 8% £ ({8YS}T V (d; B5))T is asymptotically normal,

V(6% — 65%) 25 N(0,{B"S(65°)}1C (6% [{BY(65%)1 1T,
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where

BLS<9): B%SW) Osxl CLS(O): Chs(@) 0%28(9)
By(0) -1 {CI5(0)}T Cxn(0))

with all the quantities defined in the theorem. After some algebra, we obtain
Vi {V(d B5) = v(a) } - N0, U1 (65)),

where Uy(0) = B2(0){B}*(0)} ' C1P(0){Bi*(0)} ' B, (0) - 2B,(6){ B{*(0)} ' C15(6) +
C(0).

For the improved DR estimator with IPW estimating equation ‘7(d; BoP) m(U;, 0) is
given by
HA; =d(X;)} 1 —a{d(X;), Xi}
m{d(Xi), X;}  m{d(Xi), X}

KA =d(X)} BN o
{d(X,), X,} [Y; — Q{X;, d(X,); BY] + Q{ X, d(X;); B} — V(d)

¥~ Q{ X, d(X.); B} | Qp{ X d(X,): B)

The true values are 85> = ( i V(d) T where 37, satisfies

(I{A = d(X)} 1-={d(X), X}

AKXy L~ AKX B} Qg{X,d(X);ﬁ;pﬂ}> o

Again by M-estimation theory, §°Pt! £ ({@°Pt1}T V(d: 3°P*))T is asymptotically normal,
\/ﬁ(éoptl o egptl) i> N(O, {Boptl(98pt1>}—1copt1(08pt1>[{Boptl(egpﬂ)}—l]'l')’

where

BP'(9) = BI"(6) Oua Cotl(g) = crte)  cptio)
B:6) -1 [CENO)T Cn(0) )

with all the quantities defined in the theorem. The rest is by some simple algebra.
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For the improved DR estimator with augmented IPW estimating equation ‘7(d; B’me),
the estimating equation is m°P*?(U;, 0, g, h) = (my(U;,0,9,h) ", m2(U;, 0))T where

| HA=dX)} 1-a{d(X) X} | .
maU0.0.0) = eSS a0, Xy L QXX 8 Qe (X d(X): B}
(HA=d(X)} — r{d(X), X} 1-n{dX), X}
m{d(X). X} m{d(X). X}
[9(XOI{A(X) = 1} + h(X)H{d(X) = =1} - Q{Xd(X): B} Qa{X . d(X): B}>,
I{A = d(X)} | .
my(U,0) = (X)), X} Y — Q{X,d(X); B}] + Q{X,d(X); B} — V(d).

The true values are 85" = (8% ., ', V(d))T where 8

opt2

H{A=d(X)} 1-n{d(X), X}
m{d(X), X}  7{d(X), X}

. .
o ot2 Satisfies

[Y —Q{X,d(X); ,sztz}] Qp{ X, d(X); ﬂzpw})

o HA=dX)} - m{d(X), X} 1—{d(X), X}
m{d(X), X'} {d(X), X}

[Qu{ X, d(X)} - QX d(X); B0} | QX d<X>;ﬁ:pt2}> -0,

Let us define M°**2(0, g, h) = E {m°**(U;,0,g,h)} and M**?(0,g,h) =n"'> " m°2(U,,0,g,h).
Now we calculate all the ordinary and functional derivatives in Theorem S1. The ordinary

derivative of M°P%(0, gy, ho) with respect to 6 is

B(0) o)

Fcl)pw(e’ 90, ho) =
B,(0) -1

where B{**(8) = E {0m,(U;, 0, go, ho)/0B" }. The functional derivatives are

r'2(0, g, h)[h — h])

%0, g,h)[g —
ngt2(9,g,h)[§—g] _ ( 21 ( g )[g g] Foth .

3 (0797 h)[ﬁ_h] - (
0
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where

L HA=d(X)} - n{d(X), X} 1-n{dX), X}
{d(X), X} {d(X), X}

5%(6,9,h)g - gl =E<

{9(X) —g(X)}{d(X) = 1}Qﬁ{X>d(X);ﬁ}>,

L HA=d(X)} - m{d(X), X} 1-n{dX), X}
m{d(X), X'} m{d(X), X'}

220, g, h)[h — b =E<

{h(X) = h(X)}HA{d(X) = _1}Qﬂ{X7d(X)SB}>-

Verification of the conditions (1.1)-(1.3) in Theorem S1 is standard. Condition (1.4)
can be easily verified using well-known results on kernel estimation. By Section 4 of
Chen et al. (2003), condition (1.5) is met since m°P**(U, 8, g, h) is (pointwise) Lipschitz
continuous with respect to (6,g,h). Now we investigate the asymptotic properties of
VTR0, go, ho)[g — go] and /nT'P2(, go, ho)[h — he] where §, h are kernel regression
estimators. Notice that
. dz),z} —n{d(x),x} 1—7{d(x),x}
Fopt2 0 h _ :/ _ 7T0{ ) ) . ) .
21 ( » 90, 0)[9 gO] W{d(d)),.’[)} W{d(d)),w}
(9(2) - @} Hd@) = 1)Qafe, d(e); B} ) fx(@)da.

where fx(-) is the density function of X. Recall that

Y Ku(x - X)I(A = 1)Y;

) S Kl — XI(A = 1)

By remark 3.3 in Ichimura and Lee (2010), we know that

o)~ o) = Y- H S e A

Ku(x — X)I(A; = 1) + 0,(n/?)
mn
=1
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where fx a(-,-) is the joint density of (X, A). Therefore,

n

I'522(8, 9o, ho) 1§ — o] :% Z {{YQ —go(X)}H (A =1)- / ( _ Wo{d(a:zéfd}(;;if(w)w}

1 —n{d(z),®} Ku(z- X))
m{d(x), x} fx.a(z, 1)

Hd(@) = 1}Qp{z, d(x): ﬁ}>fx(w)dw]

plus an o,(n~2) term. Similar to Example 1 in Chen et al. (2003), by using standard

change of variables and Taylor expansion we have

o . 1 .
T30, 90, h0) (g — g0] = — > a1(Us, 0, 90, ho) + 0p(n %)
=1

where
I iR e o i 5 0%
1 —n{d(X;), X;} B |
Xy, X LX) = 1Rs{ X d(X0); B
Similarly,
T3 (8, 9o, ho)[h — ho) = % Z @2(U3, 0. go, ho) + 0,(n"/?)
where
QUi 0,00 ko) = —{Yi— ho(xp)} L=~ DX motd(X0), X} —rldl ). Xi}

fx,a(Xi,—1) m{d(X;), Xi}

L= md(X0). Xab 1 rix,) = —1304( X0, d(X,): B)-

m{d(X;), Xi}

Combining the above results, we have

Vi { M6, g0, ho) + T52(0, g0, ho)ld — 0] + T2%(0, 90, ho) b — o] } 2> N (0, C2(9)).
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where

Cii”() C137(9)
Copt2(0) —
(‘{Cth(@)}T C»(0) )

CP*O0)=E{(mi+q+@)(m+aq+ag)}, C3%0)=E{(mi+q+ag)m}.

Here my, M2, q1, gz are shorthand for m1<Ui7 07 3o, h0)7 mQ(Ui7 0)7 ql(Ui7 0) gdo, h0)7 qQ(Uia 07 90, hO)
Based on Theorem S1, 9012 £ ({3opi2} T 17(d; B°P2))T is asymptotically normal,

V(@™ — 657%) 25 N (0, P3(65%)),

where Q°P%2(9) = TP(0, gy, ho)_lcopt2(0){I“l)pt2(0,go, ho)_l}T. By some algebra, we ob-
tain

Vi {V(d: A7)~ V(d)} 2> N0, Us(65),

where Us(8) = Ba(6){B;*"(6)} ' C1{"(6){B{*"(6)} ' B; (6)—2B(6){ B{""(8)} " C13"(6)+
Ca(0).
O

Appendix D: Details and proof of Theorem 2

To investigate asymptotic properties of ‘A/(d; 4, B°P3) and ‘A/(d; 4, B°P*), we introduce ad-
ditional parameters ¢ = (a',¥",¢")" to account for iw, f(ﬁ), C/IS(,B) Here, « cor-
responds to —E{0p(Y, A, X,~v,08)/0v}, ¥ = (zpf,...,w,/)j)T where 1p; corresponds to
the j-th column of E {S,(A, X,7)S (A, X, ~)}, and ¢ = (¢{,...,¢,)" where ¢; cor-
responds to —F {0?¢(Y, A, X ,~,3)/0v;08}. We use [¢,...,¢,] to represent a matrix
with j-th column being ¢;, similarly for [11,...,,]. In addition, define S, (A, X;v) =
0S5,(A, X;7)/0~", let r be the dimension of ¢, and let col; {-} denote the j-th column of

a matrix.
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Theorem 2. (Asymptotic normality when there is nuisance parameter in the propensity
score model). To obtain ?(d;*ﬁ/,BLS), the unknown parameters are @ = (v, 87,V (d))".

When either the propensity score or the outcome model is correct,

Vi { V(5,8 - Vi) } 25 N(0,U.(6§2)),

where
Us(8) =Dy**(0){D{*(0)} ' F{;*(6){ D{**(6)} ' {D3%(0)}
—2D3%%(0){ D{¥(0)} ' F5*(0) + Fx(9).
Here,
1o [ J1(0) Ogss 152y _
D] <e><ow J2<9>)’ DE(0) = (1(6) Ji(6)).
mee = [ PO IO e = (M) mue) = B ea x 81
{Js(0)} 7 J7(6) Jo(0)
where
Ji(0) = E{S(A,X;7)},

(6)
(0) = E[Qps(X,48){Y —Q(X,4;8)} — Qs(X, 4 8)Q5(X, A;8)] ,
0) = E{0p(Y,A, X,7,8)/0v"},

0 - £|(1- 2t apx axie|.
J5(0) = E{9(A X;7)S] (A, X;7)},
(6)
(6)
(6)
(6)

= E[S,(A X;7)Q5(X, 4 8){Y - Q(X,A;8)}],

= E[{Y —Q(X,48)}"Qs(X, 4 8)Q5(X, 4;8)]
= E{S,(4, X;7)o(Y. A X,v.8)},

= EQs(X, A48 {Y —Q(X, 48} ¢(Y,A,X,7,8)].
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The true values are 0% = (v*7, 85", V(d))" where v* satisfies E{S,(A, X;v*)} = 0

and B¢ satisfies E[Qp(X, A; B1){Y — Q(X, A; B]5)}] = 0.
To obtain V(d;ﬁ,BOPtg), the unknown parameters are @ = (v",¢7, 87, V(d))". When

either the propensity score or the outcome model is correct,
Vi { V(4. 8 = v(d) | = N(0,Us(05)
where
Us(6) =D3"(0){Dy™(6)} ' F7”(0){ D" (6)} {D5"(6)}
—2Dy"(0){D"7(0)} ' Fi3" () + Fn(6).
Here,

J1(0> 0q><'r 0q><s
D™(0) = | E{oms/07T} E{oms/0¢T} E{0ms/08™} |, Dé’p’““‘”(@)z(Js(O) 01, J4(0))7
E{0my/oyT} E{0m,/o¢T} E{0m,/087}

J5(0) E{Sym;} E{S,m]} Js(0)
F101pt3(9) = | E {m?)S-I} E {mgm;} E {mgml} ’ Floftg(e) = | E{msp}
E{m,S;} E{msmg} E{msm]} E{m,p}

Here Sy, mg, my, ¢ are shorthand for S4(A, X;v), ms(U,0), my(U,0), ¢(Y,A, X ,~,3)

where

'lpl — COll {SV(A7X7’7)S'1—(A7X77)}

ms(U,0) = | b, — coly {Sy(A, X,7)S; (A, X, )} |
¢1 + 6295(1/7 A7 X7 v, B)/aﬁylaﬁ

¢q + 6295()/) Av X7 Y, ,8)/5’7(18[3
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Rl —7{d(X), X;~}] ST {d(X), X5}

my(U,0) = 1—m{d(X), X;~}

Qp{X,d(X); B} + [P1, ..., dgl[1, ... ;7]

m2{d(X), X;~}
) Y_Q{X’d(X);,B}—OéT[’(Pl,..-,"’bq]_l WViii{ii?fg’(Ti} .

The true parameters are BOptg (v, Copts ,,ijth, V(d))" where (Coptss

opts) 18 the solu-
tion to the following set of equations:
a+ E{op(Y,A, X ,v",8)/0v} =0,
[1, ..., %) — E{S,(A, X,7)S, (A, X,~v")} =0,
(@1, @) + E{0°0(Y. A, X ", )/07 98} = 0,

1T {d(X), X597}
1 —7m{d(X), X;v*}

R[1—n{d(X),X;v"}] . -
E< X QX dX0): 8 + 1 0w )

1 T d(X), X577} ] ~0
1—7m{d(X), X;v*} ‘

. [y — QX d(X); B} — [, ..., b)

(S.11)

To obtain V(d;’?,BOpt4), the unknown parameters are @ = (v",¢7, 87, V(d))". When

either the propensity score or the outcome model is correct,
Va{V(di4,B7%) = V(d) | = N(0,Us(65))
where
Us(0) =D5"™(){ D™ (6)} ' F7"(0){ D" (8)} " {D5"(6)}
—2Dy"(0){D"(0)} ' Fy3"(6) + Fin(6).

Here,
J1(6) Ogxr O
D™(0) = | E{oms/07T} E{0oms/0¢T} E{0ms/o8™} |,
E{oms/oyT} E{0ms/o¢"} E{0m;/0B8"}
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Dy"(6) = Dg(60) = (14(8) 01, Ju(6)).

J5(0) E{S,ym]} E{Sy(m;+qs+q.)'}
F7%(6) = E {m;S] } E {mym;] | E{ms(m; + g5+ i)'}
E{(m5+Q3+Q4)S,I} E{(m5+q3+q4)m;} E{(m5+q3+q4)(m5+q;3+q4)T}

.
Flozpt4(9) = (JS(O)T E(@m;) E {@(ms +qs+ Q4)T}) .
Here we suppress the notations by writing mys = ms(U;, 0, go, ho), g3 = q3(U;, 0, go, ho),
qs = qu(U;, 0, go, ho) where
[R — m{d(X), X5} [1 — n{d(X), X;v}]
m{d(X), X5~}

-1 ﬂ-’Y{d(X)vXa’Y} :|
1 —m{d(X), X~}

m5(U707907 h‘O) = m4(U70) - (

a0 (X0 = 13+ ta(EO %) = 1)

L mid(X). X} D

_Q{de(X);ﬂ}_aThbl ----- ¢q] 1—7T{d(X) X.,Y}

(Ai = 1) fx(Xi) mofd(Xi), Xi} — m{d(X;), Xisv}
fx,a(Xi,1) m{d(X5), Xi; v}

(X)) = 1)

I
q3(Ui, 0, go, ho) = —{Y; — go(X4)}

) 1 —m{d(X;), Xi;v}

: |:Q,6{Xud(Xl)7/B} + [¢17 . 7¢q][¢17 . Jﬁq]

1 T {d(XG), Xy} ]
1 —7m{d(X;), Xi;v}]

I(A; = —-1)fx (X)) ' mo{d(X,), X} — m{d( X)), Xi; v}
fx.a(X;, —1) m{d(X;), X7}

(X)) = ~1)

q4(Uia 97907 hO) - = {YZ - hO(XZ)}

1= m{d(X5), Xi;7}

- [Qﬁ{xi,dm);ﬂ} PO NS

1 T d(X5), X} ]
1 —7m{d(X;), Xi5v}]
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The true parameters are Q5" = (v*7, ijt4T, jpt4T, V(d))" where ($hyyyn Bipy) is the solu-
tion to the following set of equations:
a+ E{0o(Y,A, X,y B8)/0v} =0,
[¢17 e fd’q] —F {S’Y(Aa X77*)S:/|—(A7 X77*)} = 07
[P, @) + E{0*2(Y, A, X, v*,8) /07" 98} =0,

(k%) — E (R — m{d(X), X5y} [1 — 7{d(X), X;7"}]
w2 {d(X), X5 v*}

-1 WW{d(X%X;'Y*} }
- W{d(X),X7’)’*}

2 B0 X) 7Y
1—7T{d(X),X;’)/*} ’

- {QB{X,d(X);ﬁ}vL brr - bl Wor, - )

Qo) - QX X0} - o7l )
where (x * x) is the left hand side of (S.11).

Remark 2. When w(A, X ;) is correctly specified, i.e. w(A, X;~0) = mo(A, X) for some
Yo, it is obvious that v* = ~y. Observe that J4(0) = 014 for any 6. Hence,

D(0) = D™(6) = (J4(6) 01, 011
By some algebra, it can be shown that in this case,
Us(6) = Us(0) = Us(8) = J3(0)J; ' (0)J5(0)J; (0)J3 (8) — 2J5(0)J; ' (6)Js(6) + Fua(0).
In a slight abuse of notation, it is easy to show that 3,3 = B;,,, = (B3P where B3°P! satisfies

1—7T0{d(X),X} . aopt opt\y1—1 _7T'y{d<X)7X;'70}
(i, QR T

| {QO{X’ AX)} — QX d(X): 7'}~ To(B™) S0~ 1 _{i(ﬁ)wf)}}}b -

31



In addition, note that
J1(05%) = J1(6577) = J1(05") = E{Sy4(A, X;%0)} = —E {S,(A, X;%0)5; (4, X;7%0)} = —Zyq0

J5(05%%) = E{04(Y, A, X, 40, B15) /07" } = —To(Bis), J3(057) = J5(657) = —To(B),
J5(0¢%) = J5(6677) = J5(657) = L 0.

Hence, the asymptotic variance of V(d;‘y,BLS) S

FO (/625)2,;;01—‘3 (/625) - QFO(ﬁZS)Z;’;OE{S‘Y(A7 Xa ’70)(15(1/7 A7 X> Yo, /BZS)} + Egéz(Y? A7 X7 Yo, /BZS)
=EB {@(Y»A, X, 70,B1s) — Fo(ﬁfs)z;;,osv(/l, X;’Yo)}2

The asymptotic variance is the same for \A/(d;’y,,éom‘?) and \7(d; ﬁ,,@oPt4), which equals to

E {@(Y7A7X7707180pt) - ]-10(180‘1”6)2]_1 S’Y(A7X770)}2 :

¥7,0

The above two quantities are the variance of the influence function (7) evaluated at different
B3 wvalues. By definition of B°Pt, when the propensity score is correct but outcome model
incorrect, ‘A/(d;ﬁ/,,éom‘?) and V(d;’?,ﬁ”pw) have the same asymptotic variance, which is
smaller than that of ‘A/(d;‘y,BLS). Though, in small sample size, V(d;”y,B‘)pM) is preferred
since it produces much more stable estimates. When both models are correct, note that

B = By = B, all estimators are asymptotically equivalent.

Proof. For the usual DR estimator V (d;4, B“S), the parameters are 8 = (v7, 87,V (d))T

and the estimating equation is given by

S—V(Ai,Xi;’Y)
m(U;, 0) = Qp(Xi, 4i; B) {Y; — Q(X:, Ai; B)}

m{d(X:), Xi;7} Y — Q{XG, d(X3); BY] + Q{ X, d(X3); B} — V(d)
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When at least one model is correct, 5°% = (v* 7, Bis ", V(d)) " where v* satisfies E {S, (A4, X;~v*)} =

0 and (g satisfies £ [Qg(X, A4; Bi){Y — Q(X, A4; Bf¢)}] = 0. By M-estimation theory,
6152 £ (47 {BSYT V(d; 4, B))7T is asymptotically normal,

\/ﬁ(éLS2 _ 0(];82) i> N(O, {DLSQ(B(I)JS2>}—1FLSZ(0(I)JSQ)[{DLS2(0(I)JSQ)}—1]T)7

D{JSQ<0) 0(s+Q)><1 FLS2(0) _ FlliSZ(g) F1L2$2(0)

DLS2(0):
Dy>(0) -1 {Fi5°(0)}T  Fx(6)

with all the quantities defined in the Theorem. The rest is by some algebra.
For XA/(d; 4, 3°%), the unknown parameters are @ = (v, ¢, 87,V (d))". The estimat-
ing equation is
So (A, Xi57)
m3(U;, 0)
my(U;, 0)
o(Ys, Ai, Xi,7v, B)

where m3(U;, 0), my(U;, ) are defined in the Theorem. By M-estimation theory,

mP (U, 0) =

V(6 — 6% Ly N(0, (D05} Fo (0 [{ D 037 T,
where

D*3(0) = E {om>®(U,,0)/00"} = | !

Fii"(0)  F3"(0)

Fopt3 9 — E mopt3 U,L,O moptB UZ,H T —
0= EAmm Um0 = oy o)

with all the quantities defined in the Theorem. The rest is by some algebra.

33



For ‘7(d; 4, 3°™), the unknown parameters are @ = (v, ¢, 87,V (d))T. The estimat-
ing equation is
So(Ai, Xi3)
ms(U;, 0)
m;(U;, 0,9, h)
(i, Ai, Xi,7, B)
where m5(U;, 6, g, h) is defined in the Theorem. Let us define M P (0, g, h) = E {m°®*(U;,0,g9,h)}
and M0, g,h) =n~' 3", mP*U;, 0,g,h). Now we calculate the ordinary and func-

mopt4(Uia 97 g, h) -

tional derivatives in Theorem S1. The ordinary derivative of M°P*(8, gy, hg) with respect
to 0 is
Dopt4 0 0 s
F(fpw(@,go,ho) = ' 4( ) (rer :
Dy*(e) -1

In addition,

01><q Oqu
01><7" - 01><7"
5740, 9,h)[g—9g] = T5P(0, g, h)[h—h] = i
526, 9,h)[g — g] T524(6, g, h)[h — h]
0 0

where

[R — m{d(X), X7} [1 — 7{d(X), X;v}]
m2{d(X), X5~}

L m{d(X), X3} } )

L57"(0.9.h)[g — 9] = E( —{9(X) —g(X)H{d(X) = 1}

: [Qﬁ{Xad(X)Qﬁ} + [¢17---7¢q]["/)17~-7¢q] 1 —W{d(X),X;’Y}

(R —m{d(X), X5~} [1 — n{d(X), X’;v}]

T30, 9, )[h — h) = E( ~ {(X) ~ H(X)}H{d(X) = -1} X, X}

1 M {d(X), X5} ]
1—7T{d(X),X,")/} .

- [Qg{x,d<x>;ﬂ} Flb s dalltbns - 04
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Using similar arguments, we have
0 . RS -
T340, 90, ho)[g — 90] = — > as(Us, 0, 90, ho) + 0, (n %)
i=1

o 7 1 - —
T'52"(8, go, ho)[h — ho] = o Z @(U;, 0, o, ho) + 0,(n'7?)

=1

where g3 and q4 are defined previously. Combining the above results, we have
\/ﬁ {Mnowl(e, 90, ho) + I\gpt4(0’ 90, ho)[g — go] + 1“?’“(0, 9o, ho)[il - ho]} i> N(O, FOpt4(0))>

where
gy [ O FEO)
{F3"(0)}7  Fn(0)
Based on Theorem S1,
\/ﬁ(éopm _ 08pt4) i) N(O, QOpt4(98pt4)),

where QPH(0) = T(0, g, ho) FP(0){T"(8, go, ho) '} 7. The rest of the proof

follows by some simple algebra. O

Appendix E: Additional simulation results

Simulation results for Scenario 1 when n = 100 or 500 are shown in Figure S1. Simulation
results for Scenario 2 when n = 100 or 500 are shown in Figure S2. We draw the same
conclusions as in the main paper, our proposed method Aug-Improved-DR outperformed
other competing methods evidenced by larger value functions and smaller variance in value
functions. Table S1 and S2 displays the MSE of different methods in terms of estimating
1. Again, Aug-Improved-DR has superior performance evidenced by smaller MSE.
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Figure S1: Simulation results for Scenario 1. Value functions over 500 replications.

optimal value is E{Y (d°"")} = 21.32.
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Figure S2: Simulation results for Scenario 2. Value functions over 500 replications. The

optimal value is E{Y (d°"")} = 21.32.



References

Chen, X., Linton, O., and Van Keilegom, I. (2003). Estimation of semiparametric models

when the criterion function is not smooth. Econometrica, 71(5):1591-1608.

Ichimura, H. and Lee, S. (2010). Characterization of the asymptotic distribution of semi-

parametric M-estimators. Journal of Econometrics, 159(2):252-266.

Pakes, A. and Pollard, D. (1989). Simulation and the asymptotics of optimization estima-
tors. FEconometrica, 57(5):1027-1057.

Racine, J. and Li, Q. (2004). Nonparametric estimation of regression functions with both

categorical and continuous data. Journal of Econometrics, 119(1):99-130.

Stefanski, L. A. and Boos, D. D. (2002). The calculus of M-estimation. The American
Statistician, 56(1):29-38.

38



Table S1: Simulation results for Scenario 1. Root MSE for estimating m. By imposing
l|m|| = 1, d°P* corresponds to (1o, N1, 72,13, 1) = (—0.07,—0.71,0.71, 0, 0).

o m N2 713 T4 "o m T2 n3 4
n = 250

CC: both models correct CI: only propensity correct
IPWE 0.22 031 0.17 0.29 0.30
Usual-DR 0.03 0.02 0.02 0.03 0.03 0.15 0.17 0.11 0.22 0.18
Improved-DR 0.15 0.22 0.18 0.06 0.07 0.14 0.18 0.15 0.14 0.16
Aug-Improved-DR 0.03 0.02 0.02 0.03 0.03 0.10 0.07 0.07 0.11 0.11

IC: only outcome correct IT: both models incorrect
IPWE 0.30 0.52 0.14 0.27 0.28
Usual-DR 0.03 0.03 0.03 0.03 0.03 0.23 0.17 0.10 0.18 0.15
Improved-DR 0.16 0.21 0.16 0.07 0.06 0.16 0.21 0.16 0.16 0.19
Aug-Improved-DR  0.03 0.03 0.03 0.03 0.03 0.11 0.08 0.08 0.12 0.13

n = 1000

CC: both models correct CI: only propensity correct
IPWE 0.14 0.18 0.11 0.20 0.20
Usual-DR 0.02 0.01 0.01 0.02 0.02 0.08 0.08 0.07 0.12 0.09
Improved-DR 0.04 0.06 0.03 0.02 0.02 0.06 0.05 0.06 0.07 0.07
Aug-Improved-DR 0.02 0.01 0.01 0.02 0.02 0.06 0.04 0.04 0.07 0.06

IC: only outcome correct II: both models incorrect
IPWE 0.23 0.53 0.17 0.21 0.22
Usual-DR 0.02 0.03 0.02 0.02 0.02 0.19 0.11 0.07 0.12 0.09
Improved-DR 0.02 0.01 0.01 0.02 0.02 0.08 0.07 0.06 0.09 0.09

Aug-Improved-DR  0.03 0.03 0.02 0.03 0.03 0.08 0.08 0.06 0.09 0.09
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Table S2: Simulation results for Scenario 2. Root MSE for estimating m. By imposing
l|m|| = 1, d°P* corresponds to (1o, N1, 72,13, 1) = (—0.07,—0.71,0.71, 0, 0).

o m N2 713 T4 "o m T2 n3 4
n = 250

CC: both models correct CI: only propensity correct
IPWE 0.21 0.22 0.18 0.26 0.28
Usual-DR 0.03 0.02 0.02 0.03 0.03 0.16 0.14 0.11 0.19 0.17
Improved-DR 0.16 0.09 0.15 0.06 0.06 024 0.12 021 0.15 0.13
Aug-Improved-DR 0.03 0.02 0.02 0.03 0.03 0.09 0.07 006 0.11 0.10

IC: only outcome correct IT: both models incorrect
IPWE 0.43 030 0.16 0.27 0.28
Usual-DR 0.03 0.02 0.02 0.03 0.03 0.16 0.08 0.11 0.18 0.14
Improved-DR 0.15 0.09 0.15 0.07 0.05 0.29 0.18 0.24 0.20 0.19
Aug-Improved-DR  0.03 0.02 0.02 0.03 0.03 0.16 0.15 0.10 0.18 0.17

n = 1000

CC: both models correct CI: only propensity correct
IPWE 0.14 0.14 0.12 0.17 0.16
Usual-DR 0.02 0.01 0.01 0.02 0.02 0.09 0.08 0.06 0.12 0.10
Improved-DR 0.02 0.01 0.01 0.02 0.02 0.04 0.03 0.03 0.05 0.04
Aug-Improved-DR 0.02 0.01 0.01 0.02 0.02 0.04 0.03 0.03 0.05 0.04

IC: only outcome correct II: both models incorrect
IPWE 045 0.26 0.09 0.18 0.18
Usual-DR 0.02 0.01 0.01 0.02 0.02 0.10 0.05 0.07 0.11 0.09
Improved-DR 0.04 0.02 0.03 0.02 0.02 0.09 0.10 0.07 0.12 0.09

Aug-Improved-DR  0.02 0.01 0.01 0.02 0.02 0.09 0.12 0.08 0.11 0.10
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